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Introduction

Introduction Integration is the reverse of differentiation. Suppose that we

are given the derivative of a function, d—i. The process by

which we obtain y as a function of x is known as Integration.

(1) Let % = ¢ where c is a constant.
Then y = cx is a solution. But notice that y = cx+d is
also a solution, for different values of x, are parallel lines
with the same gradient, c.
For example the linesy =2x + 3,y =2x andy =2x —5
as shown in the figure below.




Introduction

Figure: Graph show the plots of y =2x 4+ 3,y =2xand y =2x —5

Notation: If y = ﬂ = ¢, then "y is equal to the integral of ¢

with respect to x’, and the statement is written :

/cdx—cx+d



Integration of x", n # —1

We have that

Hence
Xn+1
/x” dx = + C, where C is constant
n+1
the case n = —1 being excluded.

We exclude the case n = —1 because if we input the value

n = —1 into the value of the integral of x" the we will get the
—1+1 0 o
value X2 — X — 1 \hich makes no sense.

—1+1 0

— ol -



(2) It has been proved that

d
d—X(logx) = ;

then it follows that

1
/—dx:logx+c, x>0
X

(3) Let%: X% Find y.
dy=(1-5) dx = [dy=[(1-3%) dx




Example (Cont'd)

y:/(l—%) dx:/(l—x—2) dx

-1
= [x——l—i-C] =x+x14+C

1
=x+-+C
X




Arithmetic of Indefinite Integrals

Suppose f(x) and g(x) are integrable functions of x. Then the
following rules hold:
Arithmetic of

Indefinite e

Integrals

/ {F(x) £ g(x)} dx = / F(x) dx £ / g(x) dx

/af(x)dx:a/f(x)dx

where « is a constant.



Evaluate the following integrals:

Arithmetic of (1)

Indefinite

Integrals /(2X3 - 3X + 4) dX




Solution

(1)

Arithmetic of
Indefinite

Integrals — 2 — 37 _|_ 4X _l_ C
x* 3x2
=2 ki
> > X +



Standard
Integrals

/sinxdx: —cosx + C



/cosxdx:sinx+ C

/tanxdx = In|secx| + C = —In|cos x| + C

Standard (6)

Integrals

/cotxdx = In|sinx|+ C
/secxdx =In|secx +tanx| + C

/ cosecx dx = In|cosecx — cot x| + C



/seczxdx:tanx+C

/ cosec’x dx = — cot x

Standard (11)
Integrals aX
/axdx:—l—C a>0,a#0
Ina
(12)
/ex dx =¢*+ C
(13)

d
/de:sin_lx—i—Cor —cos_li—kC
az_xz a a



dx s
/\/de:ln|X+ XziaZ"i_C

dx 1 4x
/X2_'_a2dX:atan g—{—C

Standard (16)

Integrals
dx 1
/x2 — dx = 2—aln

/\/x2:tazdx: %\/Xzﬂ:a2+c

X —a
X+ a

+C

2
/\/a2—x2dx:)2<\/az—x2+82sin_1X+C

2 L



Definite Integrals

Definite integration is the process of measuring the area under
a function plotted on a graph.

Definite

Integral

Figure: The graph of the function y = f(x) with the area beneath
divided into series



Definite
Integral

Let the area beneath the curve y = f(x) from x =ato x = b
be divided by ordinates into strip of equal width dx and the
lengths of the ordinates from the left be y1,y2,¥3, ..., ¥n, Yn+1
as shown in the figure above. Then the area under the steps
from D to C formed by the rectangles is given by

Y1 0X+y2 - 0x+y3-0x+ ...+ ym 0x

which maybe written as

b
Zy-&x



As § — 0, the area under the steps approaches the area under
the curve DC, which is

b b
dx = lim -0

Definite Then

Integral b
/ ydx
a

is called the definite integral of y with respect to x from
x =atox=bh.



Definite
Integral

@ The numbers a and b are called the lower and upper limit
of the integral respectively.

@ The value of a definite integral is a constant.

The evaluation of definite integral by the method of limits is
usually difficult in most cases so as a result of this definite
integral are evaluated using the Fundamental theorem of
Calculus. We stated without proof the fundamental theorem
of Calculus below.



Theorem (Fundamental Theorem of Calculus)

‘For a general continuous function f(x), we have

/ab A= U £(x) dx]j

Definite = [F(X)]IaJ = F(b) - F(a)

Integral

Where




Evaluate the following definite integrals
° 4
/ x? + 2x — 8.dx
-2
- (2
Definite %
Integral / COS X dX
0
o ‘6
/ 3 dX
3 X




(1)

Definite

Integral

Solution

1 M2+l oy d+l 1
/x2—|—2x—8dx: X——l— il — 8x
0 L 3 2 0
- 3 1
= X+X2—8X]
_3 0
(1 (0)?
= | 1 8(1 —
Sy e - |5t
1 1+3-24
=-+4+1-8-0=
3Jr 3
—-20




/2 cosx dx = [sinx]é
0
:singfsin0=170

=0

(3)
46 4 s 6x3+1 4
Definit /*dxz/6x* dx:{ }
IniegraT 3 x3 3 —3+1 3
—314
B [X2L

_ 3 [3]_-3.3
42 R 16 9

—27 448

144
21

48




Integration by Substitution

Consider the indefinite integral

/ f(x) dx

of any arbitrary function y = f(x). suppose that f(x) can be
written as f(x) = g(u)%* for some function of a suitably
chosen variable u = u(x) then

[ 1ax= [ el) dulumage

Note: This can also be applied to definite integrals.

Integration by
Substitution




Evaluate the following integrals

(1)
/ x2v/x3 4+ 1dx
(2)
/ dx
Integration by ax + b
Substitution
(3)

/1 dx
o v1+5x




(1) Given [ x?V/x3+ Ldx put u= x3+ 1, then we have

Substituting this into the given integral we have

/x2\/x3+1dx:/x2-u§-1du

3x2

1
:3/u%du

3
L
-S4

Integration by
Substitution 3 %

2
=2+ C

_2Er1p4c

9



(2) Given [ 2%, put u=ax+ b then ¢ = a

du

integral we have
[y
ax+b J u a
1 /1
—/du
al u

Integration by ]_
Substitution —_ — |n(u) _|_ C
a
1
= —In(ax+ b) +

a

= adx = du then dx = % substituting these into the

C



(3) Given fo T 1+5 set u =1+ 5x then we have % =5

= 5dx = du then dx = %

when x =0,u=1and when x=1,u=06
substituting these into the integral we have

L dx 1 /% 11
S/ = u3 - —=du
o V1+5x 5/); 5

Integration by
Substitution o 3 2 3
=10 "1
3 2 1 3
=10 5
3.3
= (V36— 1)



Evaluate the following integrals

(1)
/(2cos€ — 3sin6) do
@) 1
/ xV'1+ x2dx
-1
il (°)
[ aa o
(1+2x)3
(4)
/(ax + b)" dx

o e = 2 ~ al



/lzmdx

Integration by w

Substitution / S|n(47TX —+ 7) dX
0

/ )—1( sin(In x) dx




Applications of the Definite Integral as the area
under a curve

Suppose we want to find the area between the curve y = f(x),
the x-axis and the lines x = a and x = b as shown in the
shaded region below.

dA — y = f(x) then we have

dx
b b
/ dA = / f(x) dx

A=[F(x)+ C]> = F(b)+ C — [F(a) + C]

Applications

of the Definite —

Integral as the A - F(b) - F(a)
area under a

curve



Applications
of the Definite

Integral as the
area under a
curve

and the the lines x =1 and x = 2

Find the area between the curve y = 20 — 3x? and the x-axis

Solution
9A — y =20 —3x

following

f(x) =20 — 3x2

then we have the



Applications
of the Definite

Integral as the
area under a
curve

2 2 3X3 2
A:/ f(x)dx:/ (20 — 3x%) dx = [20x—}
1 1 3 1
= [2OX—X3E
= (40 —8) — (20 — 1)
=32-19

= 13 square units



Area as the limit of a sum

Suppose we want to find the area between the curve
y = x2 4+ 1, the x-axis and the lines x = 1 and x = 5 as shown

in the shaded region below

Applications
of the Definite !
Integral as the L g
area under a b 1'—
curve .




Applications
of the Definite
Integral as the
area under a

curve

Area as the limit of
a sum

Calculating the area of each rectangles in the above figures we
have:

Estimated value of A =2+ 5+ 10 + 17 = 34 square units.
Note: the value of A above is called an underestimate since
the rectangles that we use their values are below the curve.

If we try and make the rectangles to be above the curve as
shown in the figure below




Applications
of the Definite
Integral as the
area under a

curve

Area as the limit of
a sum




Now using the fundamental theorem of Calculus we have

5 3 3
/xz—i—ldx—[—i—x}
1 3 1

_ (15, 1,0\ _125+15 143
3 3 -3 3

140 4 140—-4 136

3 3 3 3

1
Applications = 45— square units
of the Definite
Integral as the
area under a
curve

Area a:



Applications
of the Definite
Integral as the
area under a

curve

Area as the limit of
a sum

This implies that the true value of satisfies the inequality
34 < A< 58

If we increase the number of rectangles say to 8,16 rectangles
our bounds/ranges for A become closer.

Note: As we have in the figure below, each of the rectangle
have length of y; where i =1,2,3,..., n and the have the same
breadth dx Let the area of each rectangles be dA; which is

equivalent to saying
(5A,' = y,-5x

Then approximately we have

A i = A iy;éx
i=1 i=1

In the limit, as n — oo, and dx — 0, the result is no Ionger an
approximation; it is exact.



Applications
of the Definite
Integral as the
area under a

curve

Area as the limit of
a sum




At this point,

A= Zn:y;dx
i=1

A:/ydx

Which is the integral of y = f(x) with respect to x

Given the curve y = 12x(x — 1)(x — 3)
(a) calculate the area bounded by this curve , the x-axis and the
ordinate x = 3

Applicati 7
Sl (b) Evaluate the integral

Integral as the
area under a

3
/ 12x(x — 1) — 8).dx
0

is written

Area as the limit of

a sum

and compare your result




Find the area bounded by by y = x?, the x-axis and ordinates
x =2 and x = 5.

Always sketch your curve to see where the area lie. The
required area, A is shown below.

Applications
of the Definite
Integral as the
area under a

curve

Area as the limit of

Figure: Area of y = x? between x = 2 and x = 5 and the x-axis



The area of the region bounded by the curves
y = f(x), y = g(x), and the lines x = a, x = b where f and g
are continuous and f(x) > g(x) for all x in [a, b] is given by

A = area under y = f(x)] — [ area under y = g(x)]

Z/bf( )dx—/abg(x)dx

= (10 - st ox

of the Definite
Integral as the
area under a
curve

Area a:



Applications
of the Definite
Integral as the
area under a
curve

Area a:

Find the area of the region bounded above by y = e*, bounded
below by y = x and bounded on the sides by x =0 and x = 1.

The upper boundary curve is y = €* and the lower boundary
curve is ¥y = x. So we use the area formula with

f(x)=¢", g(x)=x,a=0,and b=1:

Then



Applications
of the Definite
Integral as the
area under a
curve

Area as the limit of

Find the area of the region enclosed by the parabolas y = x>
and y = 2x — x?

We first find the points of intersection of the parabolas by
solving the equations simultaneously. This gives
xX2=2x—x> = 2x>—-2x=0

2x(x—1)=0 = x=0o0r1l

when x=0 y=02=0

whenx=1 y=12=1

The points of intersection are (0,0) and (1,1).



Applications
of the Definite
Integral as the
area under a
curve

Area as the limit of
a sum

\

Figure: The graph showing the intersection of y = x? and
y =2x — x?




We see from the graph that the top and bottom boundaries are

Ytop = 2x — x* and Yhottom = x?
The area of a typical rectangle is
(y1 — yB)Ax = (2x — x* — x*) Ax

and the region lies between x =0 and x =1

Applications
of the Definite
Integral as the
area under a

curve

Area as the limit of
a sum



Applications
of the Definite
Integral as the
area under a

curve

Area as the limit of
a sum

So the total area is

2x — 2x?) dx
1
2 [ (x—x?)dx
0
[xz X3T
2 3],
L
3




Applications
of the Definite
Integral as the
area under a

curve

Find the area enclosed by the line y = x — 1 and the parabola
y2 =2x+6.

Solution
By solving the two equations we find that the points of
intersection are (—1,2) and (5, 4).
We solve the equation of the parabola for x and notice that the
graph at the left and right boundary curves are

1

XLeft = 5)/2 —3 and xgignt =y +1



Applications
of the Definite
Integral as the

area under a Figure: The graph showing the intersection of xi . = %yz -3
curve andXR’ght — y + 1

Area as the limit of
a sum



Applications
of the Definite
Integral as the
area under a
curve

Area a:

We must integrate between the appropriate y-values, y = —2

and y = 4. Thus we have

A:/4(XR—XL)dy

-2

:/4 [(y+1)—(;y2—3)] dy

-2

471
:/ [y2+y+4] dy
2] 2

2 \ 3 2

~1
:6(64)+8+16—<

=18

G

4
—+2-38
3+

)



Applications
of the Definite
Integral as the
area under a

curve

Area as the limit of
a sum

If a region is bounded by curves with equations
x=1(y),x=g(y),y=candy =d, where f and g are
continuous and f(y) > g(y) for c <y < d, then its area is

/ [F(y y)ldy

If we write xg for the right boundary and x, for the left
boundary, then we have

:/Cd(XR—XL) d




Finding Volumes by Integration

When the shaded region in the figure below is rotated through
360° about the x-axis, the solid obtained, illustrated in the
second figure, is called a solid of revolution.

Finding
Volumes by
Integration



Finding
Volumes by
Integrati




Finding
Volumes by
Integration




Thee volume of revolution is given by

x=b
V= / my? dx

If the curve is rotated about the y-axis the volume of
revolution is given by:

y=b
V = / X2 dy
y

=a

Finding
Volumes by
Integration



The region between the curve y = x2, the x-axis and the lines
x =1 and x = 3 is rotated through 360° about the x-axis.
Find the volume of revolution which is formed.

The region is shaded in the figure below

Finding
Volumes by
Integration



Finding
Volumes by
Integration




Using

b
V:/ my? dx
a

3
Volume :/ m(x?)? dx
1

then we have

I
—
w
5
X
~
&

7
= —(243 -1
S(243-1)
2427 . .
= cubic units

Finding
Volumes by
Integration
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