FINITE DIFFERENCE METHODS
The basic idea of these methods is the following: we substitute the derivatives in the (ordinary
or partial) differential equation and in the initial or (and) boundary conditions by expressions
of approximating derivation formulas. In this way we can get an "approximating system of
equations” for the required function values. We illustrate the possibilities on two well-known

problems.

Solution of the Second Order Differential Equations using Finite Difference Method

The most general linear second order differential equation is in the form:

Y'(x)+p()Y' (¥)+a(x)y(x) =r(x), a<x<h.

We need to specify the value of the solution at two distinct points
y(a) =Aand y(b)=B.
These are typically called boundary conditions.
We can divide the interval I=[a,b] into a chosen number n of subintervals of equal width.

x,=a+ih (i=0,1,..,n)
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Thus, the step size, h, of each of the n subintervals is given by h= E .
n

We will use the notation to denote Y, the value of the function at the i-th node of the
computational grid. ,y,=A and y,=B.

Finite Difference Approximation:

First derivative, forward FD:

f!(x): f(x+h}3_f(x)+0(h)

First derivative, backward FD:

fie=LO=LEZD o

First derivative, central FD:



fr(x) — f(x+ h)z_hf(x_h) + O(h2)

Second derivative, central FD:

SO+ D=2+ fO=h) | e
h2
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V,¥ sy can be calculated as follow:
1 2 n-1

At any mesh point X = x; , the finite-difference representation of the differential equation can
be written as follows (based on central FD)

Yin — 2h)2/| +VYia n

Yia—VYia

2h +qiyi = ri! (I :112)-'! n_l)

P

2(Yis —2Y; + Yi) +hp (Yo — Vi) + 20°qy, = 2h%r, (i =12,..,n-1)

and arranging the equations with respectto y,,...y,, we can obtain the system of linear
equations

(2+hp)y.. +(2h%q —4)y, +(2—hp)y,, =2h"r, (i=12,.,n-1)

The boundary conditions provide of the solution at the two ends of the grid: y, = Aand

y, = B.
We can interpret y as a vector and write the equation formally as an algebraic matrix equation:
AYy =R,
where
[(2h%g,-4) (2+hp) 0 0
(2-hp,) (2h’a,-4) (2+hp,) 0 0
A = 0 (2-hp;)  (2h°g;—4) (2+hp,) 0
0 0 (z_hpn—z) (2h2qn—2 _4) (2+ hpn—z)
L 0 0 (2 - hpn—l) (ZhZQn—l - 4)_
[ 2h%r,—(2-hp,)A |
2h’r,
R, = 2h.2r3 |
2h°r
| 2h*r_, —(2+hp,,)B]
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Solution:
We have h = 1, this means that our interval [1; 4] is divided into 3 equal subintervals.
@ - ° -e °
Xo =1 X1 =2 Xo =3 X3 =4.0
We now use the central finite-difference approximation:

8 yi+l_2yi2+ Yia | Yiu = VYia y =2x°+32, i=12.
AX 2AX
This gives
16(Y;.1 = 2Y; + i) + AX(Yia = Vi a)Yi = (2% +32)2A¢, i=12.
Rearranging the terms, we have:
16y,,, —32y, +16Y. , + Y., V,AX— Y. V.AX = (2x° +32)2A%%, i=1.2.

for i=1: we have: 16y, —32y, +16Y, + Y, Y, — Yo ¥, = (2*2° +32)2,
for i=2: we have: 16y, —32y, +16Y, + V.Y, — Y, Y, = (2*3* +32)2.

We sety, =17, y, =45 and get the system of equations with the two unknownsy,, y,:

The nonlinear system:
16y, —32y, +272+Yy,y, —17y, =96,

720-32y, +16y, +45y, - vy,y, =172
We can express the nonlinear system as a matrix with a corresponding vector.
F(Y){fl(yl,yz)}{ y1y2—49y1+16y2+176}:{0}
f(Y¥2) | | = VuY, +16Y, +13y, +548| |0

To approximate the solution to this nonlinear algebraic system, we use the Newton's iterative
method:

We can do this by taking an initial approximationY°:
Y™ =Y"—(J(Y")F(Y"), n>0.
where (J(Y™)is the inverse of the Jacobian matrix.
—49 +16
J(Y) — y2 yl :
-y, +16 -y, +13
The first iteration:
0 176
IfwetakeY’=| |=F =F(Y%)= ,
o= F=F s
—49 16 —0.0146 0.0179
J(Y)=J,= =3, =
16 13 0.0179 0.0549
VI y0 _ JE0 0 ~ —0.0146 0.0179|176| | —7.2564
- °> o 0.0179 0.0549(548| |-33.2228
The second iteration:
—7.2564 241.0795
=S F'=F(Y")=
—33.2228 -241.0795
{-82.2228 8.7436} 1 {-0.0097 0.0042}

We have Y! :{

1=

49.2228 20.2564 * 7| 00235 0.0392



v 7.2564 - 241.0795] [ -3.9208
133.2228| "'|-241.0795| |-29.4671|

Solution of the Partial Differential Equations

using Finite Difference Method

Partial differential equations (PDE) have a huge application in mathematics physics,
hydrodynamics, acoustics and other scientific and application-oriented working areas. In most
cases, however, they cannot be solved in an obvious way and that is why their approximate

solution is widespread.

We will consider the grid method for solving linear differential equations of the
second order. The building of different diagrams by means of the grid method depends on the

type of the PDE and the kind of boundary conditions that they satisfy.

The most widely-spread partial solutions of linear PDE of the second order are:
1) Poisson's equation, which is an elliptic equation
’u
X + W = f(X, Y)

2) a parabolic equation, which is a heat-conductivity equation

ou 0%

E—erf(x,y)

3) a hyperbolic equation, which is a wave equation

%u ol
y—yzf(xd)

The first example

We consider the elliptic partial differential equation, knows as Poisson’s equation,
ou o4
—+—="f where (x,y) eQ=[a,b]x[c,d].
o oy (x,y) [a,b]x[c,d]
The solution is known on the boundary:
u(x,y) =g(xy)-

To solve Poisson’s equation by difference method, the region Q is partitioned into a grid

consisting of n x m rectangles with sides h and k.
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The mesh point are given by

X =a+iAx, y;=c+jAy, i=01...,n, j=01...,m

u; =u(x,y;)
At this time, it is convenient to introduce an abbreviated notation: | f; = f(x;,y;)
g = g(xi’yj)

By using central difference approximations, the finite difference equation at the mesh point
@i,J) is
Ugoyj — 2U5 + UG L YiG ~ 205 + Uiy £
AX? Ay? v
The FD equation at the grid point (x;, y;) involves five grid points in a five-point stencil,

X0 ¥3) s (Kns V) (6, Y0) » (6, Y. @and (%, ;) -

(i,i+1)
®

(-LJ) (i)

(i+1,j)
® L 4 ®

[ ]
(Irj'l)

The following recurrence relationship is established by re-arranging the terms in the above

difference equation and we set Ax=Ay = h:
2 . -
=AU + U gy + Uiy T Uy TGy =D F5, i=1..,n-1, j=1...,m-1.

The approximate solution values u;; at the grid points can be obtained by solving the previous
linear system of algebraic equations.

Application: Q=[01]x[01], Ax=Ay=h= % f(x,y)=2xyand g(x,y)=40.
We have: f; =2(ih)(jh) =2ijh* and g =40.
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Fori=1j=1:wehave: —4u, +U,+Ug, +Uy +Uy =h>f,
Fori=2j=1:wehave:  —4u, +Uy+Uy, +Uy, +Uy =h*f,
Fori=1j=2:wehave: —4u,+U, +U;,+Uy,+U, =h’f,
Fori=2j=2:wehave:  —4u,, +Uy +Uy+U,+U, =h>f,

The boundary conditions provide the solution on the boundary:

— AUy, + 0y, +Up, + Gy, +Uy, =h*f, = —4u, +u, +u, =h’2h? -2*40

— AU, +Q,p + Uy +Uy, + 0y =h*f,, = —4u, +u,, +u, =h?2*2h* —2*40
—Au, + Uy, + Qs + Qg +Uy =h*f, = —4u, +u, +U,, =h?2*2h? —2*40
—4U,, + Uy, + Qps +Uy, + gy =’ f,, = —4uy, +U,, +U, =h’2*4h*f,, —2*40

We can interpret the solution as a vector and write the equation formally as an algebraic
matrix equation:

-4 1 1 0)(u,) (2a/3)"-80
1 -4 0 1 ||uy,| |4@3)*-80
1 0 -4 1 ||lu,| |4@3)*-80
0 1 1 -4)lu,) (8w3)*-80
Solution:
u,, =39.980452674897123,

u,, =39.973251028806587,
u,, =39.973251028806580,
u,, =39.961934156378597.

The second example

We now begin to study finite difference methods for time-dependent partial differential
equations, where variations in space are related to variations in time. We begin with the heat
equation
aT(x1) - FT(xY)
ot ox*
Along with this equation we need initial conditions at some timet =0, which we typically
take to be

, Xe[0], t=0.

T(x,0)= f(x)
and also boundary conditions

T(0,t)=g(t)
TRt =I()



To solve the heat equation numerically, we divide the interval [0, 1] into N equal subintervals:
X =1AX, 1=01.2...

Each time step is given an integer index i so that the time can be written as
t; =jAt, j=012.

where Atis the time step.

At this time, it is convenient to introduce an abbreviated notation: T, =T (x;,t;)
We approximate the time derivative as: (here we use the backward finite difference)
oT (%,t;) _ T T
ot At
The spatial term is typically approximated as: (here we use the central finite difference)

82T (Xi'tj) _ T(i+l)j _2Tij +T(i—1)j
OX? AX?
(-1j) (1)) (@+ly)

1

(1,j-1)
Grid points used in difference equation

Combining these two expressions we obtain:

T Ty T —2T +To 0.
ij i(j-1) (i+1) ] ij (i-1j - :
= 1|= ---’n_ll == ...,m—l.
At AX? L =1

Re-arranging the terms in the above difference equation, the solution at time t; can be

obtained by solving the following linear system of algebraic equations:

T +(i+ 2 )T.__T(i—l)i _ Ty

A At AT AX? At

Application: N = 4, szl,At:i,
4 10

,i=L“”n—;

f(x)=25= T,="f,=25
gt)=25= T,;=0,; =25
and I(t)=40= T,; =1, =40
The solution at timet = At :

) . T 1 2 T T
Fori=1j=1:wehave:——2& +(—+—)T, ——% =121
! AX? (At sz) TOAC At
) ; T 1 2 T T
Fori=2j=1:wehave:——2 +(—+——)T,,——% =2
J AX? (At sz) OAC At
) . T 1 2 T T
Fori=3j=1:wehave:——L + (—+—)T,, — 2L =30
J AX? (At sz) TOAR At

Using the boundary conditions and the initial condition we have:
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