
Sylvester Okotie · Bibobra Ikporo

Reservoir 
Engineering
Fundamentals and Applications



Reservoir Engineering



Sylvester Okotie • Bibobra Ikporo

Reservoir Engineering
Fundamentals and Applications



Sylvester Okotie
Department of Petroleum Engineering
Federal University of Petroleum Resources
Effurun, Nigeria

Bibobra Ikporo
Department of Chemical & Petroleum
Engineering
Niger Delta University
Yenagoa, Nigeria

ISBN 978-3-030-02392-8 ISBN 978-3-030-02393-5 (eBook)
https://doi.org/10.1007/978-3-030-02393-5

Library of Congress Control Number: 2018959417

© Springer Nature Switzerland AG 2019
This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part
of the material is concerned, specifically the rights of translation, reprinting, reuse of illustrations,
recitation, broadcasting, reproduction on microfilms or in any other physical way, and transmission or
information storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar
methodology now known or hereafter developed.
The use of general descriptive names, registered names, trademarks, service marks, etc. in this
publication does not imply, even in the absence of a specific statement, that such names are exempt
from the relevant protective laws and regulations and therefore free for general use.
The publisher, the authors, and the editors are safe to assume that the advice and information in this book
are believed to be true and accurate at the date of publication. Neither the publisher nor the authors or the
editors give a warranty, express or implied, with respect to the material contained herein or for any errors
or omissions that may have been made. The publisher remains neutral with regard to jurisdictional claims
in published maps and institutional affiliations.

This Springer imprint is published by the registered company Springer Nature Switzerland AG
The registered company address is: Gewerbestrasse 11, 6330 Cham, Switzerland

https://doi.org/10.1007/978-3-030-02393-5


This book is dedicated to God Almighty for
His continuous protection and for divine ideas
given to us to write. Also to my lovely son,
Andre Oghenemarho Ononeme Sylvester, for
being such an inspiration. Also to a great
uncle, Ebipuado Sapreobi, for his continuous
encouragement and reassurance.



Foreword

I am delighted to write the foreword for the first edition of the Reservoir Engineer-
ing: Fundamentals and Applications. Having read through the content of this book
as a teacher of petroleum engineering for several years, I am proud to submit that the
authors have been able to provide a practical resource solution manual for academia,
government advisers on oil and gas matters, the practical professionals in the oil and
gas industry, and the general knowledge seekers.

The content is logically arranged, and each chapter contains practical-based
background information emphasizing core areas in reservoir engineering, viz.,
hydrocarbon reserves classification, methods of estimating hydrocarbon reserves,
aquifer fitting, material balance, decline curve analysis, inflow performance rela-
tionship, history matching, and reservoir performance prediction, among others.

The layout of each chapter includes learning objectives, abstract with keywords,
nomenclature, detailed write-up of the title in its simplest form, many solved
examples, and a concluding set of self-assessment questions designed to highlight
and reinforce the materials in the chapter and to test the reader’s understanding of the
subject matter.

A lot of effort has gone into the write-up of this volume to tell the story in an
intriguing and visually appealing way to make it useful and an efficient reference
material for all readers. The illustrations are generous in both size, layout, and
quality for maximum clarity.

I think that the authors are confident that there will be many grateful readers who
will gain a broader perspective of the discipline of reservoir engineering. It is,
therefore, my hope and expectation that this book will immensely provide an
effective learning experience and reference resource for all readers.

Petroleum Engineering, University of
Benin, Benin City, Nigeria

Steve Adewole
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Preface

This book has been written for those who desire to have a proper understanding and
grasp of Reservoir Engineering: Fundamentals and Applications. This book pro-
vides relevant details in logical arrangement to teach/train undergraduate and master
students, postdoctoral fellow, scientists, and new employees, a refresher course to
experienced engineers who are already practicing in the field and layperson who will
find a body of enjoyable and useful information within the covers of this book.

To make this book more comprehensive in treating reservoir engineering funda-
mentals and applications, the suggestions of some of our friends and colleagues have
been incorporated into the various chapters of this book. There are 11 chapters with
several examples and self-assessment exercises in this book, each chapter covering a
different aspect of reservoir engineering.

Chapter 1 introduces the essential features of a reservoir, the hydrocarbon phase
envelope, types of reservoir fluid, flow regime, and reservoir geometry. Chapter 2
deals with the classification of hydrocarbon resources and reserves; Chapter 3 is
devoted to the volumetric method of reserves estimation. Chapter 4 covers the
various models for determining the amount of water encroaching the reservoir;
Chapter 5 deals with material balance equation for oil and gas under different
reservoir condition and primary reservoir drive mechanisms, while Chap. 6 deals
with the straight-line forms of material balance equations in Chap. 5. Chapter 7 is
devoted to decline curve analysis; Chapter 8 covers pressure regimes and fluid
contacts. Chapters 9, 10, and 11 deal with inflow performance relationship, history
matching, and reservoir performance prediction.

Effurun, Nigeria Sylvester Okotie
Yenagoa, Nigeria Bibobra Ikporo
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Chapter 1
Introduction

Chapter Learning Objectives
At the end of this chapter, the students/readers should be able to:

• Understand what a petroleum reservoir is and its essential features
• Understand the job description of reservoir engineering
• Understand the concept of drainage and imbibition process
• Understand the hydrocarbon phase envelope and all its associated

terminologies
• Identify various types of reservoir fluids and their respective phase enve-

lope/diagrams
• Know the types of fluids in terms of flow regime and reservoir geometry

and write the mathematical equations representing these flow.
• Understand the productivity index and factors that affect it.
• Perform basic calculations on the different flow regimes for oil and gas

reservoirs
• Calculate the reservoir pressure at a specific radius and time under transient

flow conditions

Nomenclature
Parameter Symbol Unit

Permeability K mD

Reservoir thickness h ft

Viscosity μ cp

Bottom hole (wellbore) flowing pressure Pwf psia

Average reservoir (Drainage) pressure Pe psia

Oil formation volume factor βo rb/stb

Gas formation volume factor βg cuft/scf

(continued)
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Parameter Symbol Unit

Wellbore radius rw ft

Reservoir radius re ft

Skin s –

Flow rate q stb/day

Area A acre

Gas deviation/compressibility factor z –

Length L ft

Oil compressibility Co psia�1

Standard pressure Psc psia

Standard temperature Tsc �R
Reservoir temperature T �R
Time t s, min, h

Total fluid compressibility Ct psia�1

Pressure drop due to skin ΔPs psia

Initial reservoir pressure Pi psia

Porosity θ – or %

Radius (distance) r ft

Dimensionless pressure PD –

Dimensionless radius rD –

Dimensionless time tD –

Productivity index PI or j stb/day/psia

Specific productivity index js stb/day/psia

Shape factor CA –

1.1 Introduction

Petroleum Engineering is one of the key aspects of Engineering that is concern with
the exploration and production of hydrocarbons from subsurface formations via the
wellbore (a hole drilled) to the surface storage facilities for consumption by human
or to meet the host country’s or global energy needs, it is a broad discipline that has
several areas of specializations such as Petroleum geology, Petrophysics, Drilling,
Mud and Cementing, Reservoir, Production (surface & subsurface), Completion,
Formation evaluation, Economics etc. Thus, all of these areas of specialty work
together as an integrated team to achieve one goal; to recover the hydrocarbon in a
safe and cost-effective way. Therefore, this book presents a key aspect “reservoir
engineering” of petroleum engineering.
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1.2 Definition of a Reservoir

A petroleum reservoir is a porous and permeable subsurface pool or formation of
hydrocarbon that is contained in fractured rocks which are trapped by overlying
impermeable or low permeability rock formation (cap rock, that prevents the vertical
movement) and an effective seal (water barrier to prevent the lateral movement of the
hydrocarbon) by a single natural pressure system. Figure 1.1 shows clearly the
essential features of a reservoir which are: source rock, cap rock (non-permeable
rock), reservoir (porous and permeable rock) rock, hydrocarbon (oil and gas) and
aquifer (water sand).

1.2.1 Elements Required in the Definition of a Reservoir

The definition of a reservoir is not complete without mentioning the following: the
source rock, migration pathway, reservoir rock which talks about porosity and
permeability, cap rock, trap and a seal. These are briefly explained below.

1.2.1.1 Source Rock Hydrocarbon Generation

This is a rock in which hydrocarbon is generated from or has generated moveable
quantities of hydrocarbon. It is a site where hydrocarbon liquid is formed from an
organic-rich source rock with kerogen (Fig. 1.2, a precursor of petroleum) and
bitumen to accumulate as oil or gas or a combination of both oil and gas.

Fig. 1.1 Essential feature of a reservoir. (Source: geologylearn.blogspot.com)
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To characterize a rock as source rock, the following basic features need to be in
place:

• The quantity of organic matter which is commonly assessed by a measure of the
total organic carbon (TOC) contained in a rock.

• The quality which is measured by determining the types of kerogen contained in
the organic matter and prevalence of long-chain hydrocarbons.

• The thermal maturity; usually estimated by using data from pyrolysis analysis.

Therefore, hydrocarbon generation is a critical phase in the development of a
petroleum system which depends on three main factors:

• The presence of organic matter rich enough to yield hydrocarbons,
• Adequate temperature,
• And sufficient time to bring the source rock to maturity. On the contrary, pressure

of the system, the presence of bacteria and catalysts also affect the hydrocarbon
generation.

1.2.1.2 Migration

Usually, the sites where hydrocarbons are formed are not the same sites where they
are accumulated to form a reservoir. They must travel a long distance before they are
eventually trapped. Hence, migration can be defined as the movement of hydrocar-
bons from the source rock into the reservoir rocks. Hydrocarbon migration can be
classified further as primary and secondary. When the newly generated hydrocar-
bons move out of their source rock to the reservoir rock, it is termed primary
migration, also called expulsion. While the further movement of the hydrocarbon
within the reservoir or area of accumulation is called secondary migration as shown
in Fig. 1.3.

Fig. 1.2 Kerogen. (Source: scientificamerican.com)
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1.2.1.3 Accumulation

It is the quantity of hydrocarbon that has gradually gathered or defined as the phase
in the development of a petroleum system during which hydrocarbons migrate into
the porous and permeable rock formation (the reservoir) and remain trapped until
wells are drilled through to produce the accumulated hydrocarbons.

1.2.1.4 Porosity

This is the storage capacity of the rock to host the migrated hydrocarbon from the
source rock. It can be defined as the fraction of the bulk volume of the rock that is
void or open for fluid to be stored.

1.2.1.5 Seal/Cap Rock

Cap rock is a harder or more resistant rock type overlying a weaker or less resistant
rock type. It is an impermeable rock that acts as a barrier to further migration of
hydrocarbon liquids. The cap rock prevents vertical migration while seal prevents
lateral migration of the hydrocarbon. A capillary seal is formed when the capillary
pressure across the pore throats is greater than or equal to the buoyancy pressure of
the migrating hydrocarbons. They do not allow fluids to migrate through them until
their integrity is disrupted, causing them to leak. Sometimes the caps are not perfect
seals and petroleum escapes to the Earth’s surface as natural seepage, which can be
spotted by oily residue on the surface soil and rocks (geologic survey). Underwater
seeps can bubble up to the surface and leave an oily sheen.

1.2.1.6 Trap

This term is defined as a subsurface rock formation sealed by a relatively imperme-
able formation through which hydrocarbons will not migrate (Fig. 1.4). It is formed
only when the capillary forces of the sealing medium cannot be overcome by the

Fig. 1.3 Hydrocarbon migration. PM primary migration, SM secondary migration
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buoyant forces responsible for the vertical/upward movement of the hydrocarbon
through the permeable rock. There are several types of traps encountered, which can
be represented as single, parallel, sealing and non-seal.

Traps can be described as structural traps, which are formed in geologic structures
such as folds and faults. structural traps are formed chiefly as a result of changes in
the structure of the subsurface rock, which may be caused by compaction, tectonic,
gravitational processes or due to processes such as uplifting, folding and faulting,
culminating to the formation of anticlines, folds and salt domes. Majority of the
world’s petroleum reserves are found in structural traps. These are shown in Fig. 1.5.

The other type of trap is the stratigraphic traps which are formed as a result of
changes in rock type or pinch-outs, unconformities, or other sedimentary features

Fig. 1.4 Trap

Fig. 1.5 Structural trap

6 1 Introduction



such as reefs or build-ups. It can also be seen as traps formed as a result of lateral and
vertical variations in the thickness, texture, porosity or lithology of the
reservoir rock.

1.2.1.7 Permeability

This is defined as the ease at which the reservoir fluid flows through the porous space
of the reservoir rock to the surface when penetrated by a well.

1.2.1.8 Reservoir

For the hydrocarbons that migrated from the source rock to accumulate, there must
exist a subsurface body of rock (reservoir rock) having sufficient porosity to host or
store the migrated hydrocarbons and also permeable enough to transmit the fluids
when penetrated by a well. Therefore, a reservoir is a porous and permeable
subsurface formation containing an accumulation of producible hydrocarbons (Oil
and/or Gas), characterized by a single natural pressure system that is confined by
impermeable rock and water barriers.

The reservoir rocks are mostly sedimentary in nature because they are more
porous than most igneous and metamorphic rocks. See details in understanding the
basis of rock and fluid properties textbook written by one of the same authors.

Prior to the formation of the hydrocarbon, the reservoir was actually filled with
water. This will lead us to the concept of drainage and imbibition processes
discussed below.

1.3 Drainage and Imbibition Process

1.3.1 Drainage/Desaturation Process

It is generally agreed that the pore spaces of reservoir rocks were originally filled
with water, as hydrocarbon is being formed from the source rock, it migrates or
moves into the reservoir, where it displaces the water and leave some fraction called
connate or irreducible water undisplaced. Hence, when the reservoir is discovered,
the pore spaces are filled with connate water and oil saturation respectively. If gas is
the displacing agent, then gas moves into the reservoir, displacing the oil.

This same history must be duplicated in the laboratory to eliminate the effects of
hysteresis. The laboratory procedure is performed by, saturation of the core with
brine or water, then displace the water to a residual or connate water saturation with
oil after which the oil in the core is displaced by gas. This flow process is called the
gas drive depletion process. In the gas drive depletion process, the nonwetting phase
fluid is continuously increasing with increase in saturation, and the wetting phase
fluid is continuously decreasing. Therefore, drainage process is a fluid flow process
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in which the saturation of the nonwetting phase increases and also, the mobility
increases with the saturation of the nonwetting phase.

Examples of drainage process (Onyekonwu MO, lecture note):

• Hydrocarbon (oil or gas) filling the pore space and displacing the original water of
deposition in water-wet rock

• Water flooding an oil reservoir in which the reservoir is oil wet
• Gas injection in an oil or water wet oil reservoir
• Evolution of a secondary gas cap as reservoir pressure decreases

1.3.2 Imbibition/Resaturation Process

The imbibition process is performed in the laboratory by first saturating the core with
the water (wetting phase), then displacing the water to its irreducible (connate)
saturation by injection oil. This “drainage” procedure is designed to establish the
original fluid saturations that were found when the reservoir was discovered. The
wetting phase (water) is reintroduced into the core and the water (wetting phase) is
continuously increased. This is the imbibition process and is intended to produce the
relative permeability data needed for water drive or water flooding calculations.
Therefore imbibition process is a fluid flow process in which the saturation of the
wetting phase increases and also, the mobility increases with the saturation of the
wetting phase.

Examples of imbibition process (Onyekonwu MO, lecture note):

• Accumulation of oil in an oil-wet reservoir
• Water flooding an oil reservoir in which the reservoir is water wet
• Accumulation of condensate as pressure decreases in a dew point

reservoir Figure 1.6 schematically illustrates the difference in the drainage
and imbibition processes of measuring relative permeability. It is noted that the
imbibition technique causes the nonwetting phase (oil) to lose its mobility at
higher values of water saturation than the drainage process does. The two
processes have similar effects on the wetting phase (water) curve. The drainage
method causes the wetting phase to lose its mobility at higher values of
nonwetting-phase saturation than does the imbibition method.

1.4 Reservoir Engineering

It is a branch of petroleum engineering that applies scientific principles to the
drainage problems arising during the development and production of oil and gas
reservoirs to obtain a high economic recovery. The reservoir engineer is saddled with
the responsibility like that of a medical doctor to make sure the reservoir does not go
below its expected performance (fall sick) and even if it falls sick; he/she looks for a
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way to bring it back to full performance throughout the entire life of the reservoir or
project. Therefore, it requires an integrated input of all aspects of petroleum engi-
neering; starting from exploration, drilling engineering to production engineering as
depicted in Fig. 1.7.

1.4.1 Role or Job Description of Reservoir Engineers

Since it is usually not possible to physically ascertain what is under the ground
because nobody goes into the reservoir, it implies that a Reservoir Engineer needs
some techniques to adequately establish what is inside the reservoir. Therefore, it is
the role of a reservoir engineer to continuously monitor the reservoir, collect relevant
data and interpret these data to be able to determine the past and present conditions of
the reservoir, estimate future conditions and control the flow of fluids through the
reservoir rock with an aim to effectively increase recovery factor and accelerate oil
recovery. It is worthy to note that the complete role/job description of a reservoir
engineer to a company differs considerably from other companies, but there are key
functions that are common to all. Some of the jobs description of a reservoir engineer
but are not limited are stated below:

• Estimation of the original hydrocarbon in place (OHCIP)
• Calculation of the hydrocarbon recovery factor, and
• Attachment of a time scale to the hydrocarbon recovery
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• Good experience in constructing numerical reservoir simulation models (black-
oil and compositional), model initialization, history matching, running sensitiv-
ities and predictions.

• Determination of reservoirs, field development strategy, production rates, reser-
voir monitoring plan, and economic life.

• Involvement of work with an integrated team of geologists, geophysicists,
petrophysicists, and engineers from other disciplines.

• Knowledge of PVT data analysis.
• Collecting, analyzing, validating, and managing data related to the project
• Carrying out reservoir simulation studies, either for facts finding or to optimize

hydrocarbon recoveries.
• Predicting reserves and performance from well proposals.
• Predicting and evaluating gas injection/waterflood and enhanced recovery

performance.
• Developing and applying reservoir optimization techniques.
• Developing cost-effective reservoir monitoring and surveillance programs.
• Performing reservoir characterization studies.
• Analyzing pressure transients.
• Designing and coordinating petrophysical studies.
• Analyzing the economics and risk assessments of major development programs.
• Estimating reserves for producing properties.

Exploration
Prod.

Geology/
Seismology

Petroleum
Economics

Production
Operations

Process
Engineering

Well/Drilling
Engineering

Petrophysics

Environmental

Reservoir
Engineering

Fig. 1.7 Reservoir engineering and other aspects of petroleum engineering
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1.4.2 Types of Reservoir

The classification of a hydrocarbon reservoir is basically dependent on the compo-
sition of the hydrocarbon mixture in the reservoir, the location of the initial pressure
and temperature of the reservoir and the condition at the surface (separator) produc-
tion pressure and temperature. A hydrocarbon reservoir can be classified as either oil
black oil or volatile oil or condensate or natural gas (associated or non-associated)
reservoirs. Since the hydrocarbon system has varying fluid compositions, to appro-
priately classify or identify the type of reservoir system, we need to understand the
hydrocarbon phase envelope (pressure-temperature diagram).

1.4.3 Phase Envelope

According to Wikipedia, a phase envelope is a type of chart used to show conditions
of pressure, temperature, volume etc at which thermodynamically distinct phases
occur and coexist at equilibrium. Figure 1.8 depicts a phase envelope or pressure-
temperature (PT) phase diagram of a particular fluid system. It comprises of two
curves (bubble point and dew point curves) which encloses an area representing the
pressure and temperature combinations for which both gas and liquid phases exist;
called the two-phase region. The curves or quality lines converging at the critical
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point within the two-phase envelope indicate the percentage of liquid at any given
pressure and temperature of the total hydrocarbon volume of the reservoir.

Furthermore, on the phase envelope, we can place the various types of reservoirs
depending on the location of the initial reservoir temperature and pressure with
respect to the two-phase. Above the bubble-point curve in Fig. 1.8, we have a single
liquid phase called an undersaturated reservoir while at a point beyond the dew point
curve; a single gas phase occurs which may be a wet or dry gas reservoir. The
various terms on the phase envelope are defined below.

1.4.3.1 Bubble-Point Curve

The bubble-point curve is defined as the line separating the liquid-phase region from
the two-phase region and above which a single liquid phase exists as shown in
Fig. 1.8. Note, if there is gas, it will be dissolved in the liquid.

1.4.3.2 Dew-Point Curve

The dew-point curve is defined as the line separating the vapor-phase region from the
two-phase region and above which vapor phase exists as shown in Fig. 1.8.

1.4.3.3 Cricondentherm

The Cricondentherm (Tct) is defined as the temperature above which there is no
existence of two-phase irrespective of the pressure or it can be defined as the
maximum temperature above which a single gas phase exist and no liquid can be
formed regardless of pressure (Fig. 1.8). The pressure corresponding to
cricondentherm is known as the cricondentherm pressure (Pct).

1.4.3.4 Cricondenbar

The cricondenbar (Pcb) is defined as the pressure above which there is no existence
of two-phase irrespective of the temperature or it can be defined as the maximum
pressure above which a single liquid phase exists and no gas can be formed
regardless of temperature (Fig. 1.8). The temperature corresponding to cricondenbar
is known as the cricondenbar temperature (Tcb).

1.4.3.5 Critical Point

The critical point is the point where the bubble point curve, dew point curve and the
quality lines converge (Fig. 1.8). At this point, one cannot distinguish between the
liquid and gas properties. Hence it is referred to as the state of pressure and
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temperature at which all intensive properties of the gas and liquid phases are equal.
The corresponding pressure and temperature at the critical point are referred to as the
critical pressure (Pc) and critical temperature (Tc) of the mixture.

1.4.3.6 Quality Lines

These are dash lines enclosed by the bubble-point curve and the dew-point curve.
They converge at the critical point. They also describe the pressure and temperature
conditions for equal volumes of liquids as shown in Fig. 1.8.

1.4.3.7 Phase Envelope (Two-Phase Region)

This is the area enclosed by the bubble-point curve and the dew-point curve, wherein
gas and liquid coexist in equilibrium; it is the region where we have the quality lines
(Fig. 1.8). That is the region of greater than zero percent (0%) liquid and less than
hundred percent (100%) on the phase envelope.

1.4.4 Oil Reservoirs

A reservoir can be classified as oil reservoir if the temperature of the reservoir is less
than the critical temperature of the reservoir fluid. It can be further classified as a
black oil or volatile oil depending on the gravity of the stock tank liquid usually the
API of the crude. Also, it can be classified as undersaturated or saturated reservoir
based on the location of the initial reservoir pressure.

1.4.4.1 Undersaturated and Saturated Reservoir

The fluid in the reservoir is a complex mixture of hydrocarbon molecules and as
pressure and temperature reduces; that is the flow of hydrocarbon fluid from the
reservoir condition to the surface separator, phase changes occur. Considering an
undersaturated and a saturated reservoir as shown in Fig. 1.9 it can be seen that at the
initial pressure, the reservoir is represented as a single liquid phase. As the pressure
drops from the initial condition to the wellbore as a result of fluids production; the
fluid remains as a single phase liquid at the wellbore. Therefore, a reservoir whose
temperature is greater than the bubble point pressure is referred to as an "undersat-
urated reservoir".

As the pressure reduces further until it reaches the bubble point pressure (saturated
pressure) where the first bubble of gas is evolved from the hydrocarbon mixture, the
fluid still remains in a single liquid phase. Below the bubble point pressure, there is a
two-phase region and with further reduction in pressure, the fluid is produced up the
tubing and the amount of gas evolved increases until it reaches the separator. Thus,
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when the reservoir pressure is at or below the bubble point pressure, the reservoir is
termed "saturated reservoir".

1.4.5 Types of Reservoir Fluids

1.4.5.1 Black Oil Reservoir

Figure 1.10 represents a black oil system which is made up of heavy hydrocarbons
and non-volatile hydrocarbons. It is characterized by a dark or deep color liquid
having initial gas-oil ratios of 500 scf/stb or less, oil gravity between 30

�
and

40� API. The pressure and temperature conditions existing in the separator indicate
a high percentage of about 85% of liquid produced. The oil remains undersaturated
within the region above the bubble point pressure, this means that the oil could
dissolve more gas if present in the hydrocarbon mixture. At the bubble point
pressure, the reservoir is said to be saturated and this implies that the oil contains
the maximum amount of dissolved gas and cannot hold any more gas. Further
reduction in pressure causes some shrinkage in the volume of oil as it moves from
the reservoir (two-phase region) to the surface (separator). Therefore, black oil is
often called low shrinkage crude oil or ordinary oil.

1.4.5.2 Volatile Oil Reservoir

A volatile oil reservoir is one whose reservoir temperature is below the critical point
or critical temperature of the fluid as shown in Fig. 1.11. It contains relatively low
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Fig. 1.9 Phase envelop of undersaturated and saturated reservoir

14 1 Introduction



liquid content as it approaches the critical temperature, as compared to black oil
reservoir that is far away from the critical point; a volatile oil reservoir is made up of
fewer heavy hydrocarbon molecules and more intermediate components (ethane
through hexane) than black oils. Volatile oils are generally characterized with
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Fig. 1.11 Volatile oil reservoir
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stock tank gravity between 40
�
and 50� API, with a lighter color (brown, orange, or

green) than black oil. In the case of volatile oil, 65% of the reservoir fluid is liquid at
the separator condition. This means that relatively large volume of gas is evolved
from the hydrocarbon mixture leaving a smaller portion as liquid. It is a high
shrinkage oil as compared to black oil.

1.4.5.3 Condensate (Retrograde Gas)

A condensate reservoir fluid is a gas at the initial reservoir pressure. It occurs as
shown in Fig. 1.12 when the temperature of the reservoir lies between the critical
temperature and cricondentherm of the reservoir fluid. It contains lighter hydrocar-
bons and fewer heavier hydrocarbons than volatile oil, its oil gravity is above
40� API and up to 60� API (i.e. between 40� and 60� API), the gas-oil ratio increases
with time due to the liquid dropout, and the loss of heavy components in the liquid
whose GOR is up to 70,000 scf/stb, it has about 5–10% liquid at the surface
depending on the reservoir. The reservoir fluid is water-white or slightly colored
oil at the stock tank.

In Fig. 1.12, at the initial condition, the reservoir is in a single gas phase and as the
pressure drops, the fluid goes through the dew point which then condenses large
volumes of liquid as it passes through the two phase region in the reservoir.
Consequently, as the reservoir further depletes and the pressure drops, liquid con-
denses from the gas to form a free liquid inside the reservoir.

Fig. 1.12 Condensate or retrograde gas reservoir
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In the production of a gas condensate field, gas is mostly produced with some
liquid dropout as the pressure drops below dew point pressure; occurring mostly in
the separator and can still be produced in the wellbore which ultimately leads to a
restriction in the flow of gas. The temperature and pressure may change once the
reservoir fluids enter into the wellbore, thereby causing liquid dropout within the
wellbore. Thus, if the gas having the larger fraction does not have enough energy to
lift the dropout liquid to the surface, a fallback in the wellbore occurs or liquid
loading. If this is continuous, the percentage of the liquid will increase and may
eventually restrict the gas production. This challenge can be adequately handled with
artificial lift technologies such as gas lift. Table 1.1 shows the comparison of
blackoil, volatile and condensate reservoir fluid properties.

1.4.5.4 Gas Reservoirs

Hydrocarbon reservoir can be called gas reservoir, if the temperature of the reservoir
is greater than the cricondentherm of the hydrocarbon fluid. This is only applicable
to non-associated gas reservoirs which can either be wet or dry gas depending on the
phase present in the reservoir and at the surface separator.

1.4.5.5 Wet-Gas Reservoirs

A natural gas system which contains a significant amount of propane, butane and
other liquid hydrocarbons is known as wet gas or rich gas. It contains less amount of
methane (85%) and more ethane than dry gas. Figure 1.13 shows a wet gas reservoir
which exists solely as a gas in the reservoir throughout the reduction in reservoir

Table 1.1 Comparison of oil reservoir fluid properties

Parameter Black oil Volatile oil Condensate

Alternative name Low
shrinkage
oil

Intermediate or
high shrinkage oil

Gas in the reservoir but liquid at the
surface due to pressure reduction

API range 30–40� API 40–50� API 60–120� API
Gas-oil ratio
(GOR)

�500 �8000 scf/stb 8000–70,000 scf/stb

Oil formation vol-
ume factor (Bo)

<1.2 bbl/stb <2 bbl/stb

Evolved gas from
the oil

Little High Very high

Percentage of sep-
arator liquid

85% 65% <10%

Colour Dark or
deep color

Brown, orange, or
green

Water-white or slightly colored oil at
the stock tank

viscosity High Medium Low
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pressure. It temperature lies above the cricondentherm of the hydrocarbon mixture
similar to a dry gas reservoir. The reservoir fluid will always remain in the vapor
phase region as the reservoir is depleted isothermally, along with the production path
unlike retrograde condensate; no liquid is formed inside the reservoir. However,
separator conditions lie within the phase envelope, causing some liquid to be formed
at the surface. This surface liquid is normally called condensate. Wet-gas reservoirs
are characterized by gas oil ratios between 60,000 to 100,000 scf/STB, stock-tank oil
gravity above 60� API, the liquid is water-white in color and separator conditions lie
within the two-phase region.

1.4.5.6 Dry Gas Reservoir

The hydrocarbon mixture of a dry gas exists as a gas in the reservoir (even in the two
phase region) and in the surface separator characterized with a gas-oil ratio greater
than 100,000 scf/STB. It contains mainly methane with some intermediates. The
pressure or production path does not enter into the phase envelope (two phase
region) as shown in Fig. 1.14, this means that the surface separator conditions fall
outside the phase envelope which is in contrast to wet gas reservoir; hence there is no
traces of liquid formed at the surface separator.

Natural gas which occurs in the absence of condensate or liquid hydrocarbons, or
gas that had condensable hydrocarbons removed, is called dry gas. It is primarily
methane with some intermediates. The hydrocarbon mixture is solely gas in the
reservoir and there is no liquid (condensate surface liquid) formed either in the
reservoir or at the surface. The pressure path (line) does not enter into the phase
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envelope (two-phase region) in the phase diagram, thus there is only dry gas in the
reservoir (Table 1.2).

1.5 Types of Fluids in Terms of Flow Regime and Reservoir
Geometry

The fluid in hydrocarbon reservoirs can be classified in terms of pressure change
occurring as fluid flow from various path of the reservoir system to the wellbore.
They are further classified in terms of flow regime and reservoir geometry.

The reservoir fluid can either by incompressible, slightly compressible or com-
pressible depending on the state of the pressure change in the reservoir. When the
volume or density of the fluid does not change with pressure, it is called an
incompressible fluid. This implies that as the pressure within the system changes,
the volume of the fluid remains the same. This fluid behavior hardly exists but it is an
assumption for easy derivation for fluid flow equations. For the case of a slightly
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Table 1.2 Properties of wet and dry gas reservoir fluid

Parameter Wet gas Dry gas

Effect of pressure
reduction

There are tracies of liquid at the
surface

No tracy of liquid at the
surface

Gas-oil ratio (GOR) �100,000 scf/stb >100,000 scf/stb

Color Light straw to water white Water white

Viscosity Low Very low

API >60
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compressible fluid, there is a little change in volume or density as pressure changes.
Also, for fluid such as gase's are easily compressible and expand to fill the volume of
its container; this makes gases to experience large changes in volume as a function of
pressure. This is termed a compressible fluid.

1.5.1 Reservoir Geometry

Petroleum reservoir is usually trapped with fluids that are looking for ways to flow
out; once a well is drilled, cased and perforated, the trapped fluid then flows from all
directions in the reservoir to the wellbore where it is produced to the surface
facilities. The movement of hydrocarbon fluid towards the wellbore is either char-
acterized as radial or linear depending on the flow direction.

1.5.1.1 Linear Flow

Linear flow occurs when the paths at which the fluids flow are parallel to each other
such that the movement is in a single direction. In this type of flow, the cross-
sectional area is assumed to be constant, thereby creating a laminar flow. This is
represented in Fig. 1.15.

1.5.1.2 Radial Flow

On the other hand, radial flow occurs when fluids move in a multi-direction within
the reservoir towards the perforations at the wellbore, thus creating an iso-potential
lines. The radial flow system is shown in Fig. 1.16.

flow flow

well

Fig. 1.15 Linear flow
system

flow flow
well

Fig. 1.16 Radial flow
system
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1.5.2 Flow Regimes

1.5.2.1 Steady-State Fluids Flow

This type of flow is referred to the condition at any single or given point in the
reservoir where the properties such as pressure, temperature and velocity of the fluid
does not change with time. It can be defined as the flow at which the rate of change of
pressure (P) with respect to time (t) at any location i in the reservoir is zero as shown
in the equation below. At this state of flow, all the boundaries effects have been felt
but there is no decline in the static pressure at the boundary (called constant pressure
boundary). This implies that in a system of mass flow rate, there is no accumulation
of mass within any component in the system. Steady state flow is more applicable to
laboratory displacement experiments than to petroleum reservoir conditions which
are hardly seen. This scenario can only be seen in reservoirs undergoing pressure
maintenance either by water or gas injection or when the reservoir is completely
recharging and supported by a strong aquifer. This is to say that; there is a flow of
fluid across the boundaries of the reservoir (unbounded reservoir).

∂P
∂t

¼ 0

1.5.2.2 Linear Flow Equation for Steady-State Incompressible Fluid

For oil

q ¼ kA

μ

Pe � Pwf

� �
L

In Darcy units it is given as

q cm3
�

s

� �
¼ k Dð ÞA cm2ð Þ

μ cpð Þ
Pe � Pwf

� �
atmð Þ

L cmð Þ

In oil field units

1D ¼ 1000 mD,

0:3048ð Þ2 m2 ¼ 30:48ð Þ2 cm2 ¼ 1 ft2
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1 atm ¼ 14:7 psi

Converting the left hand side of the equation (flow rate)

q cm3
�

s

� �
¼ q STB=dayð Þ � βo

bbl=STBð Þ � 1 day

24 h
� 1 h

3600 s
� 0:1589973 m3

bbl
� 1003 cm3

m3

¼ 1:84013 qβo
STB=dayÞ bbl=STBÞðð

Converting the right side of the equation

¼
k mDð Þ � 1D

1000 mD � A ft2
� �� 30:48ð Þ2 cm2

1 ft2
� Pe � Pwf

� �
psið Þ � 1 atm

14:7 psi

μ cpð ÞL ftð Þ � 30:48 cm
1 ft

¼ 0:002073469
k mDð Þ A ft2

� �
Pe � Pwf

� �
psið Þ

μ cpð Þ L ftð Þ

Combining both sides of the equation

1:84013 qβo
STB=dayð Þ bbl=STBð Þ ¼ 0:002073469

k mDð Þ A ft2
� �

Pe � Pwf

� �
psið Þ

μ cpð Þ L ftð Þ

q STB=dayð Þ ¼ 0:002073469
1:84013

:
k mDð Þ A ft2

� �
Pe � Pwf

� �
psið Þ

μ cpð Þβo bbl=STBÞ L ftð Þð

∴q STB=dayð Þ ¼ 1:127� 10�3 k mDð Þ A ft2
� �

Pe � Pwf

� �
psið Þ

μ cpð Þβo bbl=STBÞ L ftð Þð

Gas flow equation in oil field units under steady-state flow

q Scf=dayð Þ ¼ 3:164� 10�3 Tsck mDð Þ A ft2
� �

Pe
2 � Pwf

2
� �

psið Þ
z Psc T μg cpð Þ L ftð Þ

1.5.2.3 Radial Flow Equation for Steady-State (Unbounded Reservoir)
Incompressible Fluid

By derivation for oil flow
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Ur ¼ q

A
¼ �k

μ

dP

dr

q ¼ �kA

μ

dP

dr
where A ¼ 2πrh

q ¼ k 2πrhð Þ
μ

dP

dr

qμ

2πkh
dr

r
¼ dP

Integrating from the wellbore conditions to the reservoir boundary conditions
That is from r ¼ rw ! re P ¼ Pwf ! Pe

qμ

2πkh

Zre
rw

dr

r
¼
ZPe

Pwf

dP

qμ

2πkh
ln rð Þjrerw ¼ PjPe

Pwf

qμ

2πkh
ln re � ln rwð Þ ¼ Pe � Pwf

qμ

2πkh
ln

re
rw

¼ Pe � Pwf

q ¼ 2πkh Pe � Pwf

� �
μ ln re

rw

Oil field units

q ¼ 7:08� 10�3 k mDð Þh ftð Þ Pe � Pwf

� �
psið Þ

μβ ln re
rw

In terms of average pressure, it is represented as
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q ¼ 2πkh
�
�Pr � Pwf

�
μ ln re

rw
� 1

2

h i

q ¼ 7:08� 10�3 k mDð Þh ftð Þ��Pr � Pwf

�
psið Þ

μβ ln re
rw
� 1

2

h i

1.5.2.4 Steady State with the Effect of Skin

Practically, during drilling and completion operations, the permeability around the
wellbore of most wells have been damaged or reduced thereby causes an impairment
to flow of fluid and thus create an additional pressure drop near the wellbore. This
impairment to flow is known as skin. Incorporating it into the flow equation gives:

q ¼ 2πkh Pe � Pwf

� �
μ ln re

rw
þ s

h i ¼ 2πkh
�
�Pr � Pwf

�
μ ln re

rw
� 1

2 þ s
h i

Where s ¼ skin
Oil field units

q ¼ 7:08� 10�3 k mDð Þh ftð Þ Pe � Pwf

� �
psið Þ

μβ ln re
rw
þ s

h i

1.5.2.5 Radial Flow Equation for Steady-State (Unbounded Reservoir)
Slighty Compressible Fluid

q ¼ 7:08� 10�3 kh Pe � Pwf

� �
μβ ln re

rw
þ s

h i

Recall

P ¼ Pwf e
Co P�Pwfð Þ
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∴ q ¼ 7:08� 10�3 kh ln 1þ Co Pe � Pwf

� �� �
μoβoco ln re

rw
þ s

h i

Example 1.1
Calculate the flow rate of a vertical well at steady state producing oil from the center
of a cylindrical drainage area with the following parameters:

Wellbore radius, rw 14 cm

Drainage radius, re 98 m

Reservoir height, h 35 m

Pressure at the outer boundary, Pe 182 bar

Wellbore flowing pressure, Pwf 168 bar

Formation permeability, k 0.715 D

Oil viscosity, μo 0.71 cp

Oil formation volume factor, βo 1.25 rb/stb

Mechanical skin, s 5

Solution

q ¼ 7:08� 10�3 k mDð Þh ftð Þ Pe � Pwf

� �
psið Þ

μβ ln re
rw
þ s

h i

Conversion to oil field units

re ¼ 98 m� 3:28084 ft

1 m
¼ 321:5223

rw ¼ 14 cm ¼ 0:14 m ¼ 0:14 m� 3:28084 ft

1 m
¼ 0:4593 ft

h ¼ 35 m ¼ 35 m� 3:28084 ft

1 m
¼ 114:8294 ft

Pe ¼ 182 bar ¼ 182 bar � 14:5037738 psi

1 bar
¼ 2639:6868 psi

Pwf ¼ 168 bar ¼ 168 bar � 14:5037738 psi

1 bar
¼ 2436:6339 psi
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k ¼ 0:715 D ¼ 0:715 D� 1000 mD

1 D
¼ 715 mD

qo ¼
7:08� 10�3 � 715� 114:8294� 2639:6868� 2436:6339ð Þ

0:71� 1:25� ln 321:5223
0:4593

� �þ 5
� �

¼ 11513:5483 stb=days

Example 1.2

Given the following information of a vertical well producing at steady state from a
cylindrical region:

Wellbore radius, rw 0.235 ft

Drainage radius, re 250 ft

Reservoir height, h 200 ft

Pressure at the outer boundary, Pe 3400 psi

Wellbore flowing pressure, Pwf 3062 psi

Formation absolute permeability, k 280 mD

Oil relative permeability, Kro 0.85

Oil viscosity, μo 0.65 cp

Oil formation volume factor, βo 1.37 rb/stb

Skin, s 3.7

Solution gas-oil ratio, Rs 500 scf/stb

Calculate

(a) The oil flow rate at reservoir condition
(b) The oil and gas flow rate at stock tank condition (STC)

Solution
Oil flow rate

Qo ¼
7:08� 10�3 k mDð Þh ftð Þ Pe � Pwf

� �
psið Þ

μ ln re
rw
þ s

h i

ko ¼ kkro

Qo ¼
7:08� 10�3 � 0:85� 280ð Þ � 200� 3400� 3062ð Þ

0:65� ln 250
0:235

� �þ 3:7
� � ¼ 16424:576 rb=d

Oil flow rate at STC
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Qo STCð Þ ¼ Qo RCð Þ
βo

Qo STCð Þ ¼ 16424:576
1:37

¼ 11988:7416 stb=d ¼ 11:988 Mstb=d

Gas flow rate at STC

Rs ¼
Qg STCð Þ
Qo STCð Þ

∴ Qg STCð Þ ¼ RsQo STCð Þ

¼ 500� 11988:7416 ¼ 5994370:802 scf =d ¼ 5:994 MMscf =d

Example 1.3

Given the following data:

Wellbore radius, rw 0.5 ft

Drainage radius, re 850 ft

Reservoir height, h 27 ft

Pressure at the outer boundary, Pe 5000 psi

Wellbore flowing pressure, Pwf 4805 psi

Formation absolute permeability, k 108 mD

Oil viscosity, μo 0.47 cp

Oil formation volume factor, βo 1.347 rb/stb

Skin, s 3.89

(a) Calculate the well flow rate at steady state radial flow
(b) The flow rate after a successful stimulation job to reduce the skin factor to 0.93

Solution

q ¼ 7:08� 10�3 k mDð Þh ftð Þ Pe � Pwf

� �
psið Þ

μβ ln re
rw
þ s

h i

1.5 Types of Fluids in Terms of Flow Regime and Reservoir Geometry 27



(a) The pre-stimulation flow rate is

Qo ¼
7:08� 10�3 � 108� 27� 5000� 4805ð Þ

0:47� 1:347� ln 850
0:5

� �þ 3:89
� � ¼ 561:3348 stb=d

(b) The post-stimulation flow rate is

Qo ¼
7:08� 10�3 � 108� 27� 5000� 4805ð Þ

0:47� 1:347� ln 850
0:5

� �þ 0:93
� � ¼ 759:8859 stb=d

The stimulation job improved the well flow rate for about 26% which implies a
successful stimulation operation.

Example 1.4
Given the following data:

Wellbore radius, rw 0.3333 ft

Drainage radius, re 1000 ft

Reservoir height, h 27 ft

Pressure at the outer boundary, Pe 3500 psi

Wellbore flowing pressure, Pwf 2000 psi

Calculate the following assuming steady state flow.

I. The reservoir pressure at a radius of 50 ft
II. The pressure gradient at 50 ft

Solution

Pe � Pwf ¼
qμβ ln re

rw

7:08� 10�3 kh

At wellbore radius of 0.3333 ft

3500� 2000 ¼ qμβ ln 1000
0:3333

� �
7:08� 10�3 kh

1500� 7:08� 10�3 kh ¼ qμβ ln 3000:30ð Þ ð1:1Þ

At radius of 50 ft, the pressure is designated as P50
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3500� P50 ¼
qμβ ln 1000

50

� �
7:08� 10�3kh

3500� P50ð Þ7:08� 10�3 kh ¼ qμβ ln 20ð Þ ð1:2Þ

Divide Eq. 1.1 by 1.2

1500
3500� P50ð Þ ¼

ln 3000:30ð Þ
ln 20ð Þ ¼ 8:00647

2:99573
¼ 2:6726

3500� P50 ¼ 1500
2:6726

¼ 561:2512

∴ P50 ¼ 3500� 561:2512 ¼ 2938:7488 psia

Pressure gradient at 50 ft

ΔP ¼ qμβ ln re
rw

7:08� 10�3 kh

By integrating

Zre
rw

1
r
dr ¼ ln

re
rw

dP ¼ qμβ 1
rdr

7:08� 10�3 kh

dP

dr
¼ qμβ 1

r

7:08� 10�3 kh
¼ qμβ

7:08� 10�3 kh
:
1
r

ð1:3Þ

From Eq. 1.1

1.5 Types of Fluids in Terms of Flow Regime and Reservoir Geometry 29



qμβ

7:08� 10�3 kh
¼ 1500

ln 3000:30ð Þ ¼ 187:3485

Substitute into Eq. 1.3

dP

dr
¼ 187:3485:

1
r

At the desired radius of 50 ft

dP

dr
¼ 187:3485

50
¼ 3:7469 psia=ft

Example 1.5
The follow information was gotten from an ABC field in the Niger Delta region
undergoing a steady state flow:

Wellbore radius, rw 0.4583 ft

Drainage radius, re 850 ft

Reservoir height, h 46 ft

Formation permeability, k 235 mD

After the wellbore was under-reamed, the diameter increased to 22 in (1.833 ft).

• What is the production rate before and after under-reaming?
• What is the productivity ratio?

Solution
Production rate before under-reaming

qo ¼
7:08� 10�3 kh Pe � Pwf

� �
μβ ln re

rw

h i

qo ¼
7:08� 10�3 � 235� 46� Pe � Pwf

� �
μβ ln 850

0:4583

� �� �

qo ¼ 10:1701
Pe � Pwf

� �
μβ

bblð Þ

Production rate after under-reaming
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qUnd ¼
7:08� 10�3 kh Pe � Pwf

� �
μβ ln re

rund

h i

qUnd ¼
7:08� 10�3 � 235� 46� Pe � Pwf

� �
μβ ln 850

1:833

� �� �

qUnd ¼ 12:4664
Pe � Pwf

� �
μβ

bblð Þ

Productivity ratio ¼ productivity index of damage well

productivity index of undamage well

Productivity ratio ¼
qUnd
qo

¼ 12:4664
Pe�Pwfð Þ

μβ

10:1701
Pe�Pwfð Þ

μβ

1.5.2.6 Radial Flow Equation for Steady-State (Unbounded Reservoir)
Compressible Fluid (Gases)

Low pressure approximation

q ¼ 1:988� 10�2 Tsckh Pe
2 � Pwf

2
� �

Psc T μgz
� �

i
ln re

rw

scf =dayð Þ

Or

¼ kh Pe
2 � Pwf

2
� �

1422 T μgz
� �

avg
ln re

rw

Mscf =dayð Þ

High pressure approximation

q ¼ 3:976� 10�2 Tsckh �Pr Pe � Pwf

� �
Psc T

�
μgz
�
ln re

rw

scf =dayð Þ
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Real gas potential

q ¼ 1:988� 10�2 Tsckh m Peh i � m Pwf

	 
� �
Psc T ln re

rw

scf =dayð Þ

The real gas pseudo-pressure is defined as:

m pð Þ ¼
Zp
0

2p
μgz

dp

Calculation of Real Gas Potential, m(p)
The m(p) can be calculated graphically or read from Tables. The graphical

method requires that P, μ, z be given and m(p) calculated from the area under a
curve (Table 1.3). This is illustrated below using the trapezoid method to calculate
the area under the curve. Trapezoidal rule

Avg area ¼ 1
2

An þ Anþ1ð Þh

Example 1.6
Calculate the gas flow rate using real gas potential method for FUPRE K56 gas well
producing under a constant bottom hole flowing pressure of 2760 psi. The PVT
result is given in the table below

P (psi) Z μg (cp)
0 1.0000 0.01275

600 0.9554 0.01438

1200 0.8792 0.01574

2760 0.86816 0.01939

2771 0.86828 0.01942

2817 0.86934 0.01958

2920 0.87186 0.01994

3000 0.87414 0.02022

Table 1.3 The graphical method is represented below for different pressure drops

P μ z 2p=
μzð Þ Area m( p)

P0 μ0 z0 2p= μzð Þ0 ¼ Y0 –

P1 μ1 z1 2p= μzð Þ1 ¼ Y1 A1 ¼ 0.5(Y0 + Y1)(P1 � P0) A1

P2 μ2 z2 2p=
μzð Þ2 ¼ Y2 A2 ¼ 0.5(Y1 + Y2)(P2 � P1) A1 + A2

Pn μn zn 2p= μzð Þn ¼ Yn An ¼ 0.5(Yn � 1 + Yn)(Pn � Pn � 1) A1 + A2 þ . . .An
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Additional Information

Wellbore radius, rw 0.3296 ft

Drainage radius, re 928 ft

Reservoir height, h 22 ft

Initial reservoir pressure, Pi 3000 psi

Formation absolute permeability, k 68 mD

Reservoir temperature, T 170�C
Gas gravity, γg 0.67

Skin, s 0.67

Solution
First, calculate the real gas potential at each pressure which represents the area under
the curve for each value of pressure.

Recall:

m pð Þ ¼
Zp
0

2p
μz

dp

Yn ¼ 2p
μz

� �
n

An ¼ 0:5 Yn�1 þ Ynð Þ Pn � Pn�1ð Þ

At P1 ¼ 600 psi, μ1 ¼ 0.9554, z1 ¼ 0.01438

Y1 ¼ 2p
μz

� �
1

¼ 2∗600
0:9554∗0:01438

¼ 87344:8137 psi=cp

A1 ¼ 0:5 Y0 þ Y1ð Þ P1 � P0ð Þ

A1 ¼ 0:5 0þ 87344:8137ð Þ 600� 0ð Þ ¼ 26203444:11 psi2=cp

m pð Þ ¼
Z600
0

2p
μz

dp ¼ A1 ¼ 26203444:11 psi2=cp

At P2 ¼ 1200 psi, μ2 ¼ 0.8792, z2 ¼ 0.01574
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Y2 ¼ 2p
μz

� �
2

¼ 2∗1200
0:8792∗0:01574

¼ 173427:8477 psi=cp

A2 ¼ 0:5 87344:8137þ 173427:8477ð Þ 1200� 600ð Þ ¼ 78231798:42 psi2=cp

m pð Þ ¼
Z1200
0

2p
μz

dp ¼ A1 þ A2

¼ 26203444:11þ 78231798:42 ¼ 104435242:5 psi2=cp

Applying the same procedure, the real gas potential for other pressures is
presented in the table below

P z μ 2p= μzð Þ Area m(p)

psi cp – (psi/cp) (psi2/cp) (psi2/cp)
0 1 0.01275 0

600 0.9554 0.01438 87344.8137 26203444.1225 26203444.1225

1200 0.8792 0.01574 173427.8477 78231798.4194 104435242.5418

2760 0.86816 0.01939 327915.1610 391047546.7747 495482789.3165

2771 0.86828 0.01942 328668.0577 3611207.7030 499093997.0195

2817 0.86934 0.01958 330989.7100 15172128.6567 514266125.6762

2920 0.87186 0.01994 335923.9280 34346052.3590 548612178.0353

3000 0.87414 0.02022 339460.3897 27015372.7096 575627550.7448

From the table, at:

Pwf ¼ 2760 psi, m Pwf

	 
 ¼ 495482789:3165 psi2=cp
� �

Pe ¼ 3000 psi, m Peh i ¼ 575627550:7448 psi2=cp
� �

Tsc ¼ 60
�
F ¼ 520

�
F & Psc ¼ 14:7 psi

q ¼ 1:988� 10�2 Tsckh m Peh i � m Pwf

	 
� �
Psc T ln re

rw
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∴ q ¼ 1:988� 10�2 520∗68∗22∗ 575627550:7448� 495482789:3165ð Þ
14:7∗630∗ ln 928

0:3296

� �

¼ 16849580:16 scf =day ¼ 16:8496 MMscf =day

Example 1.7

Use the pressure-square approximation method to calculate the gas flow rate of
Garon gas field well JT6 whose pay thickness is 54 ft, permeability is 200 mD and
current bottom hole flowing pressure is 2000 psia. Given the following additional
information:

Wellbore radius, rw 0.351 ft

Drainage radius, re 1180 ft

Reservoir height, h 33 ft

Initial reservoir pressure, Pi 3650 psi

Reservoir temperature, T 175 �C
Gas gravity, γg 0.67

Pressure @ STC, Psc 14.7 psi

Temperature @ STC, Tsc 60 �C

Solution
The first step is to calculate the gas viscosity and deviation factor at the average
pressure expressed as:

�P ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pwf

2 þ Pe
2

2

s

�P ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
20002 þ 36502

2

s
¼ 2943:0002 psia

To calculate the compressibility factor, z
If yg < ¼ 0.7 Then

Tc ¼ 168þ 325∗γg
� �� 12:5∗γg

2
� �

Tc ¼ 168þ 325∗0:67ð Þ � 12:5∗0:672
� � ¼ 380:1388

�
R
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Pc ¼ 677þ 15∗γg
� �� 37:5∗γg

2
� �

Pc ¼ 677þ 15∗0:67ð Þ � 37:5∗0:672
� � ¼ 670:2163 psia

Tr ¼ T þ 460ð Þ
Tc

¼ 175þ 460ð Þ
380:1388

¼ 635
380:1388

¼ 1:67

Pr ¼ P

Pc
¼ 2943:0002

670:2163
¼ 4:39

Calculate z from Standing and Katz compressibility factors chart from Fig. 1.17

zi Pri; Trð Þ ¼ zi 4:39; 1:67ð Þ ¼ 0:845

The viscosity of the gas
Applying Lee Gonzalez

X ¼ 3:448þ 986:4
T þ 460ð Þ þ 0:009� γg � 28:96

� �

¼ 3:448þ 986:4
175þ 460ð Þ þ 0:009� 0:67� 28:96ð Þ ¼ 5:1760

Y ¼ 2:47� 0:224X

¼ 2:47� 0:224 5:1760ð Þ ¼ 1:3106

a ¼ 9:379þ 0:01607� γg � 28:96
� �� �

T þ 460ð Þ1:5

¼ 9:379þ 0:01607� 0:67� 28:96ð Þ½ � 175þ 460ð Þ1:5 ¼ 155067:4485

b ¼ 209þ 19:26� γg � 28:96
� �þ T þ 460ð Þ

¼ 209þ 19:26� 0:67� 28:96ð Þ þ 175þ 460ð Þ ¼ 1217:7056
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Fig. 1.17 Standing and Katz compressibility factors chart. (Courtesy of GPSA and GPA Engi-
neering Data Book, EO Edition, 1987)
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k ¼ a

b
¼ 155067:4485

1217:7056
¼ 127:3439

The density of the gas

ρg ¼
28:96Pγg

zRT
¼ 28:96� 2825� 0:67

0:845� 10:73� 175þ 460ð Þ ¼ 9:5205 lb=cuft

The gas viscosity is calculated as

μg ¼ 10�4k∗Exp X
ρg
62:4

n oY
� �

¼ 10�4 � 127:3439 � Exp 5:1760
9:5205
62:4

� �1:32346
 !

¼ 0:01957 cp

Therefore

q ¼ 1:988� 10�2 Tsckh Pe
2 � Pwf

2
� �

Psc T μgz
� �

i
ln re

rw

scf =dayð Þ

q ¼ 1:988� 10�2 520∗200∗54∗ 36502 � 20002
� �

14:7∗ 175þ 460ð Þ∗ 0:01957∗0:845ð Þ∗ ln 1180
0:351

� �
¼ 830363932:2 scf =dayð Þ ¼ 830:3639 MMscf =dayð Þ

1.5.3 Unsteady or Transient-State Flow

The state of fluid flow is termed unsteady-state flow, if the rate of change of pressure
with respect to time at any position in the reservoir is not zero or constant. It is also
called transient state whose behavior occurs when the boundary effect of the
reservoir has not been felt and at this point, the reservoir is said to be infinite-
acting. It can simply be defined as the flow regime where the distance/radius of
pressure wave propagation from the wellbore has not reached any of the reservoir
boundaries as shown in the figure below. Thus, at a short period of flow, the reservoir
behaves as if it has no boundary, this will continue until the pressure transient gets to
the boundary of the reservoir. Therefore, after the reservoir boundary has been
contacted, the flow will either buildup to steady state or pseudo-steady state flow.
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Mathematically, it can be represented as a function of time and space as:
∂P
∂t

¼ f i; tð Þ

Equation of a transient state flow

Pi � P ¼ 141:2
qβμ

kh
�1
2
Ei �xf g

� �
¼ �70:6

qβμ

kh
Ei �xf g½ �

Where Ei function or exponential integral is given as:

Ei �xð Þ ¼ �
Z1
x

e�u

u

� �
du

Where

x ¼ θμCtr2

4 0:000264ð Þ kt ¼
θμCtr2

0:001056 kt

Pi � P ¼ �70:6
qβμ

kh
Ei � θμCtr2

0:001056 kt

� �

if x < 0:01, this implies that log approximation holds, then

The Ei function can be approximated with negligible error by

Ei �xð Þ ¼ ln 1:781x

1.5 Types of Fluids in Terms of Flow Regime and Reservoir Geometry 39



Pi � P ¼ �70:6
qβμ

kh
ln 1:781x½ � ¼ �70:6

qβμ

kh
ln 1:781þ ln x½ �

Pi � P ¼ �70:6
qβμ

kh
0:5772þ ln x½ � ¼ �70:6

qβμ

kh
0:5772þ 2:303logx½ �

Pi � P ¼ �70:6
qβμ

kh
0:5772þ 2:303log

θμCtr2

4 0:000264ð Þ kt
� �� �

Pi � P ¼ 70:6
qβμ

kh
2:303log

4 0:000264ð Þ kt
θμCtr2

� �
� 0:5772

� �

Pi � P ¼ 70:6∗2:303ð Þqβμ
kh

logt þ log
k

θμCtr2

� �
þ log 0:001056f g � 0:5772

� �

Pi � P ¼ 162:6qβμ
kh

logt þ log
k

θμCtr2

� �
� 3:23

� �

1.5.3.1 Pseudo-Steady with the Effect of Skin (Tables 1.4, 1.5
and 1.6a, b)

The pressure drop due to skin at the well is

ΔPs ¼ 141:2qβμ
kh

s

The total pressure drop is

Pi � P ¼ 162:6qβμ
kh

logt þ log
k

θμCtr2

� �
� 3:23

� �
þ 141:2qβμ

kh
s

Pi � P ¼ 162:6qβμ
kh

logt þ log
k

θμCtr2

� �
� 3:23

� �
þ 162:6qβμ
1:1513 kh

s
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Table 1.4 Values of exponential integral, �Ei(�y)

�Ei(�y), 0.000 < 0.209, interval ¼ 0.001
y 0 1 2 3 4 5 6 7 8 9
0 +1 6.332 5.639 5.235 4.948 4.726 4.545 4.392 4.259 4.142

0.01 4.038 3.944 3.858 3.779 3.705 3.637 3.574 3.514 3.458 3.405

0.02 3.355 3.307 3.261 3.218 3.176 3.137 3.098 3.062 3.026 2.992

0.03 2.959 2.927 2.897 2.867 2.838 2.810 2.783 2.756 2.731 2.706

0.04 2.681 2.658 2.634 2.612 2.590 2.568 2.547 2.527 2.507 2.487

0.05 2.468 2.449 2.431 2.413 2.395 2.377 2.360 2.344 2.327 2.311

0.06 2.295 2.279 2.264 2.249 2.235 2.22 2.206 2.192 2.178 2.164

0.07 2.151 2.138 2.125 2.112 2.099 2.087 2.074 2.062 2.050 2.039

0.08 2.027 2.015 2.004 1.993 1.982 1.971 1.960 1.950 1.939 1.929

0.09 1.919 1.909 1.899 1.889 1.879 1.869 1.860 1.850 1.841 1.832

0.1 1.823 1.814 1.805 1.796 1.788 1.779 1.770 1.762 1.754 1.745

0.11 1.737 1.729 1.721 1.713 1.705 1.697 1.689 1.682 1.674 1.667

0.12 1.660 1.652 1.645 1.638 1.631 1.623 1.616 1.609 1.603 1.596

0.13 1.589 1.582 1.576 1.569 1.562 1.556 1.549 1.543 1.537 1.530

0.14 1.524 1.518 1.512 1.506 1.500 1.494 1.488 1.482 1.476 1.470

0.15 1.464 1.459 1.453 1.447 1.442 1.436 1.431 1.425 1.420 1.415

0.16 1.409 1.404 1.399 1.393 1.388 1.383 1.378 1.373 1.368 1.363

0.17 1.358 1.353 1.348 1.343 1.338 1.333 1.329 1.324 1.319 1.314

0.18 1.310 1.305 1.301 1.296 1.291 1.287 1.282 1.278 1.274 1.269

0.19 1.265 1.261 1.256 1.252 1.248 1.243 1.239 1.235 1.231 1.227

0.2 1.233 1.219 1.215 1.210 1.206 1.202 1.198 1.195 1.191 1.187

�Ei(�y), 0.000 < 2.09, interval ¼ 0.01
y 0 1 2 3 4 5 6 7 8 9
0 +1 4.038 3.335 2.959 2.681 2.468 2.295 2.151 2.027 1.919

0.1 1.823 1.737 1.660 1.589 1.524 1.464 1.409 1.358 1.309 1.265

0.2 1.223 1.183 1.145 1.110 1.076 1.044 1.014 0.985 0.957 0.931

0.3 0.906 0.882 0.858 0.836 0.815 0.794 0.774 0.755 0.737 0.719

0.4 0.702 0.686 0.670 0.655 0.640 0.625 0.611 0.598 0.585 0.572

0.5 0.560 0.548 0.536 0.525 0.514 0.503 0.493 0.483 0.473 0.464

0.6 0.454 0.445 0.437 0.428 0.420 0.412 0.404 0.396 0.388 0.381

0.7 0.374 0.367 0.360 0.353 0.347 0.340 0.334 0.328 0.322 0.316

0.8 0.311 0.305 0.300 0.295 0.289 0.284 0.279 0.274 0.269 0.265

0.9 0.260 0.256 0.251 0.247 0.243 0.239 0.235 0.231 0.227 0.223

1 0.219 0.216 0.212 0.209 0.205 0.202 0.198 0.195 0.192 0.189

1.1 0.186 0.183 0.180 0.177 0.174 0.172 0.169 0.166 0.164 0.161

1.2 0.158 0.156 0.153 0.151 0.149 0.146 0.144 0.142 0.140 0.138

1.3 0.135 0.133 0.131 0.129 0.127 0.125 0.124 0.122 0.120 0.118

1.4 0.116 0.114 0.113 0.111 0.109 0.108 0.106 0.105 0.103 0.102

1.5 0.100 0.099 0.097 0.096 0.094 0.093 0.092 0.090 0.089 0.088

1.6 0.086 0.085 0.084 0.083 0.081 0.080 0.079 0.078 0.077 0.076

1.7 0.075 0.074 0.073 0.072 0.071 0.070 0.069 0.068 0.067 0.066

(continued)
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Pi � P ¼ 162:6qβμ
kh

logt þ log
k

θμCtr2

� �
� 3:23þ s

1:1513

� �

Pi � P ¼ 162:6qβμ
kh

logt þ log
k

θμCtr2

� �
� 3:23þ 0:8685 s

� �

if x > 0:01, then

Pi � P ¼ �70:6
qβμ

kh
Ei �xf g½ �

The Ei function can be read from Table 1.1
Casting the pressure drop equation in dimensionless form (PD), we have:

Pi � P ¼ 141:2
qβμ

kh
PD

Where

Table 1.4 (continued)

1.8 0.065 0.064 0.063 0.062 0.061 0.060 0.060 0.059 0.058 0.057

1.9 0.056 0.055 0.055 0.054 0.053 0.052 0.052 0.051 0.050 0.050

2 0.049 0.048 0.048 0.047 0.046 0.046 0.045 0.044 0.044 0.043

�Ei(�y), 2.0 < 10.9, interval ¼ 0.1
y 0 1 2 3 4 5 6 7 8 9
2 4.89E-

02
4.26E-
02

3.72E-
02

3.25E-
02

2.84E-
02

2.49E-
02

2.19E-
02

1.92E-
02

1.69E-
02

1.48E-
02

3 1.30E-
02

1.15E-
02

1.01E-
02

8.94E-
03

7.89E-
03

6.87E-
03

6.16E-
03

5.45E-
03

4.82E-
03

4.27E-
02

4 3.78E-
03

3.35E-
03

2.97E-
03

2.64E-
03

2.34E-
03

2.07E-
03

1.84E-
03

1.64E-
03

1.45E-
03

1.29E-
03

5 1.15E-
03

1.02E-
03

9.08E-
04

8.09E-
04

7.19E-
04

6.41E-
04

5.71E-
04

5.09E-
04

4.53E-
04

4.04E-
04

6 3.60E-
03

3.21E-
04

2.86E-
04

2.55E-
04

2.28E-
04

2.03E-
04

1.82E-
04

1.62E-
04

1.45E-
04

1.29E-
04

7 1.15E-
04

1.03E-
04

9.22E-
05

8.24E-
05

7.36E-
05

6.58E-
05

5.89E-
05

5.26E-
05

4.71E-
05

4.21E-
05

8 3.77E-
05

3.37E-
05

3.02E-
05

2.70E-
05

2.42E-
05

2.16E-
05

1.94E-
05

1.73E-
05

1.55E-
05

1.39E-
05

9 1.24E-
05

1.11E-
05

9.99E-
05

8.95E-
05

8.02E-
05

7.18E-
05

6.44E-
05

5.77E-
06

5.17E-
06

4.64E-
06

10 4.15E-
06

3.73E-
06

3.34E-
06

3.00E-
06

2.68E-
06

2.41E-
06

2.16E-
06

1.94E-
06

1.74E-
06

1.56E-
06
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PD ¼ �1
2
Ei �xf g

x ¼ θμCtr2

4 0:000264ð Þ kt ¼
θμCtrw2

0:000264 kt
:
1
4

r2

rw2

tD ¼ 0:000264 kt

θμCtrw2
rD ¼ r

rw

x ¼ 1
4
rD2

tD

Table 1.5 PD vs tD – Infinite
radial system, constant rate at
inner boundary

tD PD tD PD tD PD

0.0000 0.0000 0.20 0.4241 50.00 2.3884

0.0005 0.0250 0.30 0.5024 60.00 2.4758

0.001 0.0352 0.40 0.5645 70.00 2.5501

0.002 0.4950 0.50 0.6167 80.00 2.6147

0.003 0.0603 0.60 0.6622 90.00 2.6718

0.004 0.0694 0.70 0.7024 100.00 2.7233

0.005 0.0774 0.80 0.7387 150.00 2.9212

0.006 0.0845 0.90 0.7716 200.00 3.0636

0.007 0.0911 1.00 0.8019 250.00 3.1726

0.008 0.0971 1.20 0.8672 300.00 3.2630

0.009 0.1028 1.40 0.9160 350.00 3.3394

0.010 0.1081 2.00 1.0195 400.00 3.4057

0.015 0.1312 3.00 1.1665 450.00 3.4641

0.020 0.1503 4.00 1.2750 500.00 3.5164

0.025 0.1669 5.00 1.3625 550.00 3.5643

0.030 0.1818 6.00 1.4362 600.00 3.6076

0.040 0.2077 7.00 1.4997 650.00 3.6476

0.050 0.2301 8.00 1.5557 700.00 3.6842

0.060 0.2500 9.00 1.6057 750.00 3.7184

0.070 0.2680 10.00 1.6509 800.00 3.7505

0.080 0.2845 15.00 1.8294 850.00 3.7805

0.090 0.2999 20.00 1.9601 900.00 3.8088

0.100 0.3144 30.00 2.1470 950.00 3.8355

0.15 0.3750 40.00 2.2824 1000.00 3.8584
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PD ¼ �1
2
Ei �1

4
rD2

tD

� �

For log approximation to hold,

1
4
rD2

tD
< 0:0025 OR

rD2

tD
< 0:01

Or

tD
rD2

> 100

If log approximation holds, then

Table 1.6a PD vs tD – Finite radial system with closed exterior, constant rate at inner boundary

reD ¼ 1.5 reD ¼ 2.0 reD ¼ 2.5 reD ¼ 3.0 reD ¼ 3.5 reD ¼ 4.0
tD PD tD PD tD PD tD PD tD PD tD PD

0.06 0.251 0.22 0.443 0.40 0.565 0.52 0.627 1.00 0.802 1.50 0.927

0.08 0.288 0.24 0.459 0.42 0.576 0.54 0.636 1.10 0.830 1.60 0.948

0.10 0.322 0.26 0.476 0.44 0.587 0.56 0.645 1.20 0.857 1.70 0.968

0.12 0.355 0.28 0.492 0.46 0.598 0.6 0.662 1.30 0.882 1.80 0.988

0.14 0.387 0.30 0.507 0.48 0.608 0.65 0.683 1.40 0.906 1.90 1.007

0.16 0.420 0.32 0.522 0.50 0.618 0.7 0.703 1.50 0.929 2.00 1.025

0.18 0.452 0.34 0.536 0.52 0.628 0.75 0.721 1.60 0.951 2.20 1.059

0.20 0.484 0.36 0.551 0.54 0.638 0.8 0.740 1.70 0.973 2.40 1.092

0.22 0.516 0.38 0.565 0.56 0.647 0.85 0.758 1.80 0.994 2.60 1.123

0.24 0.548 0.40 0.579 0.58 0.657 0.9 0.776 1.90 1.014 2.80 1.154

0.26 0.580 0.42 0.593 0.60 0.666 0.95 0.791 2.00 1.034 3.00 1.184

0.28 0.612 0.44 0.607 0.65 0.688 1 0.806 2.25 1.083 3.50 1.255

0.30 0.644 0.46 0.621 0.70 0.710 1.2 0.865 2.50 1.130 4.00 1.324

0.35 0.724 0.48 0.634 0.75 0.731 1.4 0.920 2.75 1.176 4.50 1.392

0.40 0.804 0.50 0.648 0.80 0.752 1.6 0.973 3.00 1.221 5.00 1.46

0.45 0.884 0.60 0.715 0.85 0.772 2 1.076 4.00 1.401 5.50 1.527

0.50 0.964 0.70 0.782 0.90 0.792 3 1.328 5.00 1.579 6.00 1.594

0.55 1.044 0.80 0.849 0.95 0.812 4 1.578 6.00 1.757 6.50 1.66

0.60 1.124 0.90 0.915 1.00 0.832 5 1.828 7.00 1.727

0.65 1.204 1.00 0.982 2.00 1.215 8.00 1.861

0.70 1.284 2.00 1.649 3.00 1.506 9.00 1.994

0.75 1.364 3.00 2.316 4.00 1.977 10.00 2.127

0.80 1.444 5.00 3.649 5.00 2.398
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Ei �xð Þ ¼ ln 1:781x ¼ ln 1:781:
1
4
rD2

tD

� �
¼ ln 0:44525

rD2

tD

� �

¼ ln 0:44525 þ ln
rD2

tD

� �
¼ �080912þ ln

rD2

tD

� �
¼ 080912� ln

rD2

tD

� �

PD ¼ 1
2

ln
tD
rD2

� �
þ 0:80912

� �
¼ 1

2
2:303log

tD
rD2

� �
þ 0:80912

� �

PD ¼ 1:151log
tD
rD2

� �
þ 0:4046

Example 1.8
Given the following data of a well as shown in the figure below in an infinite acting
reservoir.

Wellbore radius, rw 0.425 ft

Drainage radius, re 540 ft

Reservoir height, h 35 ft

Initial reservoir pressure, Pi 2350 psi

Porosity, ∅ 0.23

Formation absolute permeability, k 165 mD

Oil viscosity, μo 0.37 cp

Oil formation volume factor, βo 1.218 rb/stb

Total compressibility, Ct 3.5 x 10�5 psi�1

Oil flow rate, qo 472 stb/day

Calculate the pressure at point k after 6 h production.
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Solution
We need to check if log approximation holds

x ¼ θμCtr2

4 0:000264ð Þ kt ¼
0:23∗0:37∗3:5� 10�5∗ 28:5ð Þ2

4 0:000264ð Þ∗165∗6
¼ 0:00231

Since

θμCtr2

4 0:000264ð Þ kt ¼ 0:00231 < 0:01

Therefore, log approximation holds

Pi � P r; tð Þ ¼ 162:6qβμ
kh

logt þ log
k

θμCtr2

� �
� 3:23

� �

P r; tð Þ ¼ Pi � 162:6qβμ
kh

logt þ log
k

θμCtr2

� �
� 3:23

� �

P 28:5 ft; 6 hrsð Þ ¼ 2350� 162:6∗472∗1:218∗0:37
165∗35

� log6þ log
165

0:23∗0:37∗3:5� 10�5∗ 28:5ð Þ2
( )

� 3:23

" #

¼ 2335:77 psi

Example 1.9
Use the information given in Example 1.7 to calculate the following:

• The pressure at a distance (radius) of 120 ft. after 6 h production
• The pressure at a distance (radius) of 210 ft. after 9 h production

Solution
We need to check if log approximation holds at 120 ft. and 6 h

x ¼ θμCtr2

4 0:000264ð Þ kt ¼
0:23∗0:37∗3:5� 10�5∗ 120ð Þ2

4 0:000264ð Þ∗165∗6
¼ 0:041

Since
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θμCtr2

4 0:000264ð Þ kt ¼ 0:041 > 0:01

Therefore, log approximation does not hold, the Ei function is used

P r; tð Þ ¼ Pi þ 70:6
qβμ

kh
Ei � θμCtr2

0:001056 kt

� �

P 120 ft; 6 hð Þ ¼ 2350þ 70:6
472∗1:218∗0:37

165∗35

� �
Ei �0:041f g

Ei �0:041f g ¼ �2:658

P 120 ft; 6 hð Þ ¼ 2350þ 2:6004 �2:658f g ¼ 2343:088 psi

The wellbore flowing pressure at a distance (radius) of 210 ft. after 9 h production
We need to check if log approximation holds at 210 ft. and 9 h

x ¼ θμCtr2

4 0:000264ð Þ kt ¼
0:23∗0:37∗3:5� 10�5∗ 210ð Þ2

4 0:000264ð Þ∗165∗9
¼ 0:0838

Since

θμCtr2

4 0:000264ð Þ kt ¼ 0:0838 > 0:01

Therefore, log approximation does not hold, the Ei function is used

P r; tð Þ ¼ Pi þ 70:6
qβμ

kh
Ei � θμCtr2

0:001056 kt

� �

P 210 ft; 9 hð Þ ¼ 2350þ 70:6
472∗1:218∗0:37

165∗35

� �
Ei �0:0838f g

Ei �0:0838f g ¼ �1:982

P 210 ft; 9 hð Þ ¼ 2350þ 2:6004 �1:982f g ¼ 2344:846 psi
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Example 1.10
Calculate the skin factor and pressure drop at a distance of 19.5 ft from the wellbore
in the figure below after it has flown for 5 h.

Wellbore radius, rw 0.5 ft

Drainage radius, re 797 ft

Reservoir height, h 74 ft

Initial reservoir pressure, Pi 4050 psi

Flowing bottomhole pressure 3850 psi

Porosity, ∅ 0.24

Formation absolute permeability, k 150 mD

Oil viscosity, μo 0.89 cp

Oil formation volume factor, βo 1.238 rb/stb

Total compressibility, Ct 7.8 x 10�5 psi�1

Oil flow rate, qo 958 stb/day

Solution

x ¼ θμCtr2

4 0:000264ð Þ kt ¼
0:24∗0:85∗7:8� 10�5∗ 19:5ð Þ2

4 0:000264ð Þ∗150∗5
¼ 0:00764

Since
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θμCtr2

4 0:000264ð Þ kt ¼ 0:00764 < 0:01

Therefore, log approximation holds

Pi � P ¼ 162:6qβμ
kh

logt þ log
k

θμCtr2

� �
� 3:23þ 0:8685 s

� �

4050� 3850

¼ 162:6∗958∗1:238∗0:85
150∗74

log5þ log
150

0:24∗0:85∗7:8∗10�5∗ 19:5ð Þ2
( )"

�3:23þ 0:8685 s

�

200 ¼ 14:7674 1:8633þ 0:8685 s½ �

200
14:7674

¼ 1:8633þ 0:8685 s

13:5433 ¼ 1:8633þ 0:8685 s

s ¼ 13:5433� 1:8633
0:8685

¼ 13:4485

The pressure drop due to skin is

ΔPs ¼ 141:2qβμ
kh

s

ΔPs ¼ 141:2∗958∗1:238∗0:85
150∗74

∗13:4485 ¼ 172:4609 psi

Example 1.11
The figure below shows an active and an observation well. The active well is
currently producing at a flow rate of 235 stb/day after a period of 10 h. Calculate
the pressure change in the observation well at:

• A distance of 420 ft
• The wellbore
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Observation
well

420ft

Active well
@235 stb/day

Wellbore radius, rw 0.48 ft

Total compressibility, Ct 18.9*10�6 psi�1

Reservoir height, h 35 ft

Initial pressure,Pi 3860 psi

Formation permeability, k 997 mD

Oil viscosity, μo 0.86 cp

Oil formation volume factor, βo 1.132 rb/stb

Porosity, ∅ 20.7%

Solution
Check if log approximation holds

x ¼ θμCtr2

4 0:000264ð Þ kt ¼
0:207∗0:86∗18:9� 10�6∗ 420ð Þ2

4 0:000264ð Þ∗997∗10
¼ 0:0564

Since

θμCtr2

4 0:000264ð Þ kt ¼ 0:0564 > 0:01

Therefore, log approximation will not hold, the Ei function is used

P r; tð Þ ¼ Pi þ 70:6
qβμ

kh
Ei � θμCtr2

0:001056 kt

� �

P 420 ft; 10 hð Þ ¼ 3860þ 70:6
235∗1:132∗0:86

997∗45

� �
Ei �0:0564f g

Ei �0:0564f g ¼ �2:360

P 420 ft; 10 hð Þ ¼ 3860þ 0:3600 �2:360f g ¼ 3859:1504 psi

The pressure change is given as:
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ΔP ¼ Pi � P r; tð Þ
ΔP ¼ 3860� 3859:1504 ¼ 0:8496 psi

Pressure change at the wellbore
Check if log approximation holds

x ¼ θμCtr2

4 0:000264ð Þ kt ¼
0:207∗0:86∗18:9� 10�6∗ 0:48ð Þ2

4 0:000264ð Þ∗997∗10
¼ 7:36∗10�8

Since

θμCtr2

4 0:000264ð Þ kt ¼ 7:36∗10�8 < 0:01

Therefore, log approximation holds

Pi � P ¼ 162:6qβμ
kh

logt þ log
k

θμCtr2

� �
� 3:23þ 0:8685 s

� �

ΔP rw; tð Þ ¼ 162:6∗235∗1:132∗0:86
997∗35

� log10þ log
997

0:207∗0:86∗18:9∗10�6 0:48ð Þ2
( )

� 3:23

" #
¼ 7:3335 psi

1.5.3.2 Pseudo-Steady or Semi-State Flow

A reservoir attains pseudo-steady state (PSS), if the rate of change of pressure
decline with time is constant. The pressure throughout the reservoir decreases at
the same constant rate, this scenario cannot occur during build-up or falloff tests. In
this state of flow, the boundary has been felt and static pressure at the boundary is
declining uniformly throughout the reservoir. Mathematically, this definition states
that the rate of change of pressure with respect to time at every position in the
reservoir is constant, or a state where the mass rate of production is equal to the rate
of mass depletion. This state can also be referred to as semi-steady state (SSS) or
quasi-steady state.

∂P
∂t

¼ constant

The radial flow equation for pseudo-steady state (bounded reservoir)
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For oil

q ¼ 2πkh Pe � Pwf

� �
μ ln re

rw
� 3

4

h i

Oil field units

q ¼ 7:08� 10�3k mDð Þh ftð Þ Pe � Pwf

� �
psið Þ

μβ ln re
rw
� 3

4

h i

Effect of skin

q ¼ 2πkh Pe � Pwf

� �
μ ln re

rw
� 3

4 þ s
h i

Oil field units

q ¼ 7:08� 10�3k mDð Þh ftð Þ Pe � Pwf

� �
psið Þ

μβ ln re
rw
� 3

4 þ s
h i

For gas

q ¼ 6:93� 10�4 kh Pe
2 � Pwf

2
� �

T
�
μgz
�

ln re
rw
� 3

4

h i

Effect of skin

q ¼ 6:93� 10�4 kh Pe
2 � Pwf

2
� �

T
�
μgz
�

ln re
rw
� 3

4 þ s
h i

Example 1.12
Given the following data below for a vertical well under pseudo steady state.

Wellbore radius, rw 5 in

Drainage radius, re 970 ft

Reservoir height, h 49 ft

Pressure at the outer boundary, Pe 5400 psi

Wellbore flowing pressure, Pwf 4800 psi

Formation permeability, k 45 mD

(continued)
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Oil viscosity, μo 0.48 cp

Oil formation volume factor, βo 1.3125 rb/stb

(a) Calculate the flow rate of the well?
(b) Also, at what rate will the well be flowing if the bottom hole pressure is reduced

to 3750 psi?

Solution

(a) Flow rate of the well

q ¼ 7:08� 10�3k mDð Þh ftð Þ Pe � Pwf

� �
psið Þ

μβ ln re
rw
� 3

4

h i

Convert from inch to ft 5 in ¼ 5=12¼0:4167 ft

q ¼ 7:08� 10�3 � 45� 49� 5400� 4800ð Þ psið Þ
0:48� 1:3125� ln 970

0:4167

� �� 3
4

� � ¼ 2123:1857 stb=d

(b) If the bottom hole pressure is reduced to 3750 psia, the rate is calculated as

q ¼ 7:08� 10�3 � 45� 49� 5400� 3750ð Þ psið Þ
0:48� 1:3125� ln 970

0:4167

� �� 3
4

� � ¼ 5838:76 stb=d

A substantial increase in production was observed when the bottom hole flowing
pressure was reduced.

Example 1.13
Calculate the flowing bottomhole pressure for a vertical well in level J6 reservoir
undergoing a pseudo steady state flow regime with the following data. Also, if the
flow rate of the well increases by 28%, what will be the bottomhole flowing
pressure?

Wellbore radius, rw 0.375 ft

Drainage radius, re 1150 ft

Reservoir height, h 53 ft

Pressure at the outer boundary, Pe 3857 psi

Flow rate, q 1835 stb/d

Formation absolute permeability, k 144 mD

Oil viscosity, μo 0.92 cp

(continued)
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Oil formation volume factor, βo 1.2643 rb/stb

Skin, s 4.16

Solution
The flow equation for a pseudo steady state is given as

q ¼ 7:08� 10�3k mDð Þh ftð Þ Pe � Pwf

� �
psið Þ

μβ ln re
rw
� 3

4 þ s
h i

Thus, the bottomhole flowing pressure is calculated as

Pwf ¼ Pe �
qμβ ln re

rw
� 3

4 þ s
h i

7:08� 10�3kh

Pwf ¼ 3857� 1835∗0:92∗1:2643∗ ln 1150
0:375

� �� 3
4 þ 4:16

� �
7:08� 10�3∗144∗53

¼ 3405:18 psi

If the rate increase by 28%, the new well flow rate becomes,

28%of 1835þ 1835 ¼ 0:28∗1835þ 1835 ¼ 2348:8 stb=d

Pwf ¼ 3857� 2348:8∗0:92∗1:2643∗ ln 1150
0:375

� �� 3
4 þ 4:16

� �
7:08� 10�3∗144∗53

¼ 3278:67 psi

1.6 Productivity Index (PI or j)

The productivity index is calculated mathematically as

PI ¼ j ¼ q

Pe � Pwf
¼ q

ΔP

PI ¼ j ¼ 7:08� 10�3k mDð Þh ftð Þ
μβ ln re

rw

Specific productivity index is given as:
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js ¼
j

h
¼ 7:08� 10�3k mDð Þ

μβ ln re
rw

1.6.1 Factors Affecting the Productivity Index

• Phase Behaviour of Fluids in the Reservoir
• Relative Permeability
• Oil Viscosity
• Oil Formation Volume Factor
• Skin

1.6.2 Phase Behaviour in Petroleum Reservoirs

As reservoir pressure drops below the bubble point, free gas begins to form and thus
the oil relative permeability (kro) is reduced. If a well is produced at a flow rate that
requires the wellbore flowing pressure (Pwf) to be less than the bubble point pressure
(Pb), the oil relative permeability and the productivity index (PI) will be decreased
around the wellbore.

1.6.3 Relative Permeability Behaviour

As free gas form in the pores of a reservoir rock, the ability of the liquid phase to
flow is decreased. Even though the gas saturation may not be great enough to allow
gas to flow, the space occupied by the gas reduces the effective flow area of the
liquid. Conversely, in gas reservoir, the relative permeability to gas will be decreased
if liquid saturation develops either as a result of retrograde condensation or water
formation in the pores.

1.6.4 Oil Viscosity Behaviour

The viscosity of oil saturated with gas at constant temperature will decrease as
pressure is decreased from an initial pressure to bubble point pressure (Pb). Below
Pb, the viscosity will increase as gas comes out of solution leaving the heavier
components of the hydrocarbon.
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1.6.5 Oil Formation Volume Factor

As pressure is decreased in the reservoir, the hydrocarbon will expand and when the
bubble point pressure is reached for an oil reservoir, gas starts coming out of solution
which causes the oil to shrink thereby reducing the volume of the oil.

1.6.6 Skin

A well that is damaged results in low fluids flow potential. Thus, formation damage
is an impairment of reservoir permeability around the wellbore, leading to low or no
well production or injection. Or simply refers to the decrease in permeability that
occurs in the near wellbore region of a reservoir. Formation damage is often
quantified by “Skin” factor. Skin is strictly a measure of an excess pressure in the
producing formation as fluids flow into a well. Skin alters the flow of fluid; that is an
impairment to flow.

The excess pressure drop can occur from one or several of a wide variety of
causes such as drilling mud, cement, completion fluid filtrate invasion, solids
invasion, perforating damage, fines migration, formation compaction, swelling
clays, asphaltene/paraffin deposition, scale precipitation, emulsions, reservoir com-
paction, relative permeability effects, effects of stimulation treatments, etc.

Example 1.14
A reservoir model developed for FUPRE field shows that the formation is made up
of two stack reservoir with a vertical well producing oil at a steady state from a
cylindrical region. The reservoir and well data is given as:

Wellbore radius, rw 4 in

Drainage radius, re 600 ft

Reservoir height, h 40 ft

Pressure drop,ΔP 200 psi

Formation permeability, k 120 mD

Oil viscosity, μo 1.86 cp

Oil formation volume factor, βo 1.395 rb/stb

Calculate the following:

I. The productivity index
II. The specific productivity index
III. The rate at which the well is flowing
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Solution

j ¼ q

ΔP
¼ 7:08� 10�3k mDð Þh ftð Þ

μβ ln re
rw

Convert from inch to ft 4 in ¼ 4=12¼0:3333 ft

Productivity index

j ¼ q

ΔP
¼ 7:08� 10�3 � 120� 40

1:86� 1:395� ln 600
0:3333

� � ¼ 1:7473 bbl d�psi=

Specific productivity index

js ¼
j

h
¼ 1:7473

40
¼ 0:0437 bbl d�psi�ft=

Flow rate

q ¼ j� ΔP

q ¼ 1:7473� 200 ¼ 349:46 bbl=d

1.7 Application of Dimensionless Parameters in Calculating
Flow Rate and Bottom Flowing Pressure

Now, let us write the pressure drop in dimensionless pressure

Pi � P ¼ 141:2
qβμ

kh
PD rD; tDð Þ

Also, dimensionless time base on drainage area (tAD) is given as

tAD ¼ 0:000264 kt

∅hACt
for t in hrs and in oil field unit

For infinite reservoir undergoing transient state condition, the dimensionless
pressure is given as:

PD rD; tDð Þ ¼ 1
2

ln
tD
rD2

þ 0:80907

� �
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For a closed reservoir undergoing transient state condition, the dimensionless
pressure based on area is given as:

PD rD; tDð Þ ¼ 1
2

ln tDA þ ln
A

rw2
þ 0:80907

� �

At the well, rD ¼ 1, i.e. r ¼ rw
For a pseudo-steady state flow condition, the dimensionless pressure based on

area is given as:

Table 1.7 Shape Factors for Various Closed Single – Well Drainage Areas

In bounded
reservoirs

CA Exact for tDA> Less than 1%
error for tDA<

Use infinite system solution
with less than 1% error for tDA<

Apply for pseudo
steady state flow

Apply for transient state flow

31.62 0.1 0.06 0.1

31.6 0.1 0.06 0.101

27.6 0.2 0.07 0.09

27.1 0.2 0.07 0.09

21.9 0.4 0.12 0.08

0.098 0.9 0.6 0.015

30.8828 0.1 0.05 0.09

12.9851 0.7 0.25 0.03

4.5132 0.6 0.3 0.025

3.3351 0.7 0.25 0.01

21.8369 0.3 0.15 0.025

10.8374 0.4 0.15 0.025

4.5141 1.5 0.5 0.06

2.0769 1.7 0.5 0.02

3.1573 0.4 0.15 0.005
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PD rD; tDð Þ ¼ 2πtAD þ 1
2
ln

A

rw2
þ 1
2
ln
2:2458
CA

¼ 2πtAD þ 1
2
ln

2:2458A
CArw2

Substitute tAD into the above equation gives

PD ¼ 2π
0:000264kt
∅hCtA

þ 1
2
ln

A

rw2
þ 1
2
ln

2:2458A
CA

PD ¼ 0:001659kt
∅hCtA

þ 1
2
ln

2:2458A
CArw2

Where CA is the shape factor read from Table 1.7. The above equation applies to
different systems when tAD is greater than the time under the column with heading,
“exact for tAD >” given in Table 1.7. With a maximum of 1% error, the time when
pseudo-state will start can be read from the column with the heading “less than
1 percent error for tAD >.” This makes it possible to use the pseudo-state equation to
calculate pressure in a period that ideally is considered a transition period (transition
from transient to pseudo-steady state). Figure 1.18 shows a comprehensive shape
factors for various reservoir shapes and well locations.

Therefore, for a pseudo steady state flow; the equation becomes

Pi � Pwf ¼ 141:2qμBo

kh

0:001659 kt

∅hCtA
þ 1
2
ln
2:2458
CArw2

� �

Thus, for any time t ¼ 1, 2, 3. . . n hours, we can get the corresponding bottom
hole flowing pressure Pwf and these pressure obtained from the series of time
generated to abandonment time will be used in the prediction stage.

This implies that;

Pwf ¼ Pi � 141:2qμBo

kh

0:001659 kt

∅hCtA
þ 1
2
ln
2:2458
CArw2

� �

Also the time to reach the bottom hole flowing pressure (Pwf) is given as:

t hrð Þ ¼ ∅hCtA

0:001659 k

kh Pi � Pwf

� �
141:2qμBo

� 1
2
ln
2:2458
CArw2

� �

• Check if log approximation holds
It holds if
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tAD ¼ 0:000264 kt

∅hACt
> 100

Or

x ¼ θμCtr2

4 0:000264ð Þ kt < 0:01

• Check for the flow regime at the given shape of the reservoir

Note, at any given time, the reservoir will behave like an infinite acting system,
that is, the reservoir is still undergoing transient flow condition if

tDA calculatedð Þ < tDA tabulatedð Þ

Thus, PD is calculated based on area as:

Reservoir
Shape &

Well
Location

Reservoir
Shape &

Well
Location

Reservoir
Shape &

Well
Location

Reservoir
Shape &

Well
Location

Shape
Factor

CA

31.6 1/3

1

2

2

2

In water–drive
reservoirs

In reservoirs of
unknown production

character

2

2

1

21.9 10.8

4.86

2.07

2.72

0.232

0.115 0.098

0.111

2.36

5.38

0.607

3.13

22.6

12.9

4.5

19.1

25
4

4

4

2

2

2
2

2

4
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1

1

1

1

1
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1

1

1

1

2

3
4

60
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27.6

27.1

3.39

4

4

1

1

1

1 1

1

1

60

30.9

Shape
Factor

CA

Shape
Factor
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Shape
Factor
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Fig. 1.18 Reservoir shape factors
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PD rD; tDð Þ ¼ 1
2

ln tDA þ ln
A

rw2
þ 0:80907

� �

For consistency in units, the area, A must be converted to feet (multiply by
“43560”)

Else, the reservoir has attained pseudo-steady state (bounded reservoir) if

tDA calculatedð Þ > tDA tabulatedð Þ

Then used

PD rD; tDð Þ ¼ 2πtAD þ 1
2
ln

A

rw2
þ 1
2
ln
2:2458
CA

¼ 2πtAD þ 1
2
ln

2:2458A
CArw2

Therefore,

Pi � Pwf ¼ 141:2qμBo

kh
PD rD; tDð Þ þ s½ �

Example 1.15
Given a well located at the centre of a square reservoir producing at a rate of 150 stb/
day of dry oil with the following reservoir and fluid properties:

Wellbore radius, rw 0.5 ft

Area, A 45 acres

Reservoir height, h 49 ft

Initial reservoir pressure,, Pi 3325 psi

Porosity,∅ 18%

Skin, s 3.04

Formation permeability, k 100 mD

Oil viscosity, μo 4.18 cp

Oil formation volume factor, βo 1.2125 rb/stb

Total compressibility, Ct 24.9*10�6 psi�1

• Estimate the buttonhole flowing pressure at a period of 14 min of production
• Estimate the buttonhole flowing pressure at a period of 13 h of production
• Estimate the buttonhole flowing pressure at a period of 5 h of production at a

dimensionless radius rD of 4.5.
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Solution

• Check log approximation applicability

tD ¼ 0:000264 kt

∅hACt
> 100

tDA ¼ 0:000264∗100∗t

0:18∗49∗45∗43560∗24:9∗10�6 > 0:0000613∗t

To use the above equation, the time must be in hour. Thus, we have to convert the
14 min to hour. That is

t ¼ 14
60

¼ 0:2333 h

At t ¼ 0.2333 h

tDA ¼ 0:0000613∗t ¼ 0:0000613∗0:2333 ¼ 0:0000143

Since
Therefore, log approximation will not hold
From Table 1.7, under column 5, tDA(calculated) ¼ 0.09
Check for the flow regime
Since tDA(calculated) < tDA(tabulated)
Therefore, the closed square with well at the centre is still undergoing transient

state condition

PD rD; tDð Þ ¼ 1
2

ln tDA þ ln
A

rw2
þ 0:80907

� �

PD rD; tDð Þ ¼ 1
2

ln 0:0000143þ ln
43560∗45

0:52

� �
þ 0:80907

� �
¼ 2:76445

Pi � Pwf ¼ 141:2qμBo

kh
PD rD; tDð Þ þ s½ �

Pwf ¼ Pi � 141:2qμBo

kh
PD rD; tDð Þ þ s½ �

Pwf ¼ 3325� 141:2∗150∗4:18∗1:2125
100∗49

2:76445þ 3:04½ � ¼ 3197:8404 psi

At t ¼ 13 h
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tAD ¼ 0:0000613∗t ¼ 0:0000613∗13 ¼ 0:000797

Since tDA(calculated) < tDA(tabulated), the closed square with well at the centre is still
undergoing transient state condition

PD rD; tDð Þ ¼ 1
2

ln 0:000797þ ln
43560∗45

0:52

� �
þ 0:80907

� �
¼ 4:7746

Pwf ¼ 3325� 141:2∗150∗4:18∗1:2125
100∗49

4:7746þ 3:04½ � ¼ 3153:8036 psi

Example 1.16
A well located at the centre of a 2:1 rectangular reservoir as shown in the figure
below, is producing at a steady rate of 500 stb/day of dry oil with the following
reservoir and fluid properties:

Wellbore radius, rw 0.5 ft

Area, A 50 acres

Reservoir height, h 65 ft

Initial reservoir pressure,, Pi 4025 psi

Porosity,∅ 28%

Skin, s 16.85

Formation permeability, k 580 Md

Oil viscosity, μo 2.2 cp

Oil formation volume factor, βo 1.264 rb/stb

Total compressibility, Ct 15.0*10�6 psi�1

Perform the following calculations:

• At what time will log approximation hold
• What will be the pressure drop at the well after flowing for 27 min?
• What will be the pressure drop at the well after flowing for 5 months?

Solution

• At what time will log approximation hold

For log approximation to hold,
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tD ¼ 0:000264 kt

∅hCtr2
> 100

At the wellbore

t ¼ ∅hCtrw2tD
0:000264 k

> 100

t ¼ 0:28∗65∗15:0∗10�6 0:5ð Þ2tD
0:000264∗580

> 0:00151 h

What will be the pressure drop at the well after flowing for 27 min?
Check for log approximation
The dimensionless time based on area is given as

tDA ¼ 0:000264 kt

∅hCtA

t ¼ 20
60

¼ 0:3333

tDA ¼ 0:000264∗580∗0:3333

0:28∗2:2∗15:0∗10�6∗50∗43560
¼ 0:002536

Since tDA < 100, therefore log approximation will not hold
Check for flow regime at the given shape of the reservoir
tDA is read from Table 1.7 under column 5 at the centre of the 2:1 rectangle.

Hence,

tDA tabulatedð Þ ¼ 0:025

Since tDA(calculated) < tDA(tabulated). That is

0:003424 < 0:025

Therefore, the close 2:1 rectangle with well at the centre is undergoing transient
state flow condition.

Thus, PD is calculated based on area as:
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PD rD; tDð Þ ¼ 1
2

ln tDA þ ln
A

rw2
þ 0:80907

� �

PD rD; tDð Þ ¼ 1
2

ln 0:002536þ ln
43560∗50

0:52

� �
þ 0:80907

� �
¼ 5:4061

Pi � Pwf ¼ ΔP ¼ 141:2qμBo

kh
PD rD; tDð Þ þ s½ �

ΔP ¼ 141:2∗500∗2:2∗1:264
580∗65

5:4061þ 16:85½ � ¼ 115:8997 psi

What will be the pressure drop at the well after flowing for 5 months?

t ¼ 5 months ¼ 5∗30:4∗24 ¼ 3648 h

Check for log approximation
The dimensionless time based on area is given as

tDA ¼ 0:000264 kt

∅hCtA

tDA ¼ 0:000264∗580∗3648

0:28∗2:2∗15:0∗10�6∗50∗43560
¼ 27:7560

Since tDA < 100, therefore log approximation will not hold
Check for flow regime at the given shape of the reservoir
tDA is read from Table 1.7 under column 5 at the centre of the 2:1 rectangle.

Hence,

tDA tabulatedð Þ ¼ 0:025

tDA calculatedð Þ > tDA tabulatedð Þ

Since tDA(calculated) > tDA(tabulated), it implies that the system has attained pseudo-
steady state of production. The shape factor is read from Table 1.7 under column
2 as:

CA ¼ 21:8369

Thus, PD is calculated based on area as:
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PD rD; tDð Þ ¼ 2πtAD þ 1
2
ln

A

rw2
þ 1
2
ln
2:2458
CA

¼ 2πtAD þ 1
2
ln

2:2458A
CArw2

PD rD; tDð Þ ¼ 2∗3:142∗27:7560

þ 1
2
ln

50∗43560

0:52

� �
þ 1
2
ln

2:2458
21:8369

� �
¼ 181:2716

ΔP ¼ 141:2∗500∗2:2∗1:264
580∗65

181:2716þ 16:85½ � ¼ 1031:7273 psi

Exercises

1. Mention the three ways rock can be formed and which of them forms the largest
share of the rocks on the earth’s surface?.

2. List the key elements required to define a petroleum reservoir
3. Differentiate between a cap rock and a real
4. Rivers have been washing gravel, sand and mud down into Sydney harbour for

thousands of years. Deep in the ancient deposits these materials have been
packed down by the weight of overlying layers and pore spaces have been
in-filled by cement-like carbonate minerals. Are the rocks that are forming
Igneous, Sedimentary or Metamorphic? Justify your answer

5. The ore body at Broken Hill was found associated with layers of rock that
frequently consisted of interbedded quartzites and garnet schists. Are they
Igneous, Sedimentary or Metamorphic rocks and why?

6. Distinguish between drainage and imbibition process
7. In one phase envelop diagram, draw the following: black oil, volatile, conden-

sate, wet and dry gas reservoir.
8. What is the term that defined the phase in the development of a petroleum

system during which hydrocarbons migrate into the porous and permeable rock
formation (the reservoir) and remain trapped

9. When the capillary pressure across the pore throats is greater than or equal to the
buoyancy pressure of the migrating hydrocarbons. What term is this?

10. Which of these is not associated with fault: single, parallel, perpendicular,
sealing and non-seal

11. Which of these is not a process that culminate into trap: formation of anticlines,
folds, syncline and domes

12. A fluid flow process in which the saturation of the nonwetting phase increases.
13. Which concept defines a case when the mobility increases with saturation of the

nonwetting phase?
14. A fluid flow process in which the saturation of the wetting phase increases.
15. When mobility increases with saturation of the wetting phase. The term is called
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16. The classification of a hydrocarbon reservoir is basically dependent on the
following except:

• The composition of the hydrocarbon mixture in the reservoir,
• The amount of the fluid in place,
• The location of the initial pressure and temperature of the reservoir and
• The condition of the surface (separator) production pressure and temperature.

17. A phase envelope or pressure-temperature (PT) phase diagram of a particular
fluid system comprises of two major curves. These are

18. How many types of reservoir can be identified beyond the dew point curve?
Name them.

19. The region where gas and liquid coexist in equilibrium is called
20. The region of quality lines identified in a pressure-temperature diagram is called
21. A reservoir whose fluid remains as a single phase liquid at the wellbore is called
22. What type of reservoir is identified when the pressure and temperature condi-

tions existing in the separator indicate a high percentage of liquid around 85%
23. A black oil is often called
24. Which reservoir is characterized by a dark or deep color liquid having initial

gas-oil ratios of 500 scf/stb or less, oil gravity of 30� API?
25. Which reservoir is characterized by a brown, orange, or green color liquid oil

gravity of 40� API or higher and 65% of the reservoir is liquid at the separator
condition

26. What is the range of a gas condensate reservoir’s API oil gravity?
27. A gas reservoir whose production path passes through the two phase region is

called
28. A fluid whose volume or density does not change with pressure is called
29. Which fluid experience large changes in volume as a function of pressure
30. When fluids move in a multi-direction within the reservoir towards the perfora-

tions at the wellbore creating an iso-potential lines. What type of flow system is
this?

31. A system of mass flow rate, where there is no accumulation of mass within any
component in the system is called

32. The flow of fluid across the boundaries of the reservoir
33. What type of flow is experienced in an unbounded reservoir?
34. Give an example of an incompressible fluid
35. Which parameter causes an additional pressure drop near the wellbore?
36. Skin is a reservoir phenomenon, true or false give a reason for your answer
37. Skin accounts for
38. A state where the mass rate of production is equal to the rate of mass depletion is

termed
39. One of the conditions necessary for pseudo steady state to be attained is that

reservoir outer boundary must be closed to flow. True or False, give reason for
your answer

40. When a well that attains steady state is shut in, the pressure does not build up to
average pressure. The pressure builds up to initial pressure because of
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41. A reservoir attains pseudosteady state if the rate of pressure decline is constant.
And the constant is related to

Ex 1.1 Given the following data:

Wellbore radius, rw 0.3728 ft

Drainage radius, re 1100 ft

Reservoir height, h 37 ft

Initial pressure,Pi 4200 psi

Pressure at the outer boundary, Pe 3640 psi

Bottomhole flowing pressure, Pwf 2800 psi

Calculate

I. The reservoir pressure at a radius of 67 ft
II. The pressure gradient at 67 ft

Ex 1.2 An oil well is flowing at 230 stb/d from a uniform sand under steady state with the
following data:

Total compressibility, Swc 23%

Reservoir height, h 32 ft

Static Bottomhole pressure, Pws 2500 psi

Formation permeability, k 242 mD

Oil viscosity, μo 0.59 cp

Oil formation volume factor, βo 1.342 rb/stb

Porosity, ∅ 22%

I. What is the pressure at 20 ft radius using a 560 ft drainage radius?
II. What is the pressure drop using the 560 ft drainage radius and wellbore radius

of 5 inches?
III. Compare the pressure drop from 560 ft to 95 ft with that from 95 ft to 10 ft.
IV. What is the pressure gradient at 28 ft
V. What is the actual average radial velocity at 28 ft?
VI. How long will it take oil at 560 ft radius to reach the wellbore?

Ex 1.3 A gas well is producing under the following conditions:

Wellbore radius, rw 0.385 ft

Drainage radius, re 980 ft

Reservoir height, h 28 ft

Reservoir temperature, T 150 �F
Initial pressure,Pi 1700 psi

Bottomhole flowing pressure, Pwf 1450 psi

(continued)
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Formation permeability, k 45 mD

Gas gravity, γg 0.62

Skin factor, s 1.06

Calculate the gas flow rate using:

I. Pressure-square approximation
II. Real gas pseudo-pressure approach

Ex 1.4 An oil well producing at a constant rate of 350 stb/day under unsteady state flow
conditions. The reservoir has the following rock and fluid properties:

Wellbore radius, rw 0.5 ft

Total compressibility, Ct 7.45*10�6 psi�1

Reservoir height, h 20 ft

Initial pressure,Pi 4200 psi

Formation permeability, k 80 mD

Oil viscosity, μo 1.48 cp

Oil formation volume factor, βo 1.275 rb/stb

Porosity, ∅ 18.5%

Calculate the pressure at the following radius 0.67 ft, 6 ft, 12 ft and 115 ft after 2 h
of production.

Ex 1.5 Given the following data of a well in an infinite acting reservoir.

Wellbore radius, rw 0.3512 ft

Drainage radius, re 850 ft

Total compressibility, Ct 3.6 * 10�6 psi�1

Reservoir height, h 46 ft

Initial pressure,Pi 3250 psi

Formation permeability, k 154 mD

Oil viscosity, μo 0.759 cp

Oil formation volume factor, βo 1.3023 rb/stb

Porosity, ∅ 25%

Oil flow rate, qo 498 stb/day

Time, t 7 h

• Calculate the wellbore flowing pressure at a distance (radius) of 60 ft after 7 h
production.

• The wellbore flowing pressure at a distance (radius) of 118 ft after 7 h production
• The wellbore flowing pressure at a distance (radius) of 217 ft after 10 h

production

Ex 1.6 Calculate the gas flow rate of a gas well with average reservoir pressure of 2100 psi and
bottom hole flowing pressure of 1200 psi using pressure-square method.
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Additional Data:

Wellbore radius, rw 0.451 ft

Drainage radius, re 945 ft

Reservoir height, h 33 ft

Reservoir temperature, T 175 �F
Formation permeability, k 238 mD

Gas gravity, γg 0.74

Ex 1.7 Given the following data:

Wellbore radius, rw 0.45 ft

Drainage radius, re 810 ft

Total compressibility, Ct 3.23 * 10�6 psi�1

Reservoir height, h 31 ft

Pressure at the outer boundary, Pe 3700 psi

Bottomhole flowing pressure, Pwf 2780 psi

Formation permeability, k 140 mD

Oil viscosity, μo 1.24 cp

Oil formation volume factor, βo 1.148 rb/stb

Skin factor, s 4

Calculate the oil flow rate assuming that the fluid is slightly compressible. Also
compare the result with assuming the fluid is incompressible.

Ex 1.8 A producing well is located some 1500 ft away from an observation well, both near the
center of a circular drainage area of radius, re ¼ 1000 ft. If the producing well is flowing
at the rate of 1200 stb/d, calculate:

I. The resulting pressure drop at the observation well
II. The pressure drop at the observation well if it produces at the rate of 800 stb/d
III. The total pressure drop if both wells produce at 1000 stb/d each.

Additional rock and fluid properties are:

rw ¼ 4 inches, h ¼ 77 ft, k ¼ 480 mD, Bo ¼ 1:462 rb=stb, μo ¼ 0:68 cp,
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Chapter 2
Resources and Reserves

Learning Objectives
At the end of this chapter, the students/readers should be able to:

• Know the reasons for estimating oil and gas reserves
• Identify the parties that make use of hydrocarbon reserves
• Understand hydrocarbon resources and its classification
• Understand hydrocarbon reserves and its classification
• Difference between resources and reserves
• Identify some uncertainties associated with hydrocarbon reserves

estimation

2.1 Introduction

The development of oil and gas fields today depend solely on the amount of the
recoverable hydrocarbon fluid (reserves) discovered in the subsurface formation
(reservoir) and its economic viability. The estimation of these reserves are usually
associated with some level of uncertainties and when these uncertainties are not
factored into the prospect evaluation, the result is a wrong estimation of the reserves.
This means that the value of reserves estimation is a key driver for exploration and
production companies to decide whether to develop or abandon the prospect based
on their set criteria. Therefore, in estimating oil and gas reserves, we rely on the
integrity, skill and the judgment of the evaluator based on the amount of data
available, the complexity of the formation geology and the degree of depletion of
the reservoir (SPE, 1997).
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2.2 Parties that Use Oil and Gas Reserves

• Companies operating oil and gas field or own an interest in petroleum operations
for in-house valuation

• Banks and other financial institutions involved in financing
• Stock markets around the world
• Regulatory bodies to protect the general public, to manage natural resources, and

to promote uniformity
• Taxation agencies with authority over petroleum products
• Investors in petroleum companies
• Mineral rights owners
• Arbitration (negotiation, settlement, etc) parties. i.e. to work out a deal
• Government for energy policies and strategic planning

2.3 Reasons for Estimating Reserves

• To obtain approvals from relevant ministries and other regulatory bodies
• For exploration, development & production of oil and gas reservoir
• To negotiate property sales and acquisitions
• To determine the market value
• To design facilities
• To obtain financing
• Evaluation of profit/interest
• Government regulations & taxation
• Planning & development of national energy policies
• Investment in oil/gas sector
• Reconcile dispute or arbitration involving reserves

2.4 Resources and Reserves

Resources, sometimes referred to as accumulations, are the total assumed quantities
of hydrocarbons found beneath the earth crust that could exist which may or may not
be produced in the future.

Reserves are estimated remaining quantities of oil and natural gas and related
substances anticipated to be recoverable from known accumulations, as of a given
date, based on the following:

• Analysis of drilling, geological, geophysical, and engineering data;
• The use of established technology;
• Specified economic conditions, which are generally accepted as being reasonable,

and shall be disclosed.

76 2 Resources and Reserves



The classification of hydrocarbon resources and reserves is presented in Fig. 2.1.

2.4.1 Hydrocarbon Resources

Resources are the total estimated quantities of hydrocarbons found beneath the earth
crust that could exist which may or may not be produced in the future. These are
commonly referred to as “Accumulations”. Resource is basically different from
reserve whose hydrocarbon deposit is known to exist with reasonable certainty
based on studies from geology and engineering. It encompasses all of the hydrocar-
bons that could exist, regardless of whether it is recoverable or known to exist.
Therefore, a resource can either be discovered or undiscovered (unknown and cannot
be estimated), economically recoverable or not economically recoverable. It includes
portions of hydrocarbons that are assumed to be present but are not measured
because they have not been explored or are located in inaccessible position.

The amount of naturally occurring accumulations of hydrocarbon estimated to be
originally in place is known as original resources. Hence, if the prospect has been
produced for a particular period of time, the original resources can also be defined on
a given date as the sum of the estimated quantities of hydrocarbon remaining in the
reservoir (naturally occurring accumulation) plus the quantities of the hydrocarbon
already produced plus quantities in the accumulations yet to be discovered if any.
Original resources can be classified as discovered or undiscovered and each of these
is further classified in the flow chart below (Fig. 2.2).
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Fig. 2.1 Classification of hydrocarbon prospect
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Resources are broadly classified as contingent (chance or likely) and prospective
(expected or soon-to-be) resources depending on whether it is discovered or
undiscovered (McKelvey, 1972).

2.4.1.1 Contingent Resources

Contingent Resources are those potentially recoverable estimated quantities of
hydrocarbon from discovered accumulations on a given date, whose prospect or
project is not currently viable commercially or mature enough and are uneconomical
for development due to one or more uncertainties or contingencies. Some of these
contingencies may be that there is no current viable market(s) for the hydrocarbon, or
if commercial recovery of the hydrocarbon content is clinging on technology under
development, or evaluation of the accumulation is insufficient to clearly assess
commerciality.

Furthermore, the fact that contingent resource is not commercially viable does not
mean it cannot be seen as a reserve (that is, the movement from contingent resources
into reserves category) but if the key contingencies preventing commercial devel-
opment are adequately addressed or removed, then it can be called a hydrocarbon
reserve.

Classification of Contingent Resources

Development Not Viable

A discovered accumulation of hydrocarbons where viable processes of recovering
the hydrocarbon content have not yet been developed or a scenario where there are
no current plans to develop or to acquire additional data at the said time due to
limited production potential.

Fig. 2.2 Classification of original resources
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Development Unclarified or on Hold

A discovered accumulation of hydrocarbons of significant size where activities of
the project are not cleared or are on hold and/or where justification as a commercial
development may be subject to significant delay such as political, environmental,
technical or the dwindling market conditions.

Development Pending

This is an accumulation of discovered hydrocarbons where further data acquisitions
are required to confirm commerciality. In this case, the activities of the prospect are
presently happening or ongoing to provide an acceptable explanation of commercial
development in the anticipated or foreseeable future.

2.4.1.2 Prospective Resources

On the other hand, prospective resources which can be referred to as expected or
soon-to-be resources; are defined as the estimated volumes associated with
undiscovered accumulations or as estimated quantities of hydrocarbon as of a
given date to be potentially recoverable and are analyzed on the basis of indirect
evidence but have not yet been drilled. They are technically viable and economical to
produce but they present a higher risk than contingent resources since the risk of
discovery is also added.

Furthermore, we should note that while the engineers and geoscientists take into
consideration the possibility of hydrocarbons discovery and development when
determining the quantities of prospective resources, they also make some assump-
tions which include a range of uncertainty whether the hydrocarbons will be found.
The prospective resources are further classified as low, best and high estimate as
shown in Fig. 2.2.

Also, there can be a movement from prospective resources to contingent
resources, only if hydrocarbons are discovered and the accumulated discovery
must be further evaluated to determine an estimated quantity that would be recov-
erable under appropriate development projects.

Classification of Prospective Resources

According to the guidelines for the evaluation of petroleum reserves and resources by
Society of Petroleum Engineers (2001), prospective resources can be classified as:

Play

A project associated with a prospective trend of potential prospects, but requires more
data acquisition and/or evaluation to define specific leads or prospects. This is a
concept of exploration that includes a specific source rocks, reservoir rocks, migration
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path and the type of trap to allow the discovery of recoverable quantity of hydrocarbon
(Norwegian Petroleum Directorate,1997).

Lead

A project associated with a potential accumulation that is currently poorly defined
and requires more data acquisition and/or evaluation to be classified as a prospect.
This implies that the data available is not enough to fully classify it as a prospect for
development.

Prospect

A project associated with a potential accumulation that is sufficiently well defined to
represent a viable drilling target. It implies a trap that has been identified and
adequately mapped but yet to be drilled. At this stage, there are some questions
asked to fully evaluate the play or prospect. These are:

• If we are certain of the hydrocarbon source, what then is the content (oil or/and
gas)?

• Can the content in the source rock migrate to the reservoir rock where it is
accumulated and how much of it?

• Does the reservoir have a storage capacity?
• What are the characteristics of the reservoir?
• Are there trapping mechanisms to help prevent the content of the reservoir from

further migration?
• If there is a trap, how efficient is it (seal or non-sealing)?

2.4.2 Hydrocarbon Reserves

Reserves are seen as the heart of the oil and gas business. These can be defined as the
estimated quantities of hydrocarbon such as crude oil, condensate, natural gas
(associated or non-associated gas) that are anticipated to be commercially recover-
able with the use of established technology on a known hydrocarbon accumulations
from a given date forward under existing economic conditions, established operating
conditions and current government regulations with a legal right to produce and a
production & transportation facilities to deliver the products to the market. Also, the
interpretations of reliable geologic, geophysics, drilling and engineering data avail-
able at the time of estimation are key factors that support the reserves definition.
Reserves estimates are generally revised as additional geologic or engineering data
becomes available or as economic conditions change.

In the previous statement, we established that contingent resources can be moved
to reserves. Therefore, based on development project(s), hydrocarbon reserves must
satisfy four criteria, and these are: discovered, recoverable, commercial, and
remaining quantity as at the date of evaluation (PRMS, 2017). Also, there must be
a reasonable expectation that all required internal and external approvals will be
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forthcoming and evidence of company’s intention to proceed with the development
within a reasonable time frame; say 10 years to the international oil companies.
Generally, if they cannot develop it within this time frame, they might be mandated
by the regulatory body to farm-out to marginal field operators.

2.4.2.1 Hydrocarbon Reserves Classification

Classification by Development Operations

Oil and gas reserves can be classified to be on production, which implies that the
prospect is currently producing and the product delivered to the market for con-
sumption. It can be classified as being under development, which means that every
expedient approval has been obtained and the project development is in progress.
Furthermore, having satisfied all criteria for reserves, It can be classified has been
scheduled or outlined for development with substantial desire to develop but all
mandatory approvals have not be finalized or complete detailed development plan
have not been made.

Reserves are further classified according to the degree of certainty associated with
the estimation (Ross, 2001). These are: proved and unproved (probable and possible
reserves).

Classification by Degree of Uncertainty of Estimation

Proved Reserves

Proved reserves are those quantities of hydrocarbon reserves based on analysis of
geological and engineering data that can be estimated with a reasonably high degree
of certainty to be commercially recoverable from a given date forward from known
reservoirs and under current economic conditions, operating methods, and govern-
ment regulations. It is likely that the actual remaining quantities recovered will
exceed the estimated proved reserves. In general, reserves are considered proved if
the commercial producibility of the reservoir is supported by actual production or
formation tests. In its method of estimation, if probabilistic methods are used, there
should be at least a 90% probability that the quantities actually recovered will equal
or exceed the estimate and if deterministic methods are used, the term with reason-
able certainty is intended to express a high degree of confidence that the quantities
will be recovered.

Probable Reserves

Are those quantities of hydrocarbon based on geologic and/or engineering data
similar to that used in the estimation of proved reserves; but technical, contractual,
economic, or regulatory uncertainties deter such reserves from being classified as
proved. In this context, when probabilistic methods are used, there should be at least
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a 50% probability that the quantities actually recovered will equal or exceed the sum
of estimated proved plus probable reserves.

Possible Reserves

Possible reserves are those additional reserves that are less certain to be recovered
than probable reserves. It is unlikely that the actual remaining quantities recovered
will exceed the sum of the estimated proved plus probable plus possible reserves.
They can also be defined as those unproved reserves which analysis of geological
and engineering data suggests that they are less likely to be recoverable than
probable reserves. In this context, when probabilistic methods are used, there should
be at least a 10% probability that the quantities actually recovered will equal or
exceed the sum of estimated proved plus probable plus possible reserves.

2.5 Identification of Uncertainty in Reserves Estimation

Numerous uncertainties exist in estimating reserves and remaining recoverable
resources of conventional oil held by countries. These uncertainties include: geo-
logic, production performance, product market and uncertainties in oil price forecast,
the use of ambiguous definitions and inclusion of different subcategories of conven-
tional oil by reporting sources, the inclusion of politics in reserves estimation, the
inconsistent and unclear effects of aggregation of reserve data to country and
regional estimation, the anticipated volume of undiscovered oil, and the nature and
extent of reserve growth and its allocation to individual countries.

2.5.1 Uncertainty in Geologic data

Uncertainties arising from geological data include errors in getting the exact loca-
tions of the geologic structure, the field size, pay thickness, porosity and permeabil-
ity variation, reservoir and aquifer sizes, reservoir continuity, fault position,
petrofacies determination, and insufficient knowledge of the depositional environ-
ment. A number of techniques are available for the quantification of geologic
uncertainties. One of the widely used techniques is to quantify the uncertainty in
the geological model with a geostatistical tool. Geostatistics involves synthesizing
geological data using statistical properties such as a variogram (Bennett and Graf
2002). This process enables the geologists to generate multiple realizations of the
geological models (Stochastic) which allows quantification and minimization of
uncertainties associated with the geological information.

82 2 Resources and Reserves



2.5.2 Uncertainty in Seismic Predictions

• The quality of the seismic data (bandwidth, frequency content, signal-to-noise
ratio, acquisition and processing parameters, overburden effects, etc.)

• The uncertainty in the rock and fluid properties and the quality of the reservoir
model used to tie subsurface control to the 3D seismic volume

2.5.3 Uncertainty in Volumetric Estimate

The uncertainties in reservoir volume estimate will arise from several properties and
characteristics of the reservoir.

2.5.3.1 Gross Rock Volume (GRV) of a Trap

• The incorrect positioning of structural elements during the processing of the
seismic and lack of definition of reservoir limits from seismic data

• Incorrect interpretation
• Errors in the time to depth conversion
• Dips of the top of the formation
• Existence and position of faults
• Whether the faults are sealing to prevent further lateral migration of the

hydrocarbon

2.5.3.2 Rock Properties: Net-to-Gross and Porosity

The uncertainty associated with the properties of the reservoir rock originates from
the variability in the rock. It is determined through petrophysical evaluation, core
measurements, seismic response, and their interpretation. Most times, the core
samples are not properly handled carefully in the process of transporting it from
the field to the laboratory for analysis. Also in the laboratory, artificial properties are
induced during the core preparation and analysis. While petrophysical logs and
measurements in the laboratory may not be quite accurate, the samples collected
may be representative only for limited portions of the formations under analysis.
Thus, there are some risks associated with the petrophysical parameters estimation
such as depth matching, operational risks, log interpretation and reservoir
heterogeneities.
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2.5.3.3 Fluid Properties

For fluid properties, a few well-chosen samples may provide a representative
selection of the fluids. The processes of convection and diffusion over geologic
times have generally ensured a measure of chemical equilibrium and homogeneity
within the reservoir, although sometimes gradients in the fluid composition are
observed. Sampling and analysis may be a significant source of uncertainty. PVT
or fluid properties vary with pressure, temperature, and chemical composition from
one region to another. As a result of this regional trend, correlations developed from
regional samples that are predominantly paraffinic in nature may not provide
acceptable results when applied to other regional crude oil systems that are dominant
in naphthenic or aromatic compounds.

The effective use of PVT correlations depends on the knowledge of their devel-
opments and limitations. In addition, samplings of these properties are not always
readily available due to cost and time. Thus, the engineers in view of achieving their
goals resort to the use of empirically derived correlations in estimating these
properties. However, a significant error is usually associated with the estimation of
these fluid properties which in turn propagates additional errors in all petroleum
engineering calculations.

2.5.3.4 Fluid Contacts

One of the parameters required for the estimation of hydrocarbon reserve is the gross
rock volume (bulk volume of the rock) whose accuracy is dependent on the fluid
contacts (gas-oil and/or water-oil contact). Therefore, if the contacts are not ade-
quately determined, it will lead to either over or under estimation of the bulk volume.
Thus, affecting the overall value of the estimated reserve.

2.5.3.5 Recovery Factor (RF)

Recovery is based on the execution of a project and it is affected by the shape and the
internal geology of the reservoir, its properties and fluid contents, and the develop-
ment strategy. If a reservoir is poorly defined, material balance calculations or analog
methods may be used to arrive at an estimate of the range of RFs. Uncertainty ranges
in the RF can often be based on a sensitivity analysis. Besides, the reservoir drive
mechanism and the problem of reservoir monitoring or management of some level of
uncertainties.
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2.5.4 Economic Significant of Reservoir Uncertainty
Quantification

During the life of a reservoir, the pre-reservoir and post-reservoir performance
evaluations are generally not equal. This is due to inadequate quantification of
uncertainties associated with the reservoir model input parameters and the resulting
composite uncertainty associated with the pre-reservoir performance prediction. The
decision to develop a reservoir is based on the prediction of production performance
following history-matching process. Likewise, in some instances, the decision to
obtain additional reservoir measurement data is taken when the uncertainty of the
forecast is great.

Hence, acquisition of further data is the reason for accurate quantification of
uncertainty associated with reservoir performance forecast so that projected recovery
will be accurately estimated for economic decisions. These vital reasons underline
the economic importance of increasing interest to properly quantify the uncertainties
associated with reservoir performance simulation.

2.6 Reservoir Characterization

An accurate description of reservoir rock, fluid contents, rock-fluid systems, fluid
description and flow performance are required to provide a sound basis for reservoir
engineering studies. Hence, proper reservoir characterization is important to analyze
the effects of heterogeneity on reserve estimation and reservoir performance due to
primary, secondary, and/or enhanced oil recovery operations. Porosity and perme-
ability are important flow properties; an accurate reservoir characterization requires
accurate porosity and permeability description as a function of space.

Reservoir characterization is a process carried out to reduce geological uncer-
tainties by quantitatively predicting the properties of a reservoir and define reservoir
structural changeability or variability. It is a process ranging from the discovery
phase to the management phase of a reservoir. Prior to performing a reservoir
simulation, accurate characterization is the first key step to undertake which helps
to identify uncertainty range inherent in reservoirs. Here we try to assess the range of
reservoir performance from an understanding of the subsurface uncertainties. This
concept is a limitation and it is not considered in the material balance method
presented in Chap. 5 of this book.

At this point, we need not border ourselves with a thorough review of literature in
reservoir rock characterization which would not be practically possible because of
the wide nature of this discipline and it is not incorporated in this present book.
However, the process combines the technical disciplines of geology, geophysics,
reservoir engineering, production engineering, petrophysics, economics, and data
management with key objectives on modeling each reservoir unit, understanding and
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predicting well behavior, understanding past reservoir performance, and forecasting
future reservoir performance. Hence, it is used to assert a strong impact on plans for
the development and performance of a field.

Exercises

1. Distinguish between resources and reserves
2. What prompt the development of oil and gas fields today?
3. Mention five parties that make use of hydrocarbons reserves
4. Name the two basic types of resources
5. What makes a contingent resources to become a reserves?
6. Distinguish between contingent and prospective resources
7. State the criteria that hydrocarbon pool must satisfy to be termed reserves:
8. Explain exhaustively how uncertainties affect oil and gas reserves estimation
9. What is a process that reduces geological uncertainties by quantitatively

predicting the properties of a reservoir and define reservoir structural changeabil-
ity called?
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Chapter 3
Volumetric Reserves Estimation

Chapter Learning Objectives
Upon completion of this chapter, students/readers should be able to:

• List the methods available for estimating hydrocarbon reserves
• Identify the factors that affect the volumetric reserves estimation
• Understand the input parameters required to perform volumetric reserve

estimation
• Know the various sources where the input parameters can be obtained
• Learn the step by step approach to calculate hydrocarbon reserves
• Determine bulk volume from Isopach map
• Determine hydrocarbon initially in place and other volumetric calculations
• Understand the deterministic and probabilities methods of reserves

estimation
• Perform condensate reserve calculations

Nomenclature
Parameter Symbol Unit

Porosity ∅ � or %

Water saturation Sw � or %

Oil saturation So � or %

Gas saturation Sg � or %

Water resistivity Rw Ω

True resistivity Rt Ω

Rock resistivity Ro Ω

Reservoir thickness h ft

Area A acre

Matrix density ρma g/cm3

(continued)
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Parameter Symbol Unit

Fluid density ρf g/cm3

Bulk density ρb g/cm3

Saturation exponent n –

Cementation factor m –

Log, rock matrix & fluid transit time Δtlog, Δtma, Δtfl μsec

Initial oil & gas formation volume factor βoi & βgi rb/stb &
scf/stb

Net-to-gross ratio N/G –

Recovery factor RF � or %

Stock tank oil initially in place STOIIP (N ) stb

Free gas initially in place FGIIP scf

Ultimate recovery UR stb or scf

Bulk volume Vb acre-ft

Cumulative oil & gas produced Np & Gp stb & scf

Gas deviation or compressibility factor z –

Critical temperature & pressure Tc & Pc
0R & psi

Reduce temperature & pressure Tr & Pr
0R & psi

3.1 Overview of Reserve Estimation

The estimation of hydrocarbon reserves for a producing field is a process that
continues throughout the entire life of the field. This process is usually associated
with some level of uncertainties in calculating the reserves. These reserves estima-
tion methods are affected by the reservoir type, sources of reservoir energy (drive
mechanism), quantity and quality of the geologic, engineering and geophysical data,
the assumptions adopted when making the estimation, available technology, the
experience and knowledge of the evaluator(s). The oil and gas reserves estimation
methods can be grouped into the following categories: analogy, volumetric, decline
analysis, material balance calculations for oil and gas reservoirs, and reservoir
simulation.

The selection of appropriate method to estimate reserves and resources, and the
accuracy of the estimation, depend largely on the following factors: The type,
quantity, and quality of geoscience, engineering, and economic data available for
technical and commercial analyses, the complexity of the formation geology, the
recovery mechanism, the stage of development, and the maturity or degree of
depletion. More importantly, reserves and resources assessment rely on the integrity,
skill and judgment of the experienced professional evaluators (PRMS
Guideline 2011).
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In the early stages of development, reserves estimations are restricted to the
analogy and volumetric calculations. The analogy method is applied to reserves
estimation by comparing factors for the analogous and current fields or wells. This
implies that in analogy method, the reserves are estimated on the basis of a
relationship of resemblance or equivalence between two fields. This method directly
compares a poorly or newly discovered reservoir to a known reservoir that has
similar geologic and petrophysical properties such as lithology of the formation,
depth, porosity to mention a few. Hence, the accuracy with this method is the least
among other methods of reserve estimation.

Furthermore, a close-to-abandonment analogous field is taken as an approxima-
tion to the current field. This method is the most useful technique when running the
economics on the current field; which is supposed to be an exploratory field
(Petrobjects 2003).

3.2 Volumetric Method

The volumetric method is probably the easiest method used by engineers to estimate
reserves. It requires a limited amount of data for the estimation, this implies that
immediately after discovery of the hydrocarbon accumulations, during initial delin-
eation and development of a field, the volumetric method is the key to hydrocarbon
volume estimation. Reserves estimation is often high with this method, because it
does not consider the heterogeneity of the reservoir and it includes the undrained
compartments that do not account to flow and are included in making up the bulk
rock volume of the reservoir or accumulation. At this stage, the level of inherent
error can be reduced if the reservoir is accurately described or characterized.

3.2.1 Errors in Volumetric Method

Volumetric method is subject to considerable error because it is often used to
evaluate reserves when little data are available; it requires the estimation of the
reservoir rock and fluid properties and the reservoir volume from spot measurements
of the properties that are then applied to the entire reservoir. The porosity and
saturation are measured either from core samples or logs that are measured from a
small portion of the reservoir and under best circumstances, it only approximates the
condition in the reservoir. The areal extent of the reservoir is rarely known until
many wells are drilled while the volume is estimated using zone thickness measured
at one or more points in the reservoir. The volumetric method is only seen as a gross
estimate of oil or gas in place.
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3.2.2 Application of Volumetric Method

• The volumetric result is useful in reserves estimation of the initial oil and gas in
place.

• The volumetric result is useful in reserves estimation of oil and gas in place at any
time of depletion.

• Volumetric estimation is useful during the development period before reservoirs
limit have been defined.

• Later in the life of the reservoir, when reservoir volume is defined and perfor-
mance data are available, volumetric estimation provide valuable checks on oil
and gas in place estimates obtained from material balance and reservoir simula-
tion methods.

The volumetric method is a straightforward approach which requires determination
of the areal extent of the reservoir or bulk volume (calculated as area times pay
thickness), the rock pore volume, and the fluid content within the pore volume to
calculate the amount of hydrocarbons-in-place. The ultimate recovery can thus be
estimated by applying an appropriate recovery factor. Each of the variables used in
the volumetric reserves calculation above has inherent uncertainties, and when
combined; cause significant uncertainties in the reserves estimate (Petrobjects
2003). Therefore, the following steps consist the volumetric method of reserves
estimation:

Step 1: Determination of hydrocarbon rock bulk volume (hydrocarbon saturated
portion) from area and thickness (isopach map). Explanation of this method is
presented in the next page.

Step 2: Determination of average porosity either from core analysis or well logs.

From core analysis

∅ ¼
P

∅jA jP
A j

¼
P

∅jA jhP
A jh1

From density log as

∅D ¼ ρma � ρb
ρma � ρ f

From sonic log as

∅S ¼ Δtlog � Δttma
Δtfl � Δttma

1
Cp

� �

From resistivity log as
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∅ ¼ aRw

Ro

� �1=m

Step 3: Determination of water saturation or indirectly, the hydrocarbon saturation

Water saturation

Sw ¼
Pn

i¼1 ∅ihiswiPn
i¼1 ∅ihi

Oil saturation

So ¼
Pn

i¼1 ∅ihisoiPn
i¼1 ∅ihi

Gas saturation

Sg ¼
Pn

i¼1 ∅ihisgiPn
i¼1 ∅ihi

From resistivity log

Sw ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
aRw

∅mRt

n

r

Step 4: Obtain the net-to-gross ration either from core or log, this is evaluated as the
thickness of sand only (net) divided by the entire thickness of the reservoir
(gross). This means the fraction of the reservoir that consists of porous rock
such as sand or carbonate, excluding shale.

Step 5: Obtain the formation volume factor from the PVT laboratory analysis on the
fluid sample from the reservoir.

Step 6: Practically, take a cut-off value which varies with companies to account for
the pore spaces not connected (contributing to flow) in the reservoir rock or error
during the determination of the petrophysical data.

Step 7: Volume correction of hydrocarbon at atmospheric pressure and temperature
at stock tank value or surface volume.

Mathematically, the volumetric method is express as:
Stock tank oil initially in place

STOIIP¼N¼ 7758Ah∅ 12 Swð ÞN=G
Boi

Free gas initially in place
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FGIIP¼G¼ 43560Ah∅ 12 Swð ÞN=G
Bgi

ultimate Recovery¼STOIIP∗RF

For a volumetric saturated oil reservoir, the gas cap size is calculated as:

m ¼ bulk volume of gas

bulk volume of oil
¼ Ahð Þgc

Ahð Þoz
¼ GBgi

NBoi

3.2.3 Sources of the Volumetric Input Data

Parameter Source(s) By

Reservoir thickness, h From cores or logs Geophysicists and
Geologists

Area of the reservoir, A Mainly from surface seismic Geologists and
Petrophysicists

Net-to-gross ratio, h From cores or logs Geologists and
Petrophysicists

Porosity, ∅ From cores or logs Petrophysicist

Saturation, Sw From cores or logs Petrophysicist

Oil & gas formation volume factor,
Boi & Bgi

From PVT laboratory or
correlations

PVT laboratory
technologist

3.2.4 Calculation of Reservoir Bulk Volume (Table 3.1)

The volumetric method of reserves estimation largely depends on the bulk volume,
calculated as follows:

(a) Prepare a structure map with contours from top to bottom of the reservoir, in
subsea depths

(b) Mark out a small square on the map e.g. (10 cm � 10 cm). Use the scale on the
map to determine the area of the square in acres. Planimeter the square and
determine the area in planimeter units. Then determine the planimeter constant in
acres/planimeter unit by dividing the actual area in acres by the area into
planimeter units. Use the planimeter constant to covert the areas of the map
from planimeter units to acres.
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(c) Planimeter the area (acres) enclosed by each contour on the reservoir map and
draw an acre-ft diagram.

(d) Calculate the net rock volume, Ah applying any of these numerical methods
below:

Trapezoidal Rule

ΔVb¼h
2

AnþAnþ1ð Þ¼
Xn
i¼1

ΔVbi

Pyramidal Rule

ΔVb¼h
3

AnþAnþ1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
An∗Anþ1

p� �
¼
Xn
i¼1

ΔVbi

Where,
ΔV ¼ bulk volume in acre-feet
An ¼ the area enclosed by the upper Isopach line in areas
An + 1 ¼ the area enclosed by the lower Isopach line in acres
h ¼ Vertical height between two successive Isopach lines or the net sand

thickness
Rules for applying any of the above methods:
Use Trapezoidal rule if

An

Anþ1
> 0:5

Use Pyramidal rule if

Table 3.1 Estimation of bulk volume

Contour
interval Area Ratio Rule Average Area

Bulk
volume

C1 A1

h1 ¼ C2 � C1
A1=A2

A1=A2
> 0:5 Ag1 ¼ 1

2 A1 þ A2ð Þ Ag1 ∗ h1

C2 A2

h2 ¼ C3 � C2
A2=A3

A1=A2
< 0:5 Ag2 ¼ 1

3 An þ Anþ1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
An∗Anþ1

pð Þ Ag2 ∗ h2

C3 A3

h3 ¼ C4 � C3
A3=A4

A1=A2
> 0:5 Ag3 ¼ 1

2 A1 þ A2ð Þ Ag3 ∗ h3

C4 A4
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An

Anþ1
< 0:5

To calculate the bulk volume of the reservoir from Isopach or contour map, there
is need to understand the concept of contouring which can be defined as the process
of tracing contour lines on the surface of the earth. This is not only applicable to
petroleum engineers but contour survey is also carried out at the beginning of any
engineering project such as a road, a railway, a canal, a dam, a building etc.

3.3 What is a Contour?

Contour is an imaginary line on the ground surface joining points of equal elevation
or a line on which every point is at the same level above or below a chosen reference
surface. In most maps, the reference surface is sea level. This line on the map
represents a contour and is called contour line.

Therefore, a map showing contour lines is known as Contour map. Contour maps
are one of the most effective means of displaying information about the geologic
structure (i.e. the degree of buckling and faulting of the layers) of an area. A contour
map gives an idea of the altitudes of the surface features as well as their relative
positions in the plan. A map showing structure contours for a certain rock layer
throughout an area is called a structure contour map (Fig. 3.1). Such maps are used
to illustrate the size, shape and location of geologic structures.

Contour lines are drawn as fine and smooth freehand curved lines. Sometimes
they are represented by broken lines. They are inked in either in black or brown
colour. A drawing pen gives a better line than a writing pen and French curves
should be used as much as possible. Every fifth contour is made thicker than the rest.

The elevation of contours must be written in a uniform manner, either on the
higher side or in a gap left in the line. When the contour lines are very long, their
elevations are written at two or three places along the contour. In the case of small-
scale maps, it is sufficient to figure every fifth contour. Therefore, the constant
vertical distance between two consecutive contours is called the contour interval.
The contour interval is constant between the consecutive contours.

3.3.1 Methods of Contouring

There are basically two main methods of locating contours; these are the Direct
Method and Indirect Method.
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3.3.1.1 Direct Method

This method requires a lot of time to be invested in searching for points of the same
elevation on the ground surface. This implies that it is very slow and tedious but it is
the most accurate method of contouring, thus suitable for small area and where great
accuracy is required. In this method, the contours to be located are directly traced out
in the field by locating and marking a number of points on each contour. These
points are then surveyed and plotted on plan and the contours drawn through them
(Fig. 3.2).

For a radial line, temporary benchmarks are first established at the centre and near
the ends of the radial lines. The contour points are then located and marked on these
lines and their positions are determined by measuring their distances along the radial
lines. They are then plotted on the plan and the contours drawn by joining all the
corresponding points with the help of a plane table instrument (Fig. 3.3).

3.3.1.2 Indirect Method

In this method, the points located and surveyed are not necessarily on the contour
lines but the spot levels are taken along the series of lines laid out over the area. The
spot levels of the several representative points representing hills, depressions, ridge
and valley lines and the changes in the slope all over the area to be contoured are also
observed. Their positions are then plotted on the plan and the contours drawn by
interpolation. This method of contouring is also known as contouring by spot levels.

A Á

OILZONE

40´

40´
30´

20´
10´
0´

30´

20´

10´

0´
OIL - WATER CONTACT

WATER

CAPROCK

Fig. 3.1 Cross section of reservoir at A - Á
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3.3.1.3 Conversion from Planimeter Unit to Field Unit

For a map scale of 1:10,000

10 cm� 10 cm is equivalent to 100, 000� 100, 000 cm2

¼ 1 km2

¼ 247:1 acres

Planimetered area of 10 cm � 10 cm ¼ 230 P.U.

Planimeter constant ¼ 247:1
230

acres

P:U

� �

Example 3.1
Table 3.2 shows the conversion of planimeter readings to field unit (acres)

From Table 3.1, column 4 is calculated as column 2 plus column 3 divided by 2
Column 5 is calculated as column 4 multiplied by (247.1/230)

Example 3.2
An oil block was acquired by your company and the areas obtained by planimetering
8 Isopach contours of an oil reservoir are given as follows (Table 3.3):

Fig. 3.3 Direct method of
radial line of contouring

Fig. 3.2 Direct method of
contouring
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Given that the average porosity is 0.27, connate water saturation as 0.24, forma-
tion volume factor is 1.324. From the lithology log, it was determined by the
Petrophysicist that the net reservoir sand thickness 220 ft and the gross sand
thickness is 298 ft. As a geologist, you are required to calculate the stock tank oil
initially in place from volumetric techniques.

Solution
Contour
interval

Area
(acres) Ratio Rule Ave Area (ac)

Bulk Volume
(ac-ft)

50 23.9

0.267338 Pyramidal 53.1747 1488.892

78 89.4

0.756345 Trapezoidal 103.8 1141.8

89 118.2

0.859636 Trapezoidal 127.85 3963.35

120 137.5

0.815056 Trapezoidal 153.1 8420.5

175 168.7

0.890237 Trapezoidal 179.1 7164

215 189.5

0.857854 Trapezoidal 205.2 5130

240 220.9

0.883247 Trapezoidal 235.5 7065

270 250.1 34373.54

From Table 3.2, column 1 is calculated as the upper interval minus the lower
interval

Column 3 is the ratio

An

Anþ1:

Column 4 is application of the rules above
Column 5 is calculated as follows
Trapezoidal rule

Table 3.2 Planimeter reading
conversion to acres

Contour

Planimeter Reading Average Area

1st 2nd (PU) (ac)

3000 37 36 36.5 39.21

2500 29 29.5 29.25 31.42

2000 24 26 25 26.86

1500 31 30 30.5 32.77

1000 20 20 20 21.49

500 13 15 14 15.04

0 9 8 8.5 9.13
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Avg area ¼ 1
2

An þ Anþ1ð Þ

Pyramidal Rule

Avg area ¼ 1
3

An þ Anþ1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
An∗Anþ1

p� �

Avg area 1 ¼ 1
3

23:9þ 89:4þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
23:9∗89:4

p� �
¼ 53:1747

Avg area 2 ¼ 1
2

89:4þ 118:2ð Þ ¼ 103:8

Avg area 3 ¼ 1
2

118:2þ 137:5ð Þ ¼ 127:85

Avg area 4 ¼ 1
2

137:5þ 168:7ð Þ ¼ 153:1

Avg area 5 ¼ 1
2

168:7þ 189:5ð Þ ¼ 179:1

Avg area 6 ¼ 1
2

189:5þ 220:9ð Þ ¼ 205:2

Table 3.3 Depth-Area data
from contour map

Contour interval Area (acres)

1000–1050 23.9

1050–1128 89.4

1128–1217 118.2

1217–1337 137.5

1337–1512 168.7

1512–1727 189.5

1727–1967 220.9

1967–2237 250.1
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Avg area 7 ¼ 1
2

220:9þ 250:1ð Þ ¼ 235:5

Column 6 is calculated as column 5 multiplied by column 1 respectively.
Therefore,
The cumulative bulk volume ¼ 34373.54 ac-ft

STOIIP ¼ N ¼ 7758∗A∗h∗∅∗ 1� Swcð Þ
Boi

STOIIP ¼ N ¼ 7758∗34373:54∗0:27∗ 1� 0:24ð Þ
1:324

∗
220
298

¼ 30511940:17

¼ 30:51 MMStb

Example 3.3
A hydrocarbon reservoir is mapped out in areas recorded at corresponding depths as
given in Table 3.4

Additional information

Crest of the reservoir 8800 ftss

Base of the reservoir 9300 ftss

Oil-water contact, OWC 11,700 ftss

Gas-oil contact, GOC 10,400 ftss

Gas expansion factor, Ei 234.5 scf/cuf

Initial oil formation volume factor, Boi 1.235 rb/stb

Porosity, ∅ 20%

Connate water saturation, Swc 23%

(a) Using interpolation method, determine the cumulative bulk at GOC and down to
OWC

(b) Calculate the gas initially in place
(c) Calculate the oil initially in place assuming the formation is all sand
(d) Calculate the oil initially in place assuming the formation has 2/3rdsproductive

limestone with Φ ¼12% and Swc ¼25%.
(e) Calculate the gas cap size, m
(f) Determine the centroid depth of the reservoir

Note: (1 ac-ft ¼ 7758.4bbls)
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Solution

(a) CBV@GOC ¼ 43704.8 ac-ft

CBV@OWC

Depth CBV

11,500 150162.8

11,700 CBV@OWC

12,000 204032.8

CBV ¼ g xð Þ ¼ f xoð Þ x1 � xð Þ
x1 � xoð Þ þ f x1ð Þ x� xoð Þ

x1 � xoð Þ

f xoð Þ ¼ 150162:8, f x1ð Þ ¼ 204032:8, x ¼ 11700, xo ¼ 11500, x1 ¼ 12000

Therefore,

CBV ¼ g xð Þ ¼ 150162:8
12000� 11700ð Þ
12000� 11500ð Þ

� �
þ 204032:8

11700 � 11500ð Þ
12000 � 11500ð Þ

� �

Therefore CBV@OWC ¼ 171710:8 ac� ft

(b) GIIP ¼ 43560Ah∅ 1�Swcð Þ
Bgi

Bgi ¼ 1
5:615Ei

¼ 1
234:5∗5:615

¼ 0:00075946 rb=Scf

Or

Table 3.4 Depth versus
cumulative bulk volume
(CBV)

Depth (ft) CBV (ac-ft)

9800 0

10,000 6087.3

10,300 34249.8

10,400 43704.8

10,500 53049.3

10,700 72035.3

11,400 140148.8

11,500 150162.8

12,000 204032.8
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Bgi ¼ 1
Ei

¼ 1
234:5

¼ 0:004264 cuft=Scf

GIIP ¼ 43560∗43704:8∗0:2∗ 1� 0:23ð Þ
0:004264

¼ 6875757213 SCF

¼ 6:8758 MMMScf

GIIP ¼ 43560∗43704:8∗0:2∗ 1� 0:23ð Þ
0:00075946

¼ 3:8604∗1011STB

STOIIP ¼ 7758Ah∅ 1� Swcð Þ
BOi

The cumulative bulk volume of the oil is calculated as

Ah ¼ CBV@OWC � CBV@GOC ¼ 171710:8� 43704:8 ¼ 128006 ac� ft

STOIIP ¼ 7758∗128006∗0:2∗ 1� 0:23ð Þ
1:235

¼ 123832278:9 STB

¼ 123:83 MMSTB

STOIIP ¼
7758∗128006∗0:12∗ 1� 0:25ð Þ∗2

3
1:235

¼ 48246342:41 STB

¼ 48:24 MMSTB

m ¼ volume of gas

volume of oil
¼ 43704:8

128006
¼ 0:3414

(c) The centroid depth of the reservoir

The total bulk volume of the reservoir is the sum of the bulk volume of the gas
plus that of the oil column. Thus,

Total hydrocarbon bulk volume ¼ 43704:8þ 128006 ¼ 171710:8 ac� ft:

The centroid of the reservoir lies on half of the total hydrocarbon bulk volume
given as

half the bulk volume ¼ 171710:8
2

¼ 85855:4 ac� ft
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The value 85855.4 ac-ft falls between 10,700 ft and 11,400 ft. Hence by inter-
polation, the centroid depth is calculated as:

Centroid depth ¼ 10700∗
140148:8� 85855:4ð Þ
140148:8� 72035:5ð Þ

þ11400∗
85855:4� 72035:5ð Þ
140148:8� 72035:5ð Þ

¼ 10842:03 ft

Example 3.4
A hydrocarbon reservoir is mapped out in area recorded at corresponding depths as
given in the table below (Table 3.5)

I. Determine the cumulative bulk volume (CBV) down to the OWC
II. Calculate the hydrocarbon pore volume in MMbbls down to the OWC for the

following three sets of petrophysical data:

• All sand with porosity of 21% and connate water saturation of 20%
• 50% productive limestone with porosity 17% and connate water saturation of
30%

• 5/8 ths sand as above; 3/8 ths limestone as above (a & b)

Additional Data:

Crest of top reservoir 8800 ftss

Crest of base of reservoir 9300 ftss

Oil-water contact (OWC) 10,700 ftss

The bulk volume is calculated using the rule above. Thus, we use

Table 3.5 Depth-Area data Depth Top Area (acres) Base Area (acres)

8800 0

8800–9000 39.852

9000–9300 109.572 0

9300–9400 135.168 19.440

9400–9500 150.072 38.880

9500–9700 177.876 64.800

9700–10,000 210.636 95.904

10,000–10,400 258.744 139.968

10,400–10,500 274.488 152.928

10,500–11,000 356.784 219.672
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Trapezoidal rule if

An

Anþ1
> 0:5

ΔVb ¼ h

2
An þ Anþ1ð Þ ¼

Xn
i¼1

ΔVbi

Pyramidal rule if

An

Anþ1
< 0:5

ΔVb ¼ h

3
An þ Anþ1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
An∗Anþ1

p� �
¼
Xn
i¼1

ΔVbi

Depth interval Area Diff Ratio Rule Calculation of Bulk volume

8800 0

8800–9000 39.852 Trapezoidal 0.5*(0 + 39.852)*200

9000–9300 109.572 0.36371 Pyramidal 0.5*[(39.852 + 109.572)*
(39.852 + 109.572)]*300

9300–9400 115.728 0.81064 Trapezoidal 0.5*(109.57 + 115.728)*100

9400–9500 111.192 0.90069 Trapezoidal 0.5*(115.728 + 111.192)*100

9500–9700 113.076 0.84369 Trapezoidal 0.5*(111.192 + 113.076)*200

9700–10,000 114.732 0.84447 Trapezoidal 0.5*(113.076 + 114.732)*300

10,000–10,400 118.776 0.81407 Trapezoidal 0.5*(114.732 + 118.776)*400

10,400–10,500 121.56 0.94264 Trapezoidal 0.5*(118.776 + 121.560)*100

10,500–11,000 137.112 0.76934 Trapezoidal 0.5*(121.560 + 137.112)*500

Depth Top Area (acres) Base Area (acres) Area diff BV CBV

8800 0 0 – 0

8800–9000 39.852 39.852 3985.200 3985.200

9000–9300 109.572 0 109.572 32325.710 36310.910

9300–9400 135.168 19.440 115.728 11265.000 47575.910

9400–9500 150.072 38.880 111.192 11346.000 58921.910

9500–9700 177.876 64.800 113.076 22426.800 81348.710

9700–10,000 210.636 95.904 114.732 34171.200 115519.910

10,000–10,400 258.744 139.968 118.776 46701.600 162221.510

10,400–10,500 274.488 152.928 121.560 12016.800 174238.310

10,500–11,000 356.784 219.672 137.112 64668.000 238906.310

Since the OWC (10,700 ft) did not fall on any of the depth in the table, we use the
interpolation techniques to find the bulk volume at OWC.
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CBV@OWC

Depth CBV

10,500 174238.31

10,700 CBV@OWC

11,000 238906.31

By interpolation

11000� 10500ð Þ
10700� 10500ð Þ ¼

238906:31� 174238:31ð Þ
CBV@OWC � 174238:31ð Þ

500ð Þ
200ð Þ ¼

64668ð Þ
CBV@OWC � 174238:31ð Þ

CBV@OWC ¼ 174238:31þ 200∗64668
500

¼ 200105:51 acre� ft

Therefore, the bulk volume of the oil is 200105.51 acre-ft

(a) All sand with porosity of 21% and connate water saturation of 20%

STOIIP ¼ 7758Ah∅ 1� Swcð Þ
BOi

∗
N

G

STOIIP ¼ 7758∗200105:51∗0:21∗ 1� 0:20ð Þ
1:2831

¼ 203262657:52 STB

¼ 203:2627 MMSTB

(b) 50% productive limestone with porosity 17% and connate water saturation of
30%

STOIIP ¼ 7758∗200105:51∗0:17∗ 1� 0:30ð Þ
1:2831

∗0:5 ¼ 71988857:87 STB

¼ 71:9888MMSTB

(c) 5/8 ths sand as above; 3/8 ths limestone as above (a & b)

STOIIP ¼ 7758Ah∅ 1� Swcð Þ
BOi

∗
N

G

	 

sand

þ 7758Ah∅ 1� Swcð Þ
BOi

∗
N

G

	 

limestone
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7758Ah∅ 1�Swcð Þ
BOi

∗N
G

n o
sand

¼ 7758∗200105:51∗0:21∗ 1� 0:20ð Þ
1:2831

∗
5
8

¼ 127039160:9 stb

7758Ah∅ 1�Swcð Þ
BOi

∗N
G

n o
limestone

¼ 7758∗200105:51∗0:17∗ 1� 0:30ð Þ
1:2831

∗
3
8

¼ 53991643:40 stb

Therefore, the STOIIP for the formation of 5/8 ths sand and 3/8 ths limestone is

STOIIP ¼ 127039160:9þ 53991643:40 ¼ 181030804:3 stb ¼ 181:0308 MMstb

Example 3.5
A volumetric gas reservoir located offshore Niger Delta with the following data in
the table below, determine the following:

Initial reservoir pressure, Pi 3800 psia

Cumulative gas production, Gp 24.6 MMMscf

Reservoir thickness, h 25 ft

Wellbore flowing pressure, Pwf 2750 psia

Connate water saturation, Swc 23%

Gas gravity, γg 0.68

Porosity, ∅ 18%

Reservoir temperature 1700F

• Area extent of the reservoir,
• The gas reserve at 2750 psia.
• The recovery factor at 2750 psia.

Solution
The amount of gas produced at 2750 psia is calculated mathematically as

Gp@2750 psia ¼ G� Greserve@2750 psia

Gp@2750 psia ¼ G� Greserve@2750 psia

Recall:

G ¼ 43560Ah∅ 1� Swcð Þ
Bgi

Greserve ¼ 43560Ah∅ 1� Swcð Þ
Bg
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Gp@2750 psia ¼ 43560Ah∅ 1� Swcð Þ 1
Bgi

� 1
Bg

� �

Bg ¼ 0:0283zT
P

To calculate the compressibility factor, z
If yg < ¼ 0.7 Then

Tc ¼ 168þ 325∗γg
� �� 12:5∗γg

2
� �

Tc ¼ 168þ 325∗0:68ð Þ � 12:5∗0:682
� � ¼ 383:220R

Pc ¼ 677þ 15∗γg
� �� 37:5∗γg

2
� �

Pc ¼ 677þ 15∗0:68ð Þ � 37:5∗0:682
� � ¼ 669:86 psia

Tr ¼ T þ 460ð Þ
Tc

¼ 170þ 460ð Þ
383:22

¼ 630
383:22

¼ 1:64

Pri ¼ Pi

Pc
¼ 3800

669:86
¼ 5:67

Calculate z from Fig. 3.4

zi Pri; Trð Þ ¼ zi 5:67; 1:64ð Þ ¼ 0:89

Pr ¼ P

Pc
¼ 2750

669:86
¼ 4:11

z Pr;Trð Þ ¼ z 4:11; 1:64ð Þ ¼ 0:83

Therefore,

Bgi ¼ 0:0283ziT
Pi

¼ 0:0283∗0:89∗ 170þ 460ð Þ
3800

¼ 0:004176 cuft=scf
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Fig. 3.4 Standing and Katz compressibility factors chart. (Courtesy of GPSA and GPA Engineer-
ing Data Book, EO Edition, 1987)
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Bg ¼ 0:0283zT
P

¼ 0:0283∗0:83∗ 170þ 460ð Þ
2750

¼ 0:005381 cuft=scf

Gp ¼ 43560Ah∅ 1� Swcð Þ 1
Bgi

� 1
Bg

� �

The area extent is

A ¼ Gp@2750 psia

43560h∅ 1� Swcð Þ
BgiBg

Bg � Bgi

� �

A ¼ 24:6∗109

43560∗25∗0:18∗ 1� 0:23ð Þ
0:005381∗0:004176
0:005381� 0:004176

� �
¼ 3039:348 acres

To calculate the gas reserve at 2750 psia

Greserve ¼ 43560Ah∅ 1� Swcð Þ
Bg

¼ 43560∗3039:348∗25∗0:18∗ 1� 0:23ð Þ
0:005381

¼ 8:52527∗1010scf ¼ 85:253 MMMscf

G ¼ 43560Ah∅ 1� Swcð Þ
Bgi

G ¼ 43560∗3039:348∗25∗0:18∗ 1� 0:23ð Þ
0:004176

¼ 109, 852, 779, 243:1030 scf

¼ 109:8528 MMMscf

RF ¼ Gp

G
¼ 24:6∗109

109852779243:1030
¼ 0:2239 ¼ 22:39%

Example 3.5
Given a stacked reservoir with three sand of different reservoir pay thickness in the
figure below. The reservoir structure is 710 acres. The initial oil formation volume
factor from PVT laboratory analysis is given as 1.3251 rb/stb. The petrophysical
properties are stated on each sand in the figure. Calculate the stock tank oil initially
in place for this stacked reservoir.
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Solution
The average porosity is given as

∅ ¼
P

∅jhiP
hi

∅ ¼ ∅AhA þ∅BhB þ∅ChC
hA þ hB þ hC

∅ ¼ 0:23∗15ð Þ þ 0:185∗26ð Þ þ 0:212∗33ð Þ
15þ 26þ 33

¼ 0:2062 ¼ 20:62%

Average water saturation

Sw ¼
Pn

i¼1 ∅ihiswiPn
i¼1 ∅ihi

Sw ¼ ∅AhAswA þ∅BhBswB þ∅ChCswC
∅AhA þ∅BhB þ∅ChC

3.3 What is a Contour? 109



Sw ¼ 0:23∗15∗0:315ð Þ þ 0:185∗26∗0:29ð Þ þ 0:212∗33∗0:38ð Þ
0:23∗15ð Þ þ 0:185∗26ð Þ þ 0:212∗33ð Þ ¼ 0:3369

h ¼
Xn
i¼1

hi ¼ hA þ hB þ hC ¼ 15þ 26þ 33 ¼ 74 ft

STOIIP ¼ N ¼ 7758Ah∅ 1� Swð Þ
Boi

STOIIP ¼ 7758∗710∗74∗0:2062∗ 1� 0:3369ð Þ
1:3251

¼ 42058993:8 stb

¼ 42:059 MMstb

Example 3.6
The result of a gas chromatographic test performed at FUPRE Laboratory on a gas
sample collected from a gas field in the Niger Delta region is shown in Table 3.6.

Additional information:

Initial reservoir pressure, Pi 3200 psia

Reservoir thickness, h 40 ft

Connate water saturation, Swc 22%

Area, A 80 acres

Porosity, ∅ 17.5%

Reservoir temperature 200 �F

Calculate the gas initially in place

Table 3.6 Gas composition Components Mole Percent (xi)

Nitrogen 0.15

Carbon dioxide 0.94

Methane 88.43

Ethane 3.41

Propane 3.64

i-butane 0.65

n-butane 1.50

i-pentane 0.44

n-pentane 0.39

Hexane 0.30

Heptane Plus 0.15
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Solution
Components Mole Percent (xi) Mi XiMi

Nitrogen 0.15 28.0135 0.04202

Carbon dioxide 0.94 44.01 0.413694

Methane 88.43 16.042 14.18594

Ethane 3.41 30.069 1.025353

Propane 3.64 44.096 1.605094

i-butane 0.65 58.122 0.377793

n-butane 1.5 58.122 0.87183

i-pentane 0.44 72.149 0.317456

n-pentane 0.39 72.149 0.281381

Hexane 0.3 86.175 0.258525

Heptane Plus 0.15 106 0.159

19.53809

(a) The apparent molecular weight ¼ 19.5381
(b) The gas specific gravity

γg ¼
Ma

Mair
¼ Ma

28:96
¼ 19:5381

28:96
¼ 0:675

(c) The critical temperature and pressure

If yg < ¼ 0.7 Then

Tc ¼ 168þ 325∗γg
� �� 12:5∗γg

2
� �

Pc ¼ 677þ 15∗γg
� �� 37:5∗γg

2
� �

ElseIf yg > 0.7 Then

Tc ¼ 187þ 330∗γg
� �� 75:5∗γg

2
� �

Pc ¼ 706� 51:7∗γg
� �� 11:1∗γg

2
� �

Since yg < ¼ 0.7 Then

Tc ¼ 168þ 325∗0:675ð Þ � 12:5∗0:6752
� � ¼ 381:680R

Pc ¼ 677þ 15∗0:675ð Þ � 37:5∗0:6752
� � ¼ 670:04 psia
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(d) The gas deviation factor of the gas at 3200 psia and 200 �F

Tr ¼ T

Tc
¼ 200þ 460ð Þ

381:68
¼ 1:729

Pr ¼ 3200
670:04

¼ 4:776

At this point, we can apply any of the correlations for gas deviation factor or read
directly from the chart as a function of reduced temperature and pressure.

From the chart (Fig. 3.4), z ¼ 0.88
Using Papay’s Correlation

z ¼ 1� 3:52Pr

100:9813Tr

� �
þ 0:274Pr

2

100:8157Tr

� �

z ¼ 1� 3:52 4:775834ð Þ
100:9813 1:729197ð Þ

� �
þ 0:274 4:775834ð Þ2

100:8157 1:729197ð Þ

" #
¼ 0:9049

(e) The density of the gas

ρg ¼
28:96Pγg

zRT
¼ 28:96� 3200� 0:675

0:88� 10:73� 200þ 460ð Þ ¼ 10:03751 lb=cuft

(f) The gas formation volume factor

Bg ¼ 0 02827 � 0:88� 200þ 460ð Þ
3200

¼ 0:005131 cuft=scf

GIIP ¼ G ¼ 43560Ah∅ 1� Swcð Þ
Bgi

GIIP ¼ G ¼ 43560∗80∗40∗0:175∗ 1� 0:22ð Þ
0:005131

¼ 3708245566:16644 scf

G ¼ 3:708245 MMMscf

Example 3.7

A 15600 acres oil reservoir owned by ABC Company located at FUPRE field was
characterized as undersaturated reservoir with the following information:
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Initial reservoir pressure, Pi 3800 psia

Abandonment pressure, Pa 400 psia

Reservoir thickness, h 80 ft

Connate water saturation, Swc 38%

Initial oil FVF, βoi 1.458 rb/stb

Oil FVF, βoa 1.126 rb/stb

Gas saturation at abandonment, Sga 30%

Residual oil saturation after water invasion, Sor 18%

Porosity, ∅ 23%

Reservoir temperature 200 �F

Calculate the following:

1. Initial oil in place
2. Oil in place after volumetric depletion to abandonment pressure
3. Oil in place after water invasion at initial pressure
4. Oil produced by volumetric depletion to abandonment pressure and recovery

factor
5. Oil produced by full water drive and recovery factor

Solution

1. Initial oil in place is given by:

N ¼ 7758Ah∅ 1� Swcð Þ
Boi

N ¼ 7758∗15600∗80∗0:23∗ 1� 0:38ð Þ
1:458

¼ 946948503:7 STB ¼ 946:85 MMSTB

2. Oil in place after volumetric depletion to abandonment pressure is given by:

Naturally, nature avoids vacuum and a volumetric reservoir with no water influx;
as the saturation of the oil reduces, the gas replaces the void space created by the oil.
Thus, the above equation is adjusted as:

Na ¼
7758Ah∅ 1� Swc � Sga

� �
Boa

Na ¼ 7758∗15600∗80∗0:23∗ 1� 0:38� 0:30ð Þ
1:126

¼ 632854371:6 STB

¼ 632:85 MMSTB
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3. Oil in place after water invasion at initial pressure

Ni ¼ 7758Ah∅Sor
Boi

Ni ¼ 7758∗15600∗80∗0:23∗0:18
1:458

¼ 274920533:3 STB ¼ 274:92 MMSTB

4. Oil produced by volumetric depletion to abandonment pressure and recovery
factor

Npa ¼ N � Na

946948503:7� 632854371:6 ¼ 314094132:1 STB ¼ 314:09 MMSTB

Recovery factor

RF ¼ N � Na

N

¼ 946948503:7� 632854371:6ð Þ
946948503:7

¼ 0:3317 ¼ 33:17%

5. Oil produced by full water drive and recovery factor

Npi ¼ N � Ni

946948503:7� 274920533:3 ¼ 672027970:4 STB ¼ 672:03 MMSTB

Recovery factor

RF ¼ N � Ni

N

¼ 946948503:7� 274920533:3ð Þ
946948503:7

¼ 0:7097 ¼ 70:97%

Example 3.8

As a Petroleum Engineer working in Sly Tech Dynamic currently operating a gas
field located at Ugbomro. You are asked by the management team to evaluate the
following to aid their decision with the data given in the Table 3.7:
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1. The gas initially in place
2. Gas in place after volumetric depletion to a pressure of 3000 psia
3. Gas in place after volumetric depletion to abandonment pressure
4. Gas in place after water invasion at initial pressure
5. Gas in place after water invasion at a pressure of 3000 psia
6. Gas in place after water invasion at a pressure of 475 psia
7. Gas produced by full water drive at initial pressure
8. Recovery factor after full water drive at initial pressure
9. Gas produced by partial water drive at 3000 psia

10. Recovery factor after partial water drive at 3000 psia
11. Gas produced by volumetric to abandonment pressure
12. Recovery factor at abandonment pressure

1. Initial gas in place is calculated as:

GIIP ¼ G ¼ 43560Ah∅ 1� Swcð Þ
Bgi

G ¼ 43560∗210∗55∗0:25∗ 1� 0:28ð Þ
0:006273

¼ 1:4437� 1010 SCF

¼ 14:437 MMMSCF

2. Gas in place after volumetric depletion to 3000 psia

G@3000 psia ¼ 43560Ah∅ 1� Swcð Þ
Bg@3000

Table 3.7 Ugbomro gas field data

Parameter Value

Initial reservoir pressure 4870 psia

Abandonment pressure 475 psia

Reservoir area 210 acres

Pay zone (thickness) 55 ft

Connate water saturation 0.28 (28%)

Porosity 0.25 (25%)

Gas FVF @ 4870 psia 0.006273 ft3/SCF

Gas FVF @ 3000 psia 0.008521 ft3/SCF

Gas FVF @ 475 psia 0.048279 ft3/SCF

Residual gas saturation after water invasion 0.37 (37%)
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G@3000 psia ¼ 43560∗210∗55∗0:25∗ 1� 0:28ð Þ
0:008521

¼ 1:0628� 1010 SCF

¼ 10:628 MMMSCF

3. Gas in place after volumetric depletion to abandonment pressure

Ga ¼ 43560Ah∅ 1� Swcð Þ
Bga

¼ 43560Ah∅ 1� Swcð Þ
Bg@475

Ga ¼ 43560∗210∗55∗0:25∗ 1� 0:28ð Þ
0:048279

¼ 1:8758� 109 SCF

¼ 1:876 MMMSCF

4. Gas in place after water invasion at initial pressure

Ginv@Pi ¼ Ginv@4870psia ¼ 43560Ah∅Sgr
Bgi

Ginv@4870psia ¼ 43560∗210∗55∗0:25∗0:37
0:006273

¼ 7:4188� 109 SCF

¼ 7:419 MMMSCF

5. Gas in place after water invasion at a pressure of 3000 psia

Ginv@P ¼ 43560Ah∅Sgr
Bg

Ginv@3000 psia ¼ 43560∗210∗55∗0:25∗0:37
0:008521

¼ 5:462� 109 SCF

¼ 5:462 MMMSCF

6. Gas in place after water invasion at a pressure of 475 psia

Ginv@Pa ¼ Ginv@475 psia ¼ 43560Ah∅Sgr
Bg
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Ginv@475 psia ¼ 43560∗210∗55∗0:25∗0:37
0:048279

¼ 0:964� 109 SCF

¼ 0:964 MMMSCF

7. Gas produced by full water drive at initial pressure

Gp@Pi ¼ G� Ginv@Pi ¼ G� Ginv@4870psia

Gp@4870 ¼ 1:4437� 1010 � 7:4188� 109 ¼ 7:018� 109SCF ¼ 7:018MMMSCF

8. Recovery factor after full water drive at initial pressure

RF@Pi ¼ Gp@Pi

G
¼ 7:018� 109

1:4437� 1010
¼ 0:4861 ¼ 48:61%

9. Gas produced by partial water drive at 3000 psia

Gp@P ¼ G� Ginv@P ¼ G� Ginv@3000psia

Gp@3000 ¼ 1:4437� 1010 � 5:462� 109 ¼ 8:975� 109SCF ¼ 8:975MMMSCF

10. Recovery factor after partial water drive at 3000 psia

RF@P ¼ RF@3000 psia

¼ Gp@P

G
¼ Gp@3000 psia

G
¼ 8:975� 109

1:4437� 1010
¼ 0:6217 ¼ 62:17%

11. Gas produced by volumetric to abandonment pressure

Gp@Pa ¼ G� Ginv@Pa ¼ G� Ginv@475psia

Gr@475 psia ¼ 1:4437� 1010 � 0:964� 109 ¼ 1:3473� 1010SCF
¼ 13:473MMMSCF
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12. Recovery factor at abandonment pressure

RF@Pa ¼ RF@475 psia

¼ Gp@Pa

G
¼ Gp@475 psia

G
¼ 1:3473� 1010

1:4437� 1010
¼ 0:9332 ¼ 93:32%

As production and pressure data from a field become available, decline analysis
and material balance calculations, become the predominant methods of calculating
reserves. These methods greatly reduce the uncertainty in reserves estimation;
however, during the early depletion, caution should be exercised in using them.
Decline curve relationships are empirical and rely on a uniform, lengthy production
periods. These are explained in subsequent chapters of this book.

3.4 Deterministic Versus Probabilistic Volumetric Reserves
Estimation

The aspect of uncertainty in hydrocarbon reserves estimation cannot be
overemphasized since the estimation of reserves is done under conditions of uncer-
tainties. There are basically two methods of returning the results of reserves estima-
tion for any of the techniques such as volumetric, material balance, decline curve etc.
employed for reserves estimation. These methods are the deterministic and proba-
bilistic methods. Thus, if a single best estimate of reserves is made based on known
geological, engineering and economic data, the method is called deterministic whose
procedure is to select a single value for each parameter to input into an appropriate
equation (volumetric, material balance, decline curve etc.), to obtain a single answer.
In volumetric method, all input parameters are exactly known and variability is
sometimes ignored.

On the other hand, when the known geological, engineering, and economic data
are used to generate a range of estimates and their associated probabilities; the
method of estimation is called probabilistic. This method is more rigorous and less
commonly used; it utilizes a distribution curve for each input parameter and through
the use of Monte Carlo Simulation. In this method, all input parameters are not
exactly known and variability cannot be ignored.

Since the oil and gas business is associated with some inherent uncertainties, it
implies that a quality control and assurance should be made before making any
decision to develop the hydrocarbon prospect because a wrong evaluation of the
hydrocarbon initial in place leads to a wrong decision which in turn leads to an entire
failure of the field development. However, a comparison of the deterministic and
probabilistic methods can provide quality assurance for estimating hydrocarbon
reserves. This means that when the values of the reserves calculated deterministi-
cally and probabilistically agree with minimal deviation or tolerance of error, then
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confidence on the calculated reserves is increased. On the contrary, when there is a
significant difference in value, then the assumptions made need to be reexamined.

A Monte-Carlo technique is employed to evaluate hydrocarbons in place where
each input parameter required for the reserves estimation are represented by statis-
tical distributions. Monte-Carlo methods are mainly used in three distinct problem
classes, such as optimization, numerical integration and generating draws from a
probability distribution. There are basically five types of statistical distribution used
with this method. These are:

3.4.1 Fixed Value

value¼constant

3.4.2 Uniform Distribution

It is defined by a minimum and maximum value with an equal probability for all
values between these two extremes (Fig. 3.5).

value¼minimumþ minimum2maximumð Þ∗probability

3.4.3 Triangular Distribution

This distribution is defined by a minimum, maximum and mode value given as
(Fig. 3.6):

Pmode¼ Mode2Minimumð Þ
Maximum2Minimumð Þ
P < Pmode, then ðIfÞ

Value¼Minimumþ Mode2Minimumð Þ∗
ffiffiffiffiffiffiffiffiffiffiffi
P

Pmode

r

P > Pmode, then ðElseIfÞ

Value¼Maximum2 Maximum2Modeð Þ∗
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

12Pð Þ
12Pmodeð Þ

s
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3.4.4 Normal Distribution

This is defined by an average and standard deviation with (Fig. 3.7):

Value¼Averageþ Std∗

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln

1

P2

� �s( ) !

3.4.5 Log Normal Distribution

This is defined by an average and standard deviation with (Fig. 3.8):

Value¼exp log Averageð Þ½ � þ log 1þ Std
Average

� �
∗

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln

1

P2

� �s( )" #

Min

f

Max Min Max

1
P

Fig. 3.5 Uniform distrubution curves

Min

f P
1

Min Mode Max
MaxMod

Fig. 3.6 Traingular distrubution curves
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3.5 Condensate Reservoir Calculation

The example applies here for calculating condensate in place was written by Engr.
Ogbarode Napoleon Ogbon in his Lecture note on Natural Gas Engineering II.

3.5.1 Applications of Gas and Condensate Inplace Value

• Determination of economic value of gas and condensate in place to make a
decision on project economic viability

3.5.2 Major Points for Consideration

• As the gas-condensate reservoir fluid pressure drops below the dew point, liquid
hydrocarbon (condensate) will begin to drop.

• It is necessary to recombine the condensate with the gas in a proper ratio to
calculate the original volume of gas-in-place in the reservoir

P

1

f

Std

Avg Avg

Fig. 3.7 Normal distrubution curves

P

1

f

Avg Avg

Fig. 3.8 Log normal distrubution curves
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3.5.3 Data Required to Allow Estimates of the Gas-in-Place
Volume Are

• The geologic data
• The reservoir data
• The production data
• The geologic and reservoir data are used to provide plots of gas

compressibility, etc.
• This method uses standard charts and simple equations to calculate hydrocarbon-

in-place volumes in gas-condensate reservoirs.

3.5.4 Method Basic Requirements

• It is based on correlations established by Rzasa and Katz (2011) and provides a
means to calculate the gas-in-place volume in a gas-condensate reservoir Based
on

– The amount of produced gas
– The amount of produced associated condensate.

• Plots of correlations based on this method are readily available for use.
• However, it requires a clear understanding of the behaviour of oil and gas under

various reservoir and surface operating conditions including:

– Reservoir pressure and temperature, or depth to calculate the required
parameters,

– Compositions of oil and gas or their gravities and molecular weights,
– Gravities and production rates of separator condensate and gas,
– Rock porosity,
– Gas or interstitial water saturation
– Area-thickness, in the absence of which calculations are based on one acre of

reservoir volume.

Example 3.9
Determine the gas condensate-in-place for a reservoir with the following parameters:

Reservoir pressure, Pe 3000 psia

Tank gas production, qptank 200 Mcf/d

Primary trap gas production, qptank 4000 Mcf/d

Tank condensate production, qc 400 bbl/d

Tank condensate gravity, 50
�
API

Connate water saturation, Swc 12%

Tank gas gravity, γgtank(air ¼ 1) 1.25

(continued)
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Primary trap gas gravity, γgtrap(air ¼ 1) 0.65

Porosity, ∅ 30%

Reservoir temperature 240 �F

Solution
Basic Steps! Rzasa and Katz (2011) correlations as illustrated by Standing (1977).

Step 1: Calculate average separator gas gravity (if not known) based on One acre-
foot of reservoir by averaging the gas gravities from various stage separators
using gas flow rates from individual stage separators for weighting.

γavg¼
qgtrap�γgtrap
� �þ qgtank�γgtank

� �
qgtrapþqgtank
� �

Where;

γavg, γgtrap, γgtank ¼ average separator, primary gas trap&tank gas gravity respectively,

qgtrap&qgtank
ft3



day

� �
¼ primary gas trap&tank gas production respectively

Step 2: Calculate the produced condensate-to-gas ratio in bbl/mm.ft3

By dividing the daily condensate production (in barrels) by the total gas produc-
tion (in millions of cubic feet).

CGR ¼ qc
qgtrap þ qgtank

bbl=ft3Þ � 1000000 ! bbl=mm:ft3
�

qC ¼ Condensate production – bbl/day
CGR ¼ Condensate-Gas-Ratio – bbl/mm.ft3

Step 3: Determine Reservoir Fluid Gravity

From Fig. 3.9, Using the

• Condensate API
• Condensate-to-gas ratio on the x-axis
• Determine the Well- reservoir-fluid gravity to separator-gas gravity ratio on the

y-axis to determine the
• Then calculate the Well- reservoir-fluid gravity, based on the known values of

condensate gravity and separator-gas gravity (step 1).
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Step 4: Determine Reservoir Fluid Pseudo-critical press & Temperature

From Fig. 3.10 showing the correlation between pseudo-critical pressure and
temperature and the well-reservoir-fluid gravity, determine the two pseudo-critical
parameters for a given reservoir-fluid gravity from step 3.

Step 5: Determine the Pseudo-reduced Pressure and Temperature

Calculate the pseudo-reduced pressure and temperature, based on known pseudo-
critical pressure and temperature (step 4) and the reservoir temperature and pressure.

Tpr ¼ Tr þ 460
Tpc

¼ 240þ 460
445

¼ 1:57

Ppr ¼ Pr

Ppc
¼ 3000

640
¼ 4:7

Step 6: Determine Gas Compressibility Factor Using and Standing & Katz

Use pseudo-reduced parameters to determine the gas compressibility factor
(Z) from the study by Standing and Katz (1942). ! Fig. 3.4.

Fig. 3.9 Well fluid gravity determination
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Z ¼ 0.82

Step 7: Calculate the hydrocarbon volume of 1 acre-foot of reservoir using porosity
and gas (or water) saturation.

Vh ¼ 43560∅Sh ¼ 43560∗0:3∗ 1� 0:12ð Þ ¼ 11499:84 cubic feeet
� 11500 cubic feet

Step 8: Calculate the Total Number of moles in an acre-foot of reservoir rock using:

• General gas- law equation
• The known reservoir hydrocarbon pore volume,
• The reservoir pressure
• The reservoir temperature,

Fig. 3.10 Pseudo critical properties well-reservoir fluid
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• The gas compressibility factor (Z),

N ¼ PVh

ZRT
lb� molesð Þ

Where
N is pound-moles, P is pressure in psia (pounds per square inch absolute), Vh is

volume in cubic feet, Z is compressibility factor, R is gas constant (10.73), T is
temperature in degrees Rankine (temperature in degrees Fahrenheit +460).

N ¼ 3000∗11499:84
0:82∗10:73∗700

¼ 5601:46 pound moles

Step 9: Determining Produced Gas Volume at Surface without Surface Condensate
Production

If all the hydrocarbons are to be produced as gas at the surface, the gas volume
can be calculated by multiplying the number of moles by 379 (one pound-mole of
any gas occupies 379 cubic feet at the standard conditions of 14.7 psia and 60 �F).

Vs ¼ 379∗N ¼ 379∗5601:46 ¼ 2122953:34 SCF

Therefore, the reservoir gas-in-place ¼ 2122953.34 SCF

Step 10: Determining Produced Gas Volume at Surface with Surface Condensate
Production

On the other hand, if the condensate is produced with gas at the surface, the
following equations can help calculate the number of pound-moles in one barrel of
condensate:

NB ¼ 5:615∗62:4∗γC
MWC

Where;
NB ¼ Pound-moles in one barrel of condensate, γC ¼ condensate specific gravity

condensate specific gravity, MWC ¼ condensate molecular weight, 5.615 ¼ the
cubic feet equivalent of one barrel & 62.4 ¼ water density in pounds per cubic feet.

Condensate density ¼ pounds per cubic feet.
Condensate specific gravity is calculated from its gravity in API

γC ¼ 141:5
131:5þ APIC

¼ 141:5
131:5þ 50

¼ 0:7796

From Fig. 3.7, with 50
�
API condensate, MWC ¼ 129
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∴ NB ¼ 5:615∗62:4∗γC
MWC

¼ 5:615∗62:4∗0:7796
129

¼ 2:1175
moles

bbl:cond

On the right side of the equation for NBcalculation, the numerator is the conden-
sate mass in pounds in one barrel of condensate, and the denominator is its molecular
weight, thereby giving the number of moles.

Step 11: Calculate the number of pound-moles in gas per condensate barrel

Ng=C ¼ Gas� condensate ratio

379
¼ ft3 of gas per bbl of condensate

379
:lb:moles=bbl

Ng=C ¼ 4000þ 200ð Þ � 103

400
¼ 10500 cubic feet per barrel of condensate

∴Gas mole per barrel of condensate

¼ 10500
379

¼ 27:7045

Step 12: Based on known moles of gas and condensate, determine the fraction of
produced gas and condensate in the reservoir fluid stream.

N ¼ NB þ Ng=C ¼ 2:1175þ 27:7045 ¼ 29:822 moles

Gas mole fraction

Ng=C

N
¼ 27:7045

29:82
¼ 0:9291 � 0:93

Condensate fraction

NB

N
¼ 2:1175

29:822
¼ 0:071

Step 13: Calculate the produced gas volume per acre-foot of reservoir rock

Multiply the gas mole fraction (from step 12) by total number of moles (from step
9) and 379 to determine the cubic feet of gas in-place

Gas-in-place ¼ 2,122,953.34 x 0.9291 ¼ 1972435.948 ft3

Step 14: Calculate total volume of Condensate

Multiply the condensate mole fraction (from step 12) by total number of moles
(from step 9) to get the number of condensate moles in 1 acre-foot of rock and then
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divide it by number of moles per barrel of condensate (from step 10) to obtain
volume in barrels.

Condensate-in-place

¼ 0:071∗5601:46
2:1175

¼ 187:8175 barrels per acre� foot of rock

Exercises

Ex 3.1
I. State the methods available for reserves estimation and explain when each of
the is used

II. List and explain the factors affecting reserves estimate
III. Why is STOIIP determined from material balance method different from

volumetric method?
IV. Give reasons while reserves estimation is often high with volumetric method
V. The calculation of STOIIP from volumetric method involves several param-

eters, state these parameters and the sources where they can be obtained
VI. What is the practical implication of taking cut-off in petrophysical data?
VII. What is the factor used to covert acre-ft to stb?
VIII. What is the implication of net-to-gross ratio in volumetric estimate of

STOIIP?

Ex 3.2 The hydrocarbon contents of a reservoir were determined from the data of
cumulative bulk volume (CBV) at the indicated depths on the table below.

Depth (ft) CBV (ac-ft) Depth (ft) CBV (ac-ft)

9400 0.00 11,200 58866.34

9600 3159.46 11,400 64419.35

9800 11623.16 11,600 70282.13

10,000 23833.84 11,800 76.469.17

10,200 33547.92 12,000 82988.40

10,400 38822.03 12,200 89843.60

10,600 43697.74 12,400 97035.93

10,800 48568.69 12,600 104564.78

11,000 53597.63

The following petrophysical and PVT parameters apply: Gas-Oil contact
(GOC) = 10,400 ftss; Oil-Water contact (OWC) = 12,200 ftss; oil formation volume
factor = 1.3279 rb/stb; Gas expansion factor (Ei) = 185.1 scf/cuft; sand/shale factor
(F) = 88%; porosity = 18%; connate water saturation = 13%.

I. Indicate on a depth vs CBV plot, the depth at which the oil volume is acting
II. Calculate the volume of free-gas initially in place (in MMMscf)
III. Calculate the volume of the stock tank oil initially in place (in MMstb)
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IV. Calculate the gas cap size, m
V. Find the centroid depth of the reservoir

Ex 3.3 A hydrocarbon reservoir is mapped out in area recorded at corresponding
depths as given in the table.

Depth (ftss) Top Area (acres) Base Area (acres)

8800 0.000

9000 33.21

9300 91.31 0.00

9400 112.64 16.20

9500 125.06 32.40

9700 148.23 54.00

10,000 175.55 79.92

10,400 215.62 116.64

10,500 228.74 127.44

11,000 297.32 183.06

I. Using numerical approximation method, determine (in Mac-ft) the cumulative
bulk volume (CBV) down to the OWC

II. Find the centroid depth of the reservoir
III. Calculate the hydrocarbon pore volume in MMbbls down to the OWC for the

following three sets of petrophysical data:

(a) All sand with porosity 21% and connate water saturation of 20%
(b) 50% productive limestone with porosity 17% and connate water saturation

of 30% 50% non-productive
(c) 5/8 ths sand as above; 3/8rds limestone as above

Additional Data:
Crest of top reservoir = 8800 ftss; crest of base of reservoir = 9400 ftss;

OWC = 10,700 ftss; 1 acres = 7758.4 bbls.

Ex 3.4 Calculate the following with the data given in Table 3.8:

Table 3.8 Ugbomro gas field data

Parameter Value

Initial reservoir pressure 5000 psia

Abandonment pressure 555 psia

Reservoir area 300 acres

Pay zone (thickness) 70 ft

Connate water saturation 0.25 (25%)

Porosity 0.23 (23%)

Gas FVF @ 5000 psia 0.007473 ft3/SCF

Gas FVF @ 3540 psia 0.009831 ft3/SCF

Gas FVF @ 555 psia 0.05379 ft3/SCF

Residual gas saturation after water invasion 0.29 (29%)
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I. The gas initially in place
II. Gas in place after volumetric depletion to a pressure of 3540 psia
III. Gas in place after volumetric depletion to abandonment pressure
IV. Gas in place after water invasion at initial pressure
V. Gas in place after water invasion at a pressure of 3540 psia
VI. Gas in place after water invasion at a pressure of 555 psia
VII. Gas produced by full water drive at initial pressure
VIII. Recovery factor after full water drive at initial pressure
IX. Gas produced by partial water drive at 3540 psia
X. Recovery factor after partial water drive at 3540 psia
XI. Gas produced by volumetric to abandonment pressure
XII. Recovery factor at abandonment pressure

Ex 3.5 Use the Monte-Carlo techniques to calculate the porosity value from the set
of data assuming a uniform probability of 0.89:

0.23, 0.21, 0.20, 0.24, 0.21, 0.205, 0.22, 0.21, 0.22, 0.22, 0.24, 0.235, 0.215,
0.21, 0.23, 0.21, 0.23, 0.23, 0.21, 0.20, 0.21, 0.23, 0.21, 0.20, 0.21, 0.21, 0.23, 0.20,
0.20, 0.21, 0.21, 0.20, 0.20, 0.21, 0.23, 0.23,

For:

I. Fixed Value
II. Uniform Distribution
III. Triangular Distribution
IV. Normal Distribution
V. Log Normal Distribution

Ex 3.6 Calculate the gas reserve in a gas field of 2300 acres, with 40 ft. sand
thickness, 23% porosity, 17% water saturation, initial pressure of 3200 psi and
temperature of 200 �F. the composition of the gas and their weight fractions are as
follows: 93.63% methane; 3.54% ethane; 1.46% propane; 0.38% isobutene, 0.36%
pentane and 0.17% hexane plus.
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Chapter 4
Water Influx

Chapter Learning Objectives
Upon completion of this chapter, students/readers should be able to:

• Understand the concept of water influx or encroachment into a reservoir
• Understand the various types of aquifer models
• Identify when to apply each of the aquifer models
• Perform calculations on each of the aquifer models

Nomenclature
Parameter Symbol Unit

Initial reservoir pressure Pi psi

Current reservoir pressure P psi

Cumulative water influx We Bbl

Initial volume of water in the aquifer Wi bbl

Aquifer porosity ∅ - or %

Aquifer water & rock compressibility cw & cf psi�1

Total compressibility ct psi�1

Aquifer thickness h ft

Reservoir radius re ft

Aquifer radius ra ft

Aquifer/water influx constant Cs or C bbl/d/psi

Time t hours, months, year

Dimensionless water influx WD –

Water viscosity μw cp

Aquifer permeability k mD

Dimensionless pressure PD –

Dimensionless pressure derivative P0
D –
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4.1 Introduction

Water influx can also be referred to as water encroachment or aquifer influx. It can be
defined as an underground layer of water-bearing porous rock which flows out into
any available space in the reservoir rock. In this context, an aquifer is referred to as a
large pool of water body underlying a hydrocarbon accumulation in the reservoir
structure that is made up of more than one fluid arranged according to density
differences. Prior to hydrocarbon accumulation, the original system was occupied
or filled with water and during the drainage process; the migrated hydrocarbons from
the source rock displaced some of the water out of the pore space in the reservoir.
This means that majority of hydrocarbon pools discovered globally have an associ-
ated aquifer which could be a key source of energy (primary recovery) for the
hydrocarbon production once a well is drilled.

4.1.1 Classification of Aquifer Influx

Aquifer influx can be classified based on pressure maintenance, outer boundary
conditions, flow regime, flow geometry as shown in Fig. 4.1.

The classification of aquifer system as shown in Fig. 4.1, is key to understanding
and evaluation of hydrocarbon reservoirs performance. As hydrocarbon is produced
from the reservoir, the pressure of the reservoir declines (changes) and the aquifer
responds to offset the pressure decline due to fluids production, which is dependent
on the strength of the aquifer. Besides, if there is a strong support from the aquifer,

Aquifer Influx Classification

Flow Regime Outer Boundary Conditions

Flow GeometryPressure Maintenance

Active (Strong) Water Drive.

Partial (Medium) Water Drive.

Limited (Weak) Water Drive.

Infinite System

Finite System

Steady State.

Semi (pseudo) Steady State.
Unsteady State.

Edge-water drive

Bottom-water drive.

Linear-water drive.

Radial-water drive

Fig. 4.1 Classification of aquifer influx
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there will be a gradual decline in the reservoir pressure leading to a good hydrocar-
bon recovery. Also, there will be fairly steady gas-oil ratio during the life of the
reservoir with excessive water production in shallow wells.

Consequently, in evaluating the performance of hydrocarbon reservoirs, we need
to accurately determine the amount of water encroaching into the reservoir whose
value is dependent on the water viscosity, the permeability of the rock in the aquifer
and the cross-sectional area between the water zone and the region where the
hydrocarbon is accumulated.

4.2 Aquifer Models

There are several analytical aquifer models presented in the past to estimate the
amount of water encroaching into hydrocarbon reservoirs and some of these models
are briefly presented below. The aquifer analytical models make use of simplified
assumptions that do not consider the heterogeneous nature of the reservoir but a
relatively homogeneous reservoir which has deterred the ideal comparison that is
adopted in the analytical solutions. But when the equations are accurately
discretization, they are relatively easy to program in computer spreadsheets with
the exception of the Van Everdingen & Hurst, whose model does not demand much
computer power.

4.2.1 Pot Aquifer Model

This method is one the simplest model for estimating the amount of water
encroaching into hydrocarbon reservoirs. Mathematically, it is given as:

We¼ cwþc f
� �

fWi Pi 2Pð Þ

Where

Wi ¼ π ra2 � re2ð Þhθ
5:615

, f ¼ θ

360

Example 4.1
The data of a reservoir whose encroachment angle is 120

�
is given below. Calculate

the volume of water initially in the aquifer and the cumulative water influx; the
aquifer can deliver to the reservoir at 3750 psi.
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Aquifer permeability, Kw 280 mD

Initial reservoir pressure, Pi 4000 psi

Current reservoir pressure, P 3750 psi

Reservoir thickness, h 31 ft

Aquifer radius, ra 12,000 ft

Reservoir radius, re 2800 ft

Reservoir compressibility, Cf 3.4 * 10�6 psi�1

Aquifer compressibility, Cw 4.8 * 10�6 psi�1

Porosity, ∅ 16%

Solution

f ¼ ∅
360

¼ 120
360

¼ 0:3333

The volume of water initially in the aquifer

Wi ¼ π ra2 � re2ð Þh∅
5:615

¼ 3:1416∗ 120002 � 28002
� �

∗31∗0:16

5:615

¼ 377861241:3 bbl

Cumulative water influx at 3750 psi is

We ¼ cw þ c f

� �
fWi Pi � Pð Þ

¼ 3:4� 10�6 þ 4:8� 10�6
� �

∗0:3333∗377861241:3∗ 4000� 3750ð Þ
¼ 258179:36 bbl

4.2.2 Schilthuis Model

Schilthuis (1936) was the first to develop useful expressions for calculating water
influx in a hydrocarbon reservoir. His steady-state expression is given by:

We ¼ Cs

Z t

0
pi � pð Þdt

In a differential form, the rate of water influx is given as:

dWe

dt
¼ Cs pi � pð Þ
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Furthermore, as the reservoir pressure drops from initial pressure at time (t¼ 0) to
any time (t). The cumulative water influx is a contribution of the cumulative pressure
drop from initial reservoir pressure. This is illustrated in Fig. 4.2.

The area under the curve can be solved using any of the numerical integration
techniques. Here we apply trapezoidal rule to solve for the cumulative water influx
after each time step.

We¼Cs
tnþ1 2 tnð Þ

2
Pi 2Pn½ �

� �

Here are the steps to calculate the cumulative water influx with Schilthuis steady
state model:

Step 1: Calculate the pressure drop at each time, t
Step 2: Calculate the water influx at each time, t
Step 3: Calculate the cumulative water influx at each time, t

This can be represented in a tabular form (Table 4.1) as:

Example 4.2
An oil reservoir whose predominant drive mechanism is powered by water drive, has
an estimated aquifer constant of 148 bbl/year/psi. Table 4.2 shows the pressure
history. Calculate the cumulative steady state water influx at each time step.

Fig. 4.2 Pressure drops as a function of time
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Solution
Calculation of pressure drops

ΔP1 ¼ 5200� 5120 ¼ 80 psi

ΔP2 ¼ 5200� 5040 ¼ 160 psi

ΔP3 ¼ 5200� 5005 ¼ 195 psi

ΔP4 ¼ 5200� 4950 ¼ 250 psi

ΔP5 ¼ 5200� 4910 ¼ 290 psi

At the end of 0.5 years (6 months), the cumulative water influx is

We ¼ Cs
ΔP1 þ 0ð Þ

2
t1 � 0ð Þ

� �
¼ 148

80þ 0ð Þ
2

0:5� 0ð Þ
� �

¼ 2960 bbl

At the end of 1 year, the cumulative water influx is

We ¼ We1 þWe2 ¼ Cs
ΔP1 þ 0ð Þ

2
t1 � 0ð Þ þ ΔP1 þ ΔP2ð Þ

2
t2 � t1ð Þ

� �

Table 4.1 Schilthuis aquifer model calculation

Time
(days)

Pressure
(psi)

Pressure Drop
(psi) Water Influx (bbl)

Cumulative Water
Influx (bbl)

0 Pi 0 0 0

t1 P1 ΔP1 ¼ Pi � P1 We1 ¼ Cs
ΔP1þ0ð Þ

2 t1 � 0ð Þ
n o

We1

t2 P2 ΔP2 ¼ Pi � P2 We2 ¼ Cs
ΔP1þΔP2ð Þ

2 t2 � t1ð Þ
n o

We1 + We2

t3 P3 ΔP3 ¼ Pi � P3 We3 ¼ Cs
ΔP2þΔP3ð Þ

2 t3 � t2ð Þ
n o

We1 + We2 + We3

t4 P4 ΔP4 ¼ Pi � P4 We4 ¼ Cs
ΔP3þΔP4ð Þ

2 t4 � t3ð Þ
n o

We1 + We2 + We3 + We4

t5 P4 ΔP5 ¼ Pi � P5 We5 ¼ Cs
ΔP4þΔP5ð Þ

2 t5 � t4ð Þ
n o

We1 + We2 + We3 + We4

+We5

Table 4.2 Pressure history of
Example 4.2

Time (years) Pressure (psi)

0 5200

0.5 5120

1 5040

1.5 5005

2 4950

2.5 4910
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¼ 2960þ 148
80þ 160ð Þ

2
1� 0:5ð Þ

� �
¼ 2960þ 8880 ¼ 11840 bbl

At the end of 1.5 year, the cumulative water influx is

We ¼ We1 þWe2 þWe3

¼ Cs
ΔP1 þ 0ð Þ

2
t1 � 0ð Þ þ ΔP1 þ ΔP2ð Þ

2
t2 � t1ð Þ þ ΔP2 þ ΔP3ð Þ

2
t3 � t2ð Þ

� �� �

¼ 2960þ 8880þ 148
160þ 195ð Þ

2
1:5� 1ð Þ

� �
¼ 2960þ 8880þ 13135

¼ 24975 bbl

The cumulative water influx at the end of 2 and 2.5 years are given in the table
below

Time
(days)

Pressure
(psi)

Pressure Drop
(psi)

Water Influx
(bbl)

Cumulative Water Influx
(bbl)

0 5200 0 0 0

0.5 5120 80 2960 2960

1 5040 160 8880 11,840

1.5 5005 195 13,135 24,975

2 4950 250 16,465 41,440

2.5 4910 290 19,980 61,420

4.2.3 Hurst Modified Steady-State Model

Analysis of water expansion into a hydrocarbon reservoir indicates that water influx
should often be an unsteady-state process. Hence, the Hurst modified steady-state
eq. (1958) should give better results. The equation is:

We¼Ch

Z t

0

pi 2 pð Þ
logαt

dt¼Ch

Xt
0

ΔP
lnαt

� �
Δt

In a differential form, the rate of water influx is expressed as:

dWe

dt
¼ Ch

pi � pð Þ
logαt
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Where Ch is the water influx constant in barrels per day per pound per square
inch, α is a time conversion constant which depends upon the units of time, t.

4.2.4 Van Everdingen & Hurst Model

Van Everdingen & Hurst method of calculating water influx requires the principle of
superposition which is a tedious exercise, but it provides an exact solution to the
radial diffusivity equation and can be applied at the early stage. To abate the
intricacy of water influx calculations, Carter and Tracy (1960) proposed a direct
water influx calculation technique that does not require superposition. The primary
difference between Carter-Tracy and Van Everdingen & Hurst techniques is that the
former assumes constant water influx rates over each finite time interval. Hence, the
cumulative water influx at any time “tn” can be calculated directly from previous
values obtained at tn-1.

We ¼ CΔpWeD tDð Þ

C is the water influx constant given in oil field units as:
For radial system:

C ¼ 1:119f∅hctwre
2 bbl=psið Þ

f ¼ θ

360

tD ¼ 0:000264kt
μw∅wctwre2

t in hoursð Þ ¼ 0:006336kt
μw∅wctwre2

t in daysð Þ

¼ 2:309kt
μw∅wctwre2

t in yearsð Þ

For linear system:

C ¼ 0:1781wL∅hctw bbl=psið Þ

tD ¼ 0:000264kt
μw∅wctwL

t in hoursð Þ ¼ 0:006336kt
μw∅wctwL

t in daysð Þ ¼ 2:309kt
μw∅wctwL

t in yearsð Þ

Using superposition, the water influx at time tD, is

We TDð Þ¼C Δp0WeD TDð ÞþΔp1WeD TD 2 tD1ð ÞþΔp2WeD TD 2 tD2ð Þ½ �

The pressure drop is illustrated in the Fig. 4.3.
According to Van Everdingen (1953)
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Δpj ¼
pi � p jþ1

2
, j � 1 for j ¼ 0, 1

Δpj ¼
p j�1 � p jþ1

2
, j > 1 for j ¼ 2 . . . . . . . . . :n i:e from P2

Δp0 ¼ pi � pav1 ¼ pi �
pi þ p1

2
¼ pi � p1

2

Δp1 ¼ pav1 � pav2 ¼
pi þ p1

2
� p1 þ p2

2
¼ pi � p2

2

Δp2 ¼ pav2 � pav3 ¼
p1 þ p2

2
� p2 þ p3

2
¼ p1 � p3

2

Δp3 ¼ pav3 � pav4 ¼
p2 þ p3

2
� p3 þ p4

2
¼ p2 � p4

2

The dimensionless water influx can be read from Tables 4.3, 4.4, and 4.5 as a
function of dimensionless time for infinite and finite aquifer.

The values of the dimensionless water influx can also be calculated using the
following polynomial correlations developed by Edwardson and coworkers far back
in 1962 as a function of time for infinite-acting aquifers. The result with this
correlation is close to the values in the tables above.

WeD tDð Þ ¼ 2

ffiffiffiffiffiffi
tD
π

r
tD � 0:01

Fig. 4.3 Determination of pressure drop
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Table 4.4 Dimensionless Water Influx WeD for Several Values of re/rR, i.e. ra/re (Van Everdingen
and Hurst WeD)

reD ¼ 1.5 reD ¼ 2.0 reD ¼ 2.5 reD¼3.0 reD ¼ 3.5

tD WeD tD WeD tD WeD tD WeD tD WeD

5.0(10)�2 0.276 5.0(10)
�2

0.278 1.0(10)
�1

0.408 3.0(10)
�1

0.755 1.00 1.571

6.0" 0.304 7.5" 0.345 1.5" 0.509 4.0" 0.895 1.20 1.761

7.0' 0.330 1.0(10)
�1

0.404 2.0" 0.599 5.0" 1.230 1.40 1.940

8.0' 0.354 1.25" 0.458 2.5" 0.681 6.0" 1.143 1.60 2.111

9.0" 0.375 1.50" 0.507 3.0" 0.758 7.0" 1.256 1.80 2.273

(1.1X10)�1 0.395 1.75" 0.553 3.5" 0.829 8,0' 1.363 2.00 2.427

1.1' 0.414 2.00" 0.597 4.0" 0.897 9.0" 1.465 2.20 2.574

1.2" 0.431 2.25" 0.638 4.5" 0.962 1.00 1.563 2.40 2.715

1.3" 0.446 2.50" 0.678 5.0" 1.024 1.25 1.791 2.60 2.849

14' 0.461 2.75" 0.715 5.5" 1.083 1.50 1.997 2.80 2.976

1.5' 0.474 3.00" 0.751 6.0" 1.140 1.75 2.184 3.00 3.098

1.6" 0.486 3.25" 0.785 6.5" 1.195 2.00 2.353 3.25 3.242

1.3" 0.497 3.50" 0.817 7.0" 1.248 2.25 2.507 3.50 3.379

1.8" 0.507 3.75' 0.848 7.5" 1.299 2.50 2.646 3.75 3.507

1.9" 0.517 4.00" 0.877 8.0" 1.348 2.75 2.772 4.00 3.628

2.0" 0.525 4.25" 0.905 8.5" 1.395 3.00 2.886 4.25 3.742

2.1" 0.533 4.50" 0.932 9.0" 1.440 3.25 2.990 4.50 3.850

2.2" 0.541 4.75" 0.958 9.5" 1.484 3.50 3.084 4.75 3.951

2.3" 0.548 5 00" 0.993 1.00 1.526 3.75 3.170 5.00 4.047

2.4" 0.554 5.50" 1.028 1.10 1.605 4.00 3.247 5.50 4.222

2.5" 0.559 6.00" 1.070 1.20 1.679 4.25 3.317 6.00 4.378

2.6" 0.565 6.50" 1.108 1.30 1.747 4.50 3.381 6.50 4.516

2.8" 0.574 7.00" 1.143 1.40 1.811 4.75 3.439 7.00 4.639

3.0" 0.582 7.50" 1.174 1.50 1.870 5.00 3.491 7.50 4.749

3.2" 0.588 8.00" 1.203 1.60 1.924 5.50 3.581 8.00 4.846

3.4" 0.594 9.00" 1.253 1.70 1.975 6.00 3.656 8.50 4.932

3.6" 0.599 1.00" 1.295 1.80 2.022 6.50 3.717 9.00 5.009

3.8" 0.603 1.10 1.330 2.00 2.106 7.00 3.767 9.50 5.078

4.0" 0.606 1.20 1.358 2.20 2.178 7.50 3.809 10.00 5.138

4.5" 0.613 1.30 1.382 2.40 2.241 8.00 3.843 11.00 5.241

5.0" 0.617 1.40 1.402 2.60 2.294 9.00 3.894 12.00 5.321

6.0" 0.621 1.60 1.432 2.80 2.340 10.00 3.928 13.00 5.385

7.0" 0.623 1.70 1.444 3.00 2.380 11.00 3.951 14.00 5.435

8.0" 0.624 1.80 1.453 3.40 2.444 12.00 3.967 15.00 5.476

2.00 1.468 3.80 2.491 14.00 3.985 16.00 5.506

2.50 1.487 4.20 2.575 16.00 3.993 17.00 5.531

3.00 1.495 4.60 2.551 18.00 3.997 18.00 5.551

4.00 1.499 5.00 2.570 20.00 3.999 20.00 5.579

5.00 1.500 6.00 2.599 22.00 3.999 25.00 5.611

(continued)

144 4 Water Influx



Table 4.4 (continued)

reD ¼ 1.5 reD ¼ 2.0 reD ¼ 2.5 reD¼3.0 reD ¼ 3.5

tD WeD tD WeD tD WeD tD WeD tD WeD

7.00 2.613 24.00 4.000 30.00 5.621

8.00 2.619 35.00 5.624

9.00 2.622 40.00 5.625

10.00 2.624

reD ¼ 4.0 reD ¼ 4.5 reD ¼ 5.0 reD ¼ 6

tD WeD tD WeD tD WeD tD WeD

2.00 2.442 2.50 2.835 3 3.2 6 5.148

2.20 2.598 3.00 3.196 3.5 3.54 6.5 5.44

2.40 2.748 3.50 3.537 4 3.88 7 5.724

2.60 2.893 4.00 3.859 4.5 4.19 7.5 6.002

2.80 3.034 4.50 4.165 5 4.5 8 6.273

3.00 3.170 5.00 4.454 5.5 4.79 8.5 6.537

3.25 3.334 5.50 4.727 6 5.07 9 6.795

3.50 3.493 6.00 4.986 6.5 5.35 9.5 7.047

3.75 3.645 6.50 5.231 7 5.61 10 7.293

4.00 3.792 7.00 5.164 7.5 5.85 10.5 7.533

4.25 3.932 7.50 5.684 8 6.09 11 7.767

4.50 4.068 8.00 5.892 8.5 6.33 12 8.22

4.75 4.198 8.50 6.089 9 6.55 13 8.651

5.00 4.323 9.00 6.276 9.5 6.76 14 9.063

5.50 4.560 9.50 6.453 10 6.97 15 9.456

6.00 4.779 10.00 6.621 11 7.35 16 9.829

6.50 4.982 11.00 6.930 12 7.71 17 10.19

7.00 5.169 12.00 7.208 13 8.04 18 10.5

7.50 5.343 13.00 7.457 14 8.34 19 10.9

8.00 5.504 14.00 7.680 15 8.62 20 11.2

8.50 5.653 15.00 7.880 16 8.88 22 11.7

9.00 5.790 16.00 8.060 18 9.34 24 12.3

9.50 5.917 18.00 8.365 20 9.73 25 12.5

10.00 6.035 20.00 8.611 22 10.1 31 13.7

11.00 6.246 22.00 8.809 24 10.4 35 14.4

12.00 6.425 24.00 8.968 26 10.6 39 14.9

13.00 6.580 26.00 9.097 28 10.8 51 16.1

14.00 6.712 28.00 9.200 30 11 60 16.6

15.00 6.825 30.00 9.283 34 11.3 70 16.9

16.00 6.922 34.00 9.404 38 11.5 80 17.1

17.00 7.004 38.00 9.481 42 11.6 90 17.3

18.00 7.076 42.00 9.532 46 11.7 100 17.4

20.00 7.189 46.00 9.565 50 11.8 110 17.4

22.00 7.272 50.00 9.586 60 11.9 120 17.5

24.00 7.332 60.00 9.612 70 12 130 17.5

(continued)

4.2 Aquifer Models 145



Table 4.4 (continued)

reD ¼ 4.0 reD ¼ 4.5 reD ¼ 5.0 reD ¼ 6

tD WeD tD WeD tD WeD tD WeD

26.00 7.377 70.00 9.621 80 12 140 17.5

30.00 7.434 80.00 9.623 90 12 150 17.5

34.00 7.464 90.00 9.624 100 12 160 17.5

38.00 7.481 100.00 9.625 120 12 180 17.5

42.00 7.490 200 17.5

46.00 7.494 220 17.5

50.00 7.499

reD ¼ 7 reD ¼ 8 reD ¼ 9 reD ¼ 10

tD WeD tD WeD tD WeD tD WeD

9 6.861 9 6.86 10 7.417 15 9.965

9.5 7.127 10 7.4 15 9.945 20 12.32

10 7.389 11 7.92 20 12.26 22 13.22

11 7.902 12 8.43 22 13.13 24 14.95

12 8.397 13 8.93 24 13.98 26 14.95

13 8.876 14 9.42 26 14.79 28 15.78

14 9.341 15 9.9 26 15.59 30 16.59

15 9.791 16 10.4 30 16.35 32 17.38

16 10.23 17 10.8 32 17.1 34 18.16

17 10.65 18 11.3 34 17.82 36 18.91

18 11.06 19 11.7 36 18.52 38 19.65

19 11.46 20 12.1 38 19.19 40 20.37

20 11.85 22 13 40 19.85 42 21.07

22 12.58 24 13.7 42 20.48 44 21.76

24 13.27 26 14.5 44 21.09 46 22.42

26 13.92 28 15.2 46 21.69 48 23.07

28 14.53 30 15.9 48 22.26 50 23.71

30 15.11 34 17 50 22.8 52 24.33

35 16.39 38 18 52 23.4 54 24.94

40 17.49 40 19 54 23.9 56 25.53

45 18.43 45 20 56 24.4 58 26.11

50 19.24 50 21 58 24.9 60 26.67

60 20.51 55 22 60 25.4 65 28.02

70 21.45 60 23 65 26.5 70 29.29

80 22.13 70 25 70 27.5 75 30.49

90 22.63 80 26 75 28.5 80 31.61

100 21 90 27 80 29.4 85 32.67

120 23.47 100 28 85 30.2 90 33.66

140 23.71 120 29 90 30.9 95 34.6

160 23.85 140 30 95 31.6 100 35.48

180 23.92 160 31 100 32.3 120 38.51

200 23.96 180 31 120 34.4 140 40.89

(continued)
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WeD tDð Þ ¼ 1:2838
ffiffiffiffiffi
tD

p þ 1:19328tD þ 0:269872tD1:5 þ 0:00855294tD2

1þ 0:616599
ffiffiffiffiffi
tD

p þ 0:0413008tD
0:01 < tD

< 200, � 0:02%

WeD tDð Þ ¼ �4:29881þ 2:02566tD
ln tD

, tD � 200, � 0:07%

Explanation of how the water influx is calculated in the above table
At time, t ¼ 0, there is no water influx from the aquifer into the reservoir
At the end of the first year (t ¼ 1)
The water influx is due to the expansion of the first pressure drop, Δp0 as shown in

the figure below. Based on time step given in the table, the first pressure drop is only
active for just 1 year of production.

Table 4.4 (continued)

reD ¼ 7 reD ¼ 8 reD ¼ 9 reD ¼ 10

tD WeD tD WeD tD WeD tD WeD

500 24 200 31 140 35.9 160 42.75

240 31 160 37 180 44.21

280 31 180 37.9 200 45.36

320 31 200 38.4 240 46.95

360 31 240 39.2 280 47.94

400 32 280 39.6 320 48.54

500 32 320 39.8 360 48.91

360 39.9 400 49.14

400 39.9 440 49.28

440 40 480 49.36

480 40

Table 4.5 Van Everdingen & Hurst aquifer model calculation

Time (yr) Pressure (psi) ΔP (psi) tD WeD We

0 pi – – 0

1 p1 Δp0 ¼ pi�p1
2 tD1 WeD1 We1

2 p2 Δp1 ¼ pi�p2
2 tD2 WeD2 We2

3 p3 Δp2 ¼ p1�p3
2 tD3 WeD3 We3

4 p4 Δp3 ¼ p2�p4
2 tD4 WeD4 We4

5 p5 Δp4 ¼ p3�p5
2 tD5 WeD5 We5

6 p6 Δp5 ¼ p4�p6
2 tD6 WeD6 We6

4.2 Aquifer Models 147



We t1ð Þ ¼ CΔp0WeD TDð Þ
We t1ð Þ ¼ CΔp0We Δp0ð Þ

At the end of the second year (t ¼ 2)
The total water influx is the summation of the water influx due to the first and

second pressure (Δp0 & Δp1) respectively. Therefore, the cumulative water influx at
this period is given as:

We t2ð Þ ¼ We Δp0ð Þ þWe Δp1ð Þ

In calculating this, we have to note that the first pressure (Δp0) is active for
2 years, which implies that t¼ 2 will be used to calculate the dimensionless time (tD)
which is then used to determine (WeD). The second pressure drop (Δp1) is only active
for a year (t ¼ 1). These are given as:

We Δp0ð Þ ¼ CΔp0WeD@t2
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We Δp1ð Þ ¼ CΔp1WeD@t1

At the end of the third year (t ¼ 3)

Δp0 is active for 3 years

Δp1 is active for 2 years
Δp2 is active for 1 year

We t3ð Þ ¼ We Δp0ð Þ þWe Δp1ð Þ þWe Δp2ð Þ

We Δp0ð Þ ¼ CΔp0WeD@t3

We Δp1ð Þ ¼ CΔp1WeD@t2

We Δp2ð Þ ¼ CΔp2WeD@t1

At the end of the fourth year (t ¼ 4)
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Δp0 is active for 4 years

Δp1 is active for 3 years
Δp2 is active for 2 years
Δp3 is active for 1 year

We t4ð Þ ¼ We Δp0ð Þ þWe Δp1ð Þ þWe Δp2ð Þ þWe Δp3ð Þ

We Δp0ð Þ ¼ CΔp0WeD@t4

We Δp1ð Þ ¼ CΔp1WeD@t3

We Δp2ð Þ ¼ CΔp2WeD@t2

We Δp3ð Þ ¼ CΔp3WeD@t1

Note that as the time step increases, the water influx is updated accordingly with
the corresponding pressure.

Example 4.3
A reservoir-aquifer system substend an angle of 140

�
at the centre and the aquifer

radius is estimated to be 112,000 ft. using the reservoir pressure and dimensionless
water influx values in Table 4.6, find the water influx at each time step, using Hurst
van Everdingen and compare result with fetkovich models.

Additional Data:

Aquifer permeability, Kw 200 mD

Water viscosity, μw 0.55 cp

Reservoir thickness, h 100 ft

Drainage radius, re 14,000 ft

Total compressibility, Ct 2.50 * 10�6 psi�1

Dimensionless radius, reD 8

Porosity, ∅ 19%

Solution

f ¼ θ

360
¼ 140

360
¼ 0:3889

C ¼ 1:119f∅hctwre
2 bbl=psið Þ

C ¼ 1:119∗0:3889∗0:19∗100∗2:50∗10�6∗ 14000ð Þ2 ¼ 4051:52 bbl=psið Þ

Δp0 ¼
pi � p1

2
¼ 4014� 3941

2
¼ 36:5

Δp1 ¼
pi � p2

2
¼ 4014� 3870

2
¼ 72
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Δp2 ¼
p1 � p3

2
¼ 3941� 3800

2
¼ 70:5

Δp3 ¼
p2 � p4

2
¼ 3870� 3732

2
¼ 69

Δp4 ¼
p3 � p5

2
¼ 3800� 3664

2
¼ 68

There is no need to calculate the dimensionless time and water influx since they
are already provided in the table above.

The water influx at each year is calculated as:
At the end of the first year (t ¼ 1)

We t1ð Þ ¼ CΔp0WeD TDð Þ
We t1ð Þ ¼ 4051:52∗36:5∗6:8712 ¼ 1016116:35 bbl

At the end of the second year (t ¼ 2)

We t2ð Þ ¼ We Δp0ð Þ þWe Δp1ð Þ

We Δp0ð Þ ¼ CΔp0WeD@t2 ¼ 4051:52∗36:5∗11:2763 ¼ 1667544:66 bbl

We Δp1ð Þ ¼ CΔp1WeD@t1 ¼ 4051:52∗72∗6:8712 ¼ 2004393:90 bbl

∴We t2ð Þ ¼ 1667544:66þ 2004393:90 ¼ 3671938:56 bbl

At the end of the third year (t ¼ 3)

We t3ð Þ ¼ We Δp0ð Þ þWe Δp1ð Þ þWe Δp2ð Þ

We Δp0ð Þ ¼ CΔp0WeD@t3 ¼ 4051:52∗36:5∗14:8854 ¼ 2201260:097 bbl

We Δp1ð Þ ¼ CΔp1WeD@t2 ¼ 4051:52∗72∗11:2763 ¼ 3289403:158 bbl

We Δp2ð Þ ¼ CΔp2WeD@t1 ¼ 4051:52∗70:5∗6:8712 ¼ 1962635:698 bbl

∴We t3ð Þ ¼ 2201260:097þ 3289403:158þ 1962635:698 ¼ 7453298:95 bbl

Table 4.6 Pressure decline and dimensionless water influx data of Example 4.3

Time (yrs) 0 1 2 3 4 5

Pressure (psia) 4014 3941 3870 3800 3732 3664

WD(tD) 0 6.8712 11.2763 14.8854 17.8373 20.2521
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At the end of the fourth year (t ¼ 4)

We t4ð Þ ¼ We Δp0ð Þ þWe Δp1ð Þ þWe Δp2ð Þ þWe Δp3ð Þ

We Δp0ð Þ ¼ CΔp0WeD@t4 ¼ 4051:52∗36:51∗17:8373 ¼ 2638511:168 bbl

We Δp1ð Þ ¼ CΔp1WeD@t3 ¼ 4051:52∗72∗14:8854 ¼ 4342211:698 bbl

We Δp2ð Þ ¼ CΔp2WeD@t2 ¼ 4051:52∗70:5∗11:2763 ¼ 3220873:926 bbl

We Δp3ð Þ ¼ CΔp3WeD@t1 ¼ 4051:52∗69∗6:8712 ¼ 1920877:491 bbl

∴We t4ð Þ ¼ 2638511:168þ 4342211:698þ 3220873:926þ 1920877:491
¼ 12122474:28 bbl

At the end of the fourth year (t ¼ 5)

We t5ð Þ ¼ We Δp0ð Þ þWe Δp1ð Þ þWe Δp2ð Þ þWe Δp3ð Þ þWe Δp4ð Þ

We Δp0ð Þ ¼ CΔp0WeD@t5 ¼ 4051:52∗36:5∗20:2521 ¼ 2994890:269 bbl

We Δp1ð Þ ¼ CΔp1WeD@t4 ¼ 4051:52∗72∗17:8373 ¼ 5203308:794 bbl

We Δp2ð Þ ¼ CΔp2WeD@t3 ¼ 4051:52∗70:5∗14:8854 ¼ 4251748:954 bbl

We Δp3ð Þ ¼ CΔp3WeD@t2 ¼ 4051:52∗69∗11:2763 ¼ 3152344:693 bbl

We Δp4ð Þ ¼ CΔp4WeD@t1 ¼ 4051:52∗68∗6:8712 ¼ 1893038:687 bbl

We t5ð Þ ¼ 2994890:269þ 5203308:794þ 4251748:954þ 3152344:693
þ 1893038:687

¼ 17495331:4 bbl

The result is tabulated below

Time (yrs) Pressure (psia) ΔP (psia) WeD We (bbl)

0 4014 0

1 3941 36.5 6.8712 1016116.35

2 3870 72 11.2763 3671938.56

3 3800 70.5 14.8854 7453298.95

4 3732 69 17.8373 12122474.28

5 3664 68 20.2521 17495331.4

The cumulative water influx in plot below
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Example 4.4
An active water drive reservoir has a cumulative water production of 28,640 bbl was
estimated after the first year of production. The pressure profile (Tables 4.7), reser-
voir and aquifer properties are given as:

Calculate:

• Calculate the thickness of the aquifer sand
• Cumulative water influx for the next four years

Solution

f ¼ θ

360
¼ 120

360
¼ 0:3333

C ¼ 1:119f∅hctwre
2 bbl=psið Þ

C ¼ 1:119∗0:3333∗0:22∗h∗3:80∗10�6∗ 9500ð Þ2 ¼ 28:1397h

C ¼ 28:1397∗h bbl=psið Þ

Calculation of the pressure drop

Δp0 ¼
pi � p1

2
¼ 5027� 5016

2
¼ 5:5

Δp1 ¼
pi � p2

2
¼ 5027� 5001

2
¼ 13
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Δp2 ¼
p1 � p3

2
¼ 5016� 4966

2
¼ 25

Δp3 ¼
p2 � p4

2
¼ 5001� 4818

2
¼ 91:5

Δp4 ¼
p3 � p5

2
¼ 4966� 4775

2
¼ 95:5

Calculation of dimensionless time

tD ¼ 2:309kt
μw∅wctwre2

t in yearsð Þ

tD ¼ 2:309∗160∗t

0:78∗0:22∗3:8∗10�6∗95002
¼ 6:2776∗t

The dimensionless time is calculated thus as:

@t ¼ 1, tD ¼ 6:2776∗1 ¼ 6:2776

@t ¼ 2, tD ¼ 6:2776∗2 ¼ 12:5552

@t ¼ 3, tD ¼ 6:2776∗3 ¼ 18:8328

@t ¼ 4, tD ¼ 6:2776∗4 ¼ 25:1104

@t ¼ 5, tD ¼ 6:2776∗5 ¼ 31:388

Calculation of dimensionless aquifer
From Table 4.1, based on the calculated dimensionless time, we have to interpo-

late to get the dimensionless aquifer corresponding to the calculated dimensionless
time as shown below.

Table 4.7 Pressure decline data of Example 4.4

Time (yrs) 0 1 2 3 4 5

Pressure (psia) 5027 5016 5414 4966 4818 4775

Aquifer permeability, Kw 160 mD

Water viscosity, μw 0.78 cp

Drainage radius, re 9500 ft

Aquifer radius, ra 47,500 ft

Total compressibility, Ct 3.80 * 10�6 psi�1

Porosity, ∅ 22%

Aquifer angle 120
�
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tD WeD

6 5.153

6.2776 5.3168
7 5.743

tD WeD

12 8.457

12.5553 8.7385
13 8.964

tD WeD

18 11.386

18.8329 11.7766
19 11.855

tD WeD

25 14.573

25.1105 14.6216
26 15.013

tD WeD

31 17.167

31.3882 17.3312
32 17.59

The water influx at each year is calculated as:
At the end of the first year (t ¼ 1)

We t1ð Þ ¼ CΔp0WeD TDð Þ ¼ 28640 bbl

28640 ¼ 28:1397∗h∗5:5∗5:3168

h ¼ 28640
28:1397∗5:5∗5:3168

¼ 34:8049 ft

Therefore,

C ¼ 28:1397∗34:8049 ¼ 979:3994 bbl=psið Þ

4.2 Aquifer Models 155



At the end of the second year (t ¼ 2)

We t2ð Þ ¼ We Δp0ð Þ þWe Δp1ð Þ

We Δp0ð Þ ¼ CΔp0WeD@t2 ¼ 979:3981∗5:5∗8:7385 ¼ 47071:65 bbl

We Δp1ð Þ ¼ CΔp1WeD@t1 ¼ 979:3981∗13∗5:3168 ¼ 67694:52 bbl

∴We t2ð Þ ¼ 47071:65þ 67694:52 ¼ 114766:17 bbl

At the end of the third year (t ¼ 3)

We t3ð Þ ¼ We Δp0ð Þ þWe Δp1ð Þ þWe Δp2ð Þ

We Δp0ð Þ ¼ CΔp0WeD@t3 ¼ 979:3981∗5:5∗11:7766 ¼ 63436:8815 bbl

We Δp1ð Þ ¼ CΔp1WeD@t2 ¼ 979:3981∗13∗8:7385 ¼ 111260:1139 bbl

We Δp2ð Þ ¼ CΔp2WeD@t1 ¼ 979:3981∗25∗5:3168 ¼ 130181:5955 bbl

∴We t3ð Þ ¼ 63436:8815þ 111260:1139þ 130181:5955 ¼ 304878:59 bbl

At the end of the fourth year (t ¼ 4)

We t4ð Þ ¼ We Δp0ð Þ þWe Δp1ð Þ þWe Δp2ð Þ þWe Δp3ð Þ

We Δp0ð Þ ¼ CΔp0WeD@t4 ¼ 979:3981∗5:5∗14:6216 ¼ 78762:02 bbl

We Δp1ð Þ ¼ CΔp1WeD@t3 ¼ 979:3981∗13∗11:7766 ¼ 149941:74 bbl

We Δp2ð Þ ¼ CΔp2WeD@t2 ¼ 979:3981∗25∗8:7385 ¼ 213961:76 bbl

We Δp3ð Þ ¼ CΔp3WeD@t1 ¼ 979:3981∗91:5∗5:3168 ¼ 476464:64 bbl

∴We t4ð Þ ¼ 78762:02þ 149941:74þ 213961:76þ 476464:64 ¼ 919130:152 bbl

At the end of the fourth year (t ¼ 5)

We t5ð Þ ¼ We Δp0ð Þ þWe Δp1ð Þ þWe Δp2ð Þ þWe Δp3ð Þ þWe Δp4ð Þ

We Δp0ð Þ ¼ CΔp0WeD@t5 ¼ 979:3981∗5:5∗17:3312 ¼ 93357:794 bbl

We Δp1ð Þ ¼ CΔp1WeD@t4 ¼ 979:3981∗13∗14:6216 ¼ 186164:77bbl

We Δp2ð Þ ¼ CΔp2WeD@t3 ¼ 979:3981∗25∗11:7766 ¼ 288349:49 bbl

We Δp3ð Þ ¼ CΔp3WeD@t2 ¼ 979:3981∗91:5∗8:7385 ¼ 783100:03 bbl

We Δp4ð Þ ¼ CΔp4WeD@t1 ¼ 979:3981∗95:5∗5:3168 ¼ 497293:69 bbl
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We t5ð Þ ¼ 93357:794þ 186164:77þ 288349:49þ 783100:03þ 497293:69
¼ 1848265:787 bbl

The result is tabulated below

Time (yrs) Pressure (psia) ΔP (psia) tD WeD We (bbl)

0 5027 0

1 5016 5.5 6.2776 5.3168 28,640

2 5001 13 12.5553 8.7385 114766.016

3 4966 25 18.8329 11.7766 304878.575

4 4818 91.5 25.1105 14.6216 919130.152

5 4775 95.5 31.3882 17.3312 1848265.787

4.2.5 Carter-Tracy Model

This method is an approximate solution to the diffusivity equation. It can be
combined conveniently with a suitable material balance equation to predict the
performance of water-drive reservoirs. The Carter-Tracy aquifer models can be
applied to both finite and infinite-acting aquifers. It can be applied to both radial
and linear aquifers and also applies to edge-water drive reservoirs only. Mathemat-
ically, it is calculated as

We tDj
� �¼We tDj2 1

� �þ CΔP tDj
� �

2We tDj2 1
� �

PD
0 tDj
� �

PD tDj
� �

2 tDj2 1
� �

PD
0 tDj
� �

" #
tDj 2 tDj2 1
� �

Where C¼ the van Everdingen-Hurst water influx constant as defined above, tD¼ the
dimensionless time, j ¼ refers to the current time step, j � 1 ¼ refers to the previous
time step, ΔPj ¼ total pressure drop, Pi � Pj, psi, PD ¼ dimensionless pressure and
P0D ¼ dimensionless pressure derivative.

The dimensionless pressure and first pressure derivative are given below

tDj ¼ 0:000264kt
μw∅wctwre2

t in hoursð Þ ¼ 0:006336kt
μw∅wctwre2

t in daysð Þ

¼ 0:192432kt
μw∅wctwre2

t in monthsð Þ ¼ 2:309kt
μw∅wctwre2

t in yearsð Þ

ΔPn ¼ Pi � Pn
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PD tDð Þ ¼ 2

ffiffiffiffiffiffi
tD
π

r
tD � 0:01

PD tDð Þ ¼ 370:529
ffiffiffiffiffi
tD

p þ 137:582tD þ 5:69549tD1:5

328:834þ 265:488
ffiffiffiffiffi
tD

p þ 45:2157tD þ tD1:5
0:01 < tD < 500

PD tDð Þ ¼ 1=2 ln tD þ 040454� 1þ 1
2tD

þ 1
4tD

	 

tD � 500

	

PD
0 tDð Þ ¼ 1ffiffiffiffiffiffiffi

πtD
p tD � 0:01

PD
0 tDð Þ ¼ 716:441þ 46:7984

ffiffiffiffiffi
tD

p þ 270:038tD þ 71:0098tD1:5

1269:86
ffiffiffiffiffi
tD

p þ 1204:73tD þ 618:618tD1:5 þ 538:072tD2 þ 142:41tD2:5

0:01 < tD < 500

PD
0 tDð Þ ¼ 1=2 ln tD þ 040454� 1

2tD
� 1
2tD2

	 

tD � 500

	

4.2.5.1 Steps in Calculating Carter-Tracy’s Aquifer Model

Step 1: Calculate the total pressure drop at each time step
Step 2: Calculate the dimensionless time at each time step
Step 3: Calculate the dimensionless pressure and pressure derivative at each time

step
Step 4: Calculate the water influx at each time step (Table 4.8)

Table 4.8 Carter-Tracy aquifer model calculation

Time (yr) Pressure (psi) tDj ΔP(tDj) (psi) PD(tDj) P0
D tDj
� �

We(tDj)

0 Pi - - - - 0

1 P1 tD1 ΔP(tD1) ¼ Pi � P1 PD(tD1) P0
D tD1ð Þ We(tD1)

2 P2 tD2 ΔP(tD2) ¼ Pi � P2 PD(tD2) P0
D tD2ð Þ We(tD2)

3 P3 tD3 ΔP(tD3) ¼ Pi � P3 PD(tD3) P0
D tD3ð Þ We(tD3)

4 P4 tD4 ΔP(tD4) ¼ Pi � P4 PD(tD4) P0
D tD4ð Þ We(tD4)

5 P5 tD5 ΔP(tD5) ¼ Pi � P5 PD(tD5) P0
D tD5ð Þ We(tD5)

6 P6 tD6 ΔP(tD6) ¼ Pi � P6 PD(tD6) P0
D tD6ð Þ We(tD6)
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Example 4.5
Repeat Example 4.3 using the Carter Tracy’s aquifer model to calculate the cumu-
lative water influx at each time step.

Solution

Step 1: Calculate the total pressure drop at each time step by applying

ΔP tDiþ1ð Þ ¼ Pi � Piþ1

Time (ti) (yrs) Pi (psia) ΔP(ti) (psia)

0 4014 0

1 3941 73

2 3870 144

3 3800 214

4 3732 282

5 3664 350

Step 2: Calculate the dimensionless time at each time step using

tD ¼ 2:309kt
μw∅wctwre2

t in yearsð Þ

¼ 2:309∗200∗t

0:55∗0:19∗2:5� 10�6∗ 14000ð Þ2 ¼ 9:0187ti

Time (ti) (yrs) Pi (psia) ΔP(ti) (psia) tD
0 4014 0 0

1 3941 73 9.0187

2 3870 144 18.0374

3 3800 214 27.0561

4 3732 282 36.0748

5 3664 350 45.0935

Step 3: Calculate the dimensionless pressure and pressure derivative at each
time step.

Since the dimensionless time in the above table is greater than 0.01 and less than
500, these equations apply for dimensionless pressure and pressure derivative

PD tDð Þ ¼ 370:529
ffiffiffiffiffi
tD

p þ 137:582tD þ 5:69549tD1:5

328:834þ 265:488
ffiffiffiffiffi
tD

p þ 45:2157tD þ tD1:5
0:01 < tD < 500
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PD
0 tDð Þ ¼ 716:441þ 46:7984

ffiffiffiffiffi
tD

p þ 270:038tD þ 71:0098tD1:5

1269:86
ffiffiffiffiffi
tD

p þ 1204:73tD þ 618:618tD1:5 þ 538:072tD2 þ 142:41tD2:5

0:01 < tD < 500

Time (ti) (yrs) Pi (psia) ΔP(ti) (psia) tD PD(tD) PD
0
(tD)

0 4014 0 0 0 0

1 3941 73 9.0187 1.60654 0.04742

2 3870 144 18.0374 1.91249 0.02515

3 3800 214 27.0561 2.09875 0.01719

4 3732 282 36.0748 2.23343 0.01307

5 3664 350 45.0935 2.33910 0.01055

Step 4: Calculate the water influx at each time step using

We tDj
� � ¼ We tDj�1

� �þ CΔP tDj
� ��We tDj�1

� �
PD

0 tDj
� �

PD tDj
� �� tDj�1

� �
PD

0 tDj
� �

" #
tDj � tDj�1
� �

After year 1

We tD1ð Þ ¼ We tD0ð Þ þ CΔP tD1ð Þ �We tD0ð ÞPD
0 tD1ð Þ

PD tD1ð Þ � tD0ð ÞPD
0 tD1ð Þ

	 

tD1 � tD0ð Þ

We tD0ð Þ ¼ 0

C ¼ 1:119∗0:3889∗0:19∗100∗2:50∗10�6∗ 14000ð Þ2 ¼ 4051:52 bbl=psið Þ

We tD1ð Þ ¼ 0þ 4051:52∗73ð Þ � 0∗0:04742ð Þ
1:60654� 0∗0:04742ð Þ

	 

9:0187� 0ð Þ ¼ 1660325:526 bbl

After year 2

We tD2ð Þ ¼ We tD1ð Þ þ CΔP tD2ð Þ �We tD1ð ÞPD
0 tD2ð Þ

PD tD2ð Þ � tD1ð ÞPD
0 tD2ð Þ

	 

tD2 � tD1ð Þ

We tD1ð Þ ¼ 1660325:525 bbl

We tD2ð Þ ¼ 1660325:526

þ 4051:52∗144ð Þ � 1660325:526∗0:02515ð Þ
1:91249� 9:0187∗0:02515ð Þ

	 

18:0374� 9:0187ð Þ

¼ 4558333:626 bbl
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After year 3

We tD3ð Þ ¼ We tD2ð Þ þ CΔP tD3ð Þ �We tD2ð ÞPD
0 tD3ð Þ

PD tD3ð Þ � tD2ð ÞPD
0 tD3ð Þ

	 

tD3 � tD2ð Þ

We tD2ð Þ ¼ 4558333:626 bbl

We tD3ð Þ ¼ 4558333:626

þ 4051:52∗214ð Þ � 4558333:626∗0:01719ð Þ
2:09875� 18:0374∗0:01719ð Þ

	 

27:0561� 18:0374ð Þ

¼ 8534856:871 bbl

After year 4

We tD4ð Þ ¼ We tD3ð Þ þ CΔP tD4ð Þ �We tD3ð ÞPD
0 tD4ð Þ

PD tD4ð Þ � tD3ð ÞPD
0 tD4ð Þ

	 

tD4 � tD3ð Þ

We tD3ð Þ ¼ 8534856:871 bbl

We tD4ð Þ ¼ 8534856:871

þ 4051:52∗282ð Þ � 8534856:871∗0:01307ð Þ
2:23343� 27:0561∗0:01307ð Þ

	 

36:0748� 27:0561ð Þ

¼ 13481153:46 bbl

After year 5

We tD5ð Þ ¼ We tD4ð Þ þ CΔP tD5ð Þ �We tD4ð ÞPD
0 tD5ð Þ

PD tD5ð Þ � tD4ð ÞPD
0 tD5ð Þ

	 

tD5 � tD4ð Þ

We tD4ð Þ ¼ 13481153:46 bbl

We tD5ð Þ ¼ 13481153:46

þ 4051:52∗350ð Þ � 13481153:46∗0:01055ð Þ
2:33910� 36:0748∗0:01055ð Þ

	 

45:0935� 36:0748ð Þ

¼ 19356081:34 bbl

Time (ti) (yrs) Pi (psia) ΔP(ti) (psia) tD PD(tD) PD
0
(tD) We

0 4014 0 0 0 0 0

1 3941 73 9.0187 1.60654 0.04742 1660325.526

2 3870 144 18.0374 1.91249 0.02515 4558333.626

3 3800 214 27.0561 2.09875 0.01719 8534856.871

4 3732 282 36.0748 2.23343 0.01307 13481153.46

5 3664 350 45.0935 2.33910 0.01055 19356081.34

Comparing the result obtained from Carter-Tracy’s method with van Everdingen
method as presented in Table 4.9:
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4.2.6 Fetkovich Aquifer Model

Fetkovich (1971) proposed a model to simplify water influx calculations further.
This method uses a pseudo-steady-state aquifer productivity index (PI) and an
aquifer material balance to represent the system compressibility. Like the Carter-
Tracy method, Fetkovich’s model eliminates the use of superposition and there-
fore, it is much simpler than van Everdingen-Hurst method. However, because
Fetkovich neglects the early transient time period in these calculations, the calcu-
lated water influx will always be less than the values predicted by the previous two
models.

The Fetkovich model applies to finite-acting aquifers; the model is applicable to
both radial and linear aquifers. The Fetkovich aquifer model applies to edge-water
and bottom-water drive reservoirs, while the Carter-Tracy aquifer model applies to
edge-water drive reservoirs. In edge-water drive, water influx occurs around the
flanks of the reservoir. In bottom-water drive, the reservoir is underlain by the
aquifer which encroaches vertically into the reservoir. These are represented in the
Fig. 4.4.

Fetkovich used an inflow equation similar to fluid flow from a reservoir to a well,
to model the water influx to the reservoir. Assuming constant pressure at the original
reservoir/aquifer boundary, the rate of water influx is derived as follow:

The inflow equation is given as:

q ¼ jΔP

For water

qw ¼ j
�
Pa � P

� ¼ dWe

dt

Where
The pseudo steady-state productivity index is calculated as:

Table 4.9 Comparative result of van Everdingen and Carter-Tracy models

Time (year) Van Everdingen & Hurst Model (bbl) Carter-Tracy’s Model (bbl)

0 0 0

1 1016116.35 1660325.526

2 3671938.56 4558333.626

3 7453298.95 8534856.871

4 12122474.3 13481153.46

5 17495331.4 19356081.34
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j ¼ 7:08� 10�3fkh

μw ln ra
re

� �
� 0:75

h i

Where qw ¼ water influx rate, j ¼ aquifer productivity index, P ¼ Pressure at the
reservoir fluid contact i.e. inner aquifer boundary pressure, Pa ¼ average pressure in
the aquifer & We ¼ cumulative water influx.

The total aquifer influx due to the total pressure drop is:

We ¼ ctWi

�
Pi � Pa

�
Expanding this equation, we have

We ¼ ctWiPi � ctWiPa

Pa ¼ ctWiPi �We

ctWi
¼ ctWiPi

ctWi
� We

ctWi
¼ Pi � We

ctWi
¼ Pi 1� We

ctWiPi

	 


Where

Wei ¼ ctWiPi

Recall:

Fig. 4.4 Edge and bottom water drive
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Wi ¼ π ra2 � re2ð Þh∅
5:615

, f ¼ θ

360

Therefore, the initial volume of water in the aquifer is calculated as:

Wei ¼ �cf π ra2 � re2ð Þh∅Pi

5:615

Hence,

Pa ¼ Pi 1� We

Wei

	 


By differentiation keeping all initial variables (Pi & Wei) constant, we have

dPa

dt
¼ Pi 0� 1

Wei

dWe

dt

	 

¼ � Pi

Wei

dWe

dt

dWe

dt
¼ �Wei

Pi

dPa

dt

Substitute into the above equation

j
�
Pa � P

� ¼ dWe

dt
¼ �Wei

Pi

dPa

dt

dPa�
Pa � P

� ¼ �jPi

Wei
dt

Integrating with respect to time, t

ln
�
Pa � P

� ¼ �jPit

Wei
þ C

The constant C can be evaluated at initial condition. That is

t ¼ 0,We ¼ 0,Pa ¼ Pi

ln Pi � Pð Þ ¼ �jPi 0ð Þ
Wei

þ C

∴C ¼ ln Pi � Pð Þ

Hence, the equation is:
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ln
�
Pa � P

� ¼ �jPit

Wei
þ ln Pi � Pð Þ

ln
�
Pa � P

�� ln Pi � Pð Þ ¼ �jPit

Wei

ln

�
Pa � P

�
Pi � Pð Þ

� �
¼ �jPit

Wei�
Pa � P

�
Pi � Pð Þ ¼ e

�jPi t
Wei

�
Pa � P

� ¼ Pi � Pð Þe
�jPi t
Wei

Substituting into

dWe

dt
¼ j
�
Pa � P

� ¼ j Pi � Pð Þe
�jPi t
Wei

By integration with respect to time, it yields:

We ¼ Wei

Pi
Pi � Pð Þ 1� e

�jPi t
Wei

� �

Therefore, the general water influx equation for a time step is:

ΔWen
k ¼ Wei

Pi



�Pan�1 � �Pn

�
1� e

�jPiΔtn
Wei

� �

Where �Pn is the average reservoir boundary pressure calculated as:

�Pn ¼ Pn�1 þ Pn

2

Where �Pan�1 is the average aquifer pressure at the end of the previous time step
calculated as:

�Pan�1 ¼ Pi 1�
Pn�1

j¼1 We j

Wei

 !
,
Xn�1

j¼1

We j ¼ We1 þWe2 þ . . .

The incremental water influx is calculated as:
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Wen
k ¼

Xn�1

j¼1

ΔWej þ ΔWen
k

The stepwise approach is given in Table 4.10
The last column of the above table is calculated as:

We1 ¼ ΔWe1

We2 ¼ ΔWe1 þ ΔWe2

We3 ¼ ΔWe1 þ ΔWe2 þ ΔWe3

We4 ¼ ΔWe1 þ ΔWe2 þ ΔWe3 þ ΔWe4

We5 ¼ ΔWe1 þ ΔWe2 þ ΔWe3 þ ΔWe4 þ ΔWe5

We6 ¼ ΔWe1 þ ΔWe2 þ ΔWe3 þ ΔWe4 þ ΔWe5 þ ΔWe6

Example 4.6
Repeat Example 4.3 using the Fetkovich’s aquifer model to calculate the cumulative
water influx at each time step.

Solution

f ¼ θ

360
¼ 140

360
¼ 0:3889

Table 4.10 Fetkovich aquifer model calculation

Time (yr) P (psi)

�Pn

(psi)

�Pan�1

(psi)

�Pan�1 � �Pn

(psi) ΔWe We

0 pi pi pi 0 0 We0¼0

1 p1 �Pn1 ¼ pi þ p1
2

�Pa1 ¼ Pi 1�We0

Wei

� �
�Pa1 � �Pn1 ΔWe1 We1

2 p2 �Pn2 ¼ p1 þ p2
2

�Pa2 ¼ Pi 1�We1

Wei

� �
�Pa2 � �Pn2 ΔWe2 We2

3 p3 �Pn3 ¼ p2 þ p3
2

�Pa3 ¼ Pi 1�We2

Wei

� �
�Pa3 � �Pn3 ΔWe3 We3

4 p4 �Pn4 ¼ p3 þ p4
2

�Pa4 ¼ Pi 1�We3

Wei

� �
�Pa4 � �Pn4 ΔWe4 We4

5 p5 �Pn5 ¼ p4 þ p5
2

�Pa5 ¼ Pi 1�We4

Wei

� �
�Pa5 � �Pn5 ΔWe5 We5

6 p6 �Pn6 ¼ p5 þ p6
2

�Pa6 ¼ Pi 1�We5

Wei

� �
�Pa6 � �Pn6 ΔWe6 We6
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Wei ¼ �cf π ra2 � re2ð Þh∅Pi

5:615

Wei ¼
2:5∗10�6∗0:3889∗3:142∗ 1120002 � 140002

� �
∗100∗0:19∗4014

5:615

¼ 512344362:5 bbl ¼ 512:3444 MMbbl

j ¼ 7:08� 10�3fkh

μw ln ra
re

� �
� 0:75

h i ¼ 7:08� 10�3∗0:3889∗200∗100

0:55∗ ln 112000
14000

� �� 0:75

 � ¼ 75:3129 bbl=d=psi

Calculate

1� e
�jPiΔtn
Wei

Since the time step is uniform, that is

Δtn ¼ t1 � t0 ¼ t2 � t1 ¼ t3 � t3 ¼ 1yr ¼ 365 days

Hence,

1� e
�jPiΔtn
Wei ¼ 1� e

�75:3129∗4014∗365
512344362:5 ¼ 0:1938

ΔWen ¼
Wei

Pi



�Pan�1 � �Pn

�
1� e

�jPiΔtn
Wei

� �

ΔWen ¼
512344362:5

4014



�Pan�1 � �Pn

�
∗0:1938 ¼ 24736:5066


�Pan�1 � �Pn

�
At t ¼ 1 year, the water influx is calculated as:

We0 ¼ 0

�Pan�1 ¼ Pi 1�
Pn�1

j¼1 We j

Wei

 !

�Pa1 ¼ Pi 1�We0

Wei

� �
¼ 4014∗ 1� 0

512344362:5

� �
¼ 4014 psia

�Pn1 ¼ pi þ p1
2

¼ 4014þ 3941
2

¼ 3977:5 psia

�Pa1 � �Pn1 ¼ 4014� 3977:5 ¼ 36:5 psia

∴We1 ¼ ΔWe1 ¼ 24736:5066


�Pa1 � �Pn1

� ¼ 24736:5066∗36:5 ¼ 902882:49 bbl

At t ¼ 2 year, the water influx is calculated as:
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We1 ¼ 902882:49

�Pa2 ¼ Pi 1�We1

Wei

� �
¼ 4014∗ 1� 902882:49

512344362:5

� �
¼ 4006:926 psia

�Pn2 ¼ p1 þ p2
2

¼ 3941þ 3870
2

¼ 3905:5 psia

�Pa2 � �Pn2 ¼ 4006:926� 3905:5 ¼ 101:426 psia

ΔWe2 ¼ 24736:5066


�Pa2 � �Pn3

� ¼ 24736:5066∗101:426 ¼ 2508924:918 bbl

∴We2 ¼ ΔWe1 þ ΔWe2 ¼ 2508924:918þ 902882:49 ¼ 3411807:408 bbl

At t ¼ 3 year, the water influx is calculated as:

We2 ¼ 3411807:408 bbl

�Pa3 ¼ Pi 1�We2

Wei

� �
¼ 4014∗ 1� 3411807:408

512344362:5

� �
¼ 3987:2699 psia

�Pn3 ¼ p2 þ p3
2

¼ 3870þ 3800
2

¼ 3835 psia

�Pa3 � �Pn3 ¼ 3987:2699� 3835 ¼ 152:2699 psia

∴ΔWe3 ¼ 24736:5066


�Pa3 � �Pn3

� ¼ 24736:5066∗152:2699 ¼ 3766625:386 bbl

∴We3 ¼ ΔWe1 þ ΔWe2 þ ΔWe3 ¼ 2508924:918þ 902882:49þ 3766625:386
¼ 7178432:794 bbl

The subsequent water influx for year 4 and 5 are presented in the table below
applying the same procedure

Time (yr) P (psi)

�Pn

(psi)

�Pan�1

(psi)

�Pan�1 � �Pn

(psi)
ΔWe

(bbl)
We

(bbl)

0 4014 4014 4014 0 0 0

1 3941 3977.5 4014 36.5 902882.49 902882.4909

2 3870 3905.5 4006.93 101.4263 2508924.92 3411807.408

3 3800 3835 3987.27 152.2699 3766625.39 7178432.794

4 3732 3766 3957.76 191.76 4743472.00 11921904.79

5 3664 3698 3920.59 222.5969 5506269.58 17428174.37

Time
(year)

Van Everdingen & Hurst Model
(bbl)

Carter-Tracy’s Model
(bbl)

Fetkovich Model
(bbl)

0 0 0 0

1 1016116.35 1660325.526 902882.4909

2 3671938.56 4558333.626 3411807.408

(continued)

168 4 Water Influx



Time
(year)

Van Everdingen & Hurst Model
(bbl)

Carter-Tracy’s Model
(bbl)

Fetkovich Model
(bbl)

3 7453298.95 8534856.871 7178432.794

4 12122474.3 13481153.46 11921904.79

5 17495331.4 19356081.34 17428174.37

The results are plotted in the figure below. This shows that there is a closeness in
value between the Van Everdingen and Fetkovich model with little deviation
from the Carter-Tracy model but that does not mean that Carter-Tracy model cannot
estimate water influx well. In some reservoir, Carter-Tracy model fits the aquifer
model used in matching historical data. Thus, these aquifer models are tested on the
reservoir to see which matches the past field performance with a minimum tolerance
of error.
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Exercises

1. What does it imply for a reservoir pressure profile to show a gradual decline?
2. Which of the aquifer model provides an exact solution to the radial diffusivity

equation?
3. Which of the aquifer model provides an approximate solution to the radial

diffusivity equation?
4. What is the primary difference between Carter-Tracy and Van Everdingen &

Hurst Techniques?
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5. State the aquifer models that can be applied to both finite and infinite-acting
aquifers

6. Which of the aquifer models can be combined with material balance equation?
7. Why is Van Everdingen & Hurst aquifer model difficult to program in computer

model?
8. State the aquifer model that can be applied to both radial and linear aquifers and

also applies to edge-water drive reservoirs only.
9. Explain the concept of superposition as it applies to water influx model

10. Distinguish between van Everdingen-Hurst and Fetkovich model in terms of
transient state flow

11. Which of the aquifer models calculates water influx less than the values
predicted by other models?

12. A reservoir whose aquifer is strongly supported by edge water is best fitted with
which aquifer model

13. Which of the aquifer model applies to finite-acting aquifers only?
14. State the aquifer model that assumes constant pressure at the original reservoir/

aquifer boundary

Ex 4.1 Calculate the water influx at the end of 1, 2 & 5 years into a circular reservoir with an
aquifer of infinite extent. Effective water permeability and compressibility are 100 mD
and 1.0�10�6 psi�1 respectively, reservoir viscosity is 0.84, the radius of the reservoir is
2100 ft, reservoir thickness is 27.5 ft with porosity of 22%. The initial and current
reservoir pressure are 2700psig and 2380psig respectively.

Ex 4.2 Given the following reservoir and aquifer information with an infinite-acting aquifer:

rw ¼ 0:235ft, re ¼ 2200ft, kw ¼ 120mD, h ¼ 40ft, Pi ¼ 4260psi, , μw

¼ 0:65cp, ∅ ¼ 0:25, ctw ¼ 1:07� 10�6, θ ¼ 270
�

The pressure history is given as

Time (years) Pressure (psi)

0 4260

1 4235

1.5 4203

2 4175

2.5 4115
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Ex 4.3 Using the radial aquifer data provided below, determine the cumulative water influx at
each time step, using Hurst van Everdingen and compare result with Fetkovich & Carter-
Tracy models.

Time (yrs) 0 1 2 3 4 5

Pressure (psia) 2987 2962 2927 2882 2837 2793

WD(tD) 0 5.7126 9.0465 11.4326 13.1035 14.3835

Additional Data: Kw ¼ 275 mD, μw ¼ 0.94 cp, h ¼ 56 ft, aquifer radius,
ra ¼ 48,000 ft, reservior radius, ro ¼ 14,000 ft, porosity ¼ 22%, encraochment
angle of 1200, total compressibility ¼ 7.50 x 10�6 psi�1.

Ex 4.4 Calculate the cumulative water influx at each time given in the below of a finite reservoir
sustended at encraochment angle of 120� with the following properties Kw ¼ 78 mD,
μw ¼ 0.73 cp, h ¼ 128 ft, aquifer radius, ra ¼ 30,000 ft, reservior radius, ro ¼ 6000 ft,
porosity ¼ 18%, total compressibility ¼ 7.98 � 10�6 psi�1.

Time (yrs) 0 1 2 3 4 5

Pressure (psia) 2850 2610 2400 2220 2070 1950
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Chapter 5
Material Balance

Learning Objectives:
Upon completion of this chapter, students/readers should be able to:

• Understand the concept of the material balance equation
• Describe the basic assumptions and limitations of the material balance

equation
• Describe the data required for performing material balance equation
• Identify the sources where the input parameters for material equation are

obtained
• Describe the uses of material balance equation
• Derive the general material balance equation for gas and oil reservoirs
• Identify each component of the general material balance equation
• Briefly describe the various reservoir drive mechanism
• Describe the data requirement for characterizing the drive mechanism
• Represent/reduce the general material equation to various reservoir types
• Understand how to determine gas-oil contact and oil-water contact from

Material balance equation
• Incorporate the Carter-Tracy aquifer model into the material balance equa-

tion for undersaturated reservoir
• Calculate the various primary drive mechanism in any reservoir and rec-

ommend the secondary recovery techniques for a particular reservoir.
• Determine stock tank oil initially in place and free gas initially in place
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Nomenclature

Parameter Symbol Unit

Initial gas formation volume factor βgi cuft/scf

Gas formation volume factor βg cuft/scf

Cumulative water influx We bbl

Cumulative water produced Wp bbll

Cumulative gas produced Gp scf

Cumulative oil produced Np Stb

Stock tank oil initially In place N stb

Stock tank gas initially in place G scf

Initial solution gas-oil ratio Rsi scf/stb

Solution gas-oil ratio Rs scf/stb

Cumulative produce gas-oil ratio Rp Scf/stb

Bottom hole (wellbore) flowing pressure Pwf psia

Initial reservoir pressure Pi psia

Oil formation volume factor βo rb/stb

Initial oil formation volume factor βoi rb/stb

Water formation volume factor βw rb/stb

Gas formation volume factor βg cuft/scf

Initial gas formation volume factor βgi cuft/scf

Reservoir temperature T �R
Total fluid compressibility Ct psia�1

Oil isothermal compressibility Co psia�1

Effective oil isothermal compressibility Coe psia�1

Water & rock compressibility Cw & Cr psia�1

Gas deviation factor at depletion pressure z –

Gas/oil sand volume ratio or gas cap size m –

Connate & initial water saturation Swi & Swc - or %

Residual gas saturation to water displacement Sgrw - or %

Residual oil-water saturation Sorw -

Pore volume of water-invaded zone PVwater ft3

Reservoir pore volume PV ft3

Flow rate q stb/d

Viscosity μ cp

Formation permeability k mD

Reservoir thickness h ft

Area of reservoir A acres

Wellbore radius rw ft

Recovery factor RF %

Pressure drop ΔP psi

Initial & current gas expansion factor Ei & E scf/cuft
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5.1 Introduction

Globally, there are different techniques applied in the oil and gas industry to estimate
hydrocarbon reserves. These techniques include the analogy, volumetric, decline
curve, material balance and reservoir simulation. The application of these techniques
is dependent on the volume and quality of data available with some level of
uncertainties. In Chap. 2, we have established that the analogy method is applied
by comparing factors for the current field or wells while the volumetric or geologic
method combined the extent of the reservoir (area), the pore volume of the reservoir
rock, the content of fluid within the reservoir pore volume and PVT properties.

When production and pressure data from the field become available, decline
curve analysis and material balance calculations become the predominant methods
of calculating reserves since the hydrocarbon reserve estimation is a continuous
process for a field that is producing. These methods greatly reduce the uncertainties
in reserves estimation; however, during early depletion, caution should be exercised
in using them.

Material balance equation (MBE) makes use of the basic concept of conservation
of mass which states that the cumulative observed production, expressed as an
underground withdrawal, must be equal to the expansion of the fluids in the reservoir
resulting from a finite pressure drop or expressed as the mass of fluids originally in
place equal to mass of fluid remaining plus the mass of fluid produced. MBE is seen
by the Reservoir Engineers as the basic tool for interpreting and predicting the
performance of oil and gas reservoirs. It helps engineers to get a feel of the
reservoir. To better understand this subject, several textbooks and materials were
consultated. these are: Craft & Hawkins (1991), Dake (1978, 1994), Mattar &
Aderson (2005), Numbere (1998), Pletcher (2002), Steffensen (1992), Matter &
McNeil (1998), Tracy (1955) & Tarek (2010).

5.1.1 Assumptions of Material Balance Equation

To apply the material balance equation, there are several assumptions made by the
engineers to successfully carry out an evaluation on oil and gas reservoirs. These are:

• The reservoir is considered to be a tank
• Pressure, temperature, and rock and fluid properties are not space dependent
• Uniform hydrocarbon saturation and pressure distribution (homogenous

reservoir)
• Thermodynamic equilibrium always attained.
• Isothermal condition apply
• Production data is reliable
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5.1.2 Limitations of Material Balance Equation

The implication/limitation of the above stated assumptions in evaluating reservoir
performance is that, material balance uses a model that is existing as an imagination
of the reservoir to actually tell or forecast the behaviour of the reservoir. This is
established as a result of the production of hydrocarbon from the reservoir with
natural energy or by gas or water injection. These implications are given below:

• It is considered to be a tank model with a zero dimension which implies that it
does not reflect the area drained

• the shape or geometry of the reservoir
• the manner in which the wells drilled into the reservoirs are positioned and

orientation are not considered
• the dynamic effects of fluid are not considered
• the heterogeneous nature of the reservoir and no time parameters

These implications lead to the statement made by Warner et al. (1979) that the
material balance method has some limitations, though it can be used as a
pre-processing tool to infer fluid in place, drive mechanisms and identify aquifer
for a more sophisticated tool “reservoir simulation”. This sophisticated tool gives an
insight into dynamic rock and fluid properties for evaluation of past reservoir
performance, prediction of future reservoir performance, and reserves estimation.

5.2 Data Requirement in Performing Material Balance
Equation

5.2.1 Production Data

• Cumulative oil, gas and water volume produced
• cumulative gas-oil ratio

5.2.2 PVT Properties

• Oil, gas and water formation volume factor
• Compressibility of water
• Solution Gas-Oil Ratio

5.2.3 Reservoir Properties

• Rock Compressibility
• Connate water saturation
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5.2.4 Other Terms

• Initial volume of oil in reservoir
• Initial gas cap
• Water and gas injection if any

5.3 Sources of Data Use for the MBE

Parameter Sources

PVT Data from PVT reports, correlations

Production data well and reservoir records

Oil and gas in place from volumetric estimate and geological model

connate water saturation from petrophysics (core and log)

water compressibility from correlation or measured

pore compressibility from correlation or measured

reservoir pressures from pressure surveys

water influx calculation or history

5.4 Uses of Material Balance Equation

However, despite the assumptions and limitations of the material balance approach,
there some basic uses which could guide reservoir engineers prior to full field
reservoir study. These are:

• Determination of the hydrocarbon in place, gas cap size etc.
• Reservoir pressure estimation from historical production and/or injection

schedule.
• Predict the future performance of the reservoir and the average production of the

wells sunk into the reservoir for a given pressure schedule
• Determine the presence, type and size of an aquifer.
• Estimation of fluid contacts (Gas/Oil, Water/Oil, Gas/Water).
• Material balance equation can be used to calculate fluid saturation as production

increases

5.5 PVT Input Calculation

The PVT properties can either be obtained from the laboratory analysis or generated
from existing correlations. Some of these developed correlations are given below.
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The initial oil formation volume factor is given as:

¼ Relative total volume at initial pressure

Shrinkage factor of reservoir fluid fron bubble point condition to tank oil at 60
�
F

Mathematically:

Boi ¼ V

Cb

Bo ¼ 1þ Boi � 1ð Þ P
Pb

Rs ¼ P

Pb

� �
Rsi

5.5.1 Standing Correlations

A ¼ Rsb

γg

 !0:83

� 10 0:00091T�0:0125APIð Þ

Pb ¼ 18:2 A� 1:4ð Þ

Rs ¼ γg 10x
P

18:2
þ 1:4

� �� �1:2048

If P � Pb then

Bo ¼ 0:972þ 0:000147 Rs
γg
γo

� �0:5

þ 1:25T

" #1:175

Else if P > Pb then

ρob ¼
62:4γo þ 0:0136γgRsb

Bob

Co ¼ 10�6exp
ρob þ 0:004347 P� Pbð Þ � 79:1

7:141� 10�4 P� Pbð Þ � 12:983

� �

Bo ¼ Bob 1� Co P� Pbð Þ½ �
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5.5.2 Glaso Correlations

If P � Pb then

b ¼ Rs
γg
γo

� �0:526

þ 0:968T

a ¼ �6:58511þ 2:91329logb� 0:27683 logbð Þ2

Bo ¼ 1þ 10a

Else if P > Pb then

A ¼ 10�5 5Rsb þ 17:2T � 1180γgc þ 12:61API � 1433
� �

γgc ¼ γg 1þ 5:912� 10�5API � Tsplog
Psp

114:7

� �� �

Oil compressibility is Co ¼ A=P

Bo ¼ Bob 1� Co P� Pbð Þ½ �
X ¼ 2:8869� 14:1811� 3:3093logPð Þ0:5

Rs ¼ γg 10X
API0:989

T0:172

� �� �1:2255

A ¼ Rsb

γg

 !0:816

� T0:172

API0:989

5.5.3 Al-Marhouns

Rs ¼ 185:483208γg
1:87784γo

�3:1437 T þ 460ð Þ�1:32657P
n o1:398441

If P � Pb then

A ¼ Rs
0:74239γg

0:323294γo
�1:20204
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Bo ¼ 0:497069þ 8:62963� 10�4 T þ 460ð Þ þ 1:82594� 10�3Aþ 3:18099

� 10�6A2

Else if P > Pb then

A ¼ 10�5 5Rsb þ 17:2T � 1180γgc þ 12:61API � 1433
� �

9:36ð Þ

γgc ¼ γg 1þ 5:912� 10�5API � Tsplog
Psp

114:7

� �� �

Oil compressibility is co ¼ A/P

Bo ¼ Bob 1� Co P� Pbð Þ½ �

5.5.4 Petrosky and Farshad Correlations

Rs ¼ P

112:727
þ 12:34

� �
� γg

0:843910x
� 	1:73184

If P � Pb then

A ¼ Rs
0:3738 γg

0:2914

γo0:6265

� �
þ 0:24626T0:5371

� 	3:0936

Bo ¼ 1:0113þ 7:2046� 10�5A

Else if P > Pb then

A ¼ 4:1646� 10�7Rsb
0:069357γg

0:1885API0:3272T0:6727

Bo ¼ Bobexp �A P0:4094 � Pb
0:4094

� �
 �
The gas formation volume factor is calculated as:

Bgi ¼ 1
5:615Ei

¼ 0:0283ziT
5:615Pi

in bbl=scfð Þ
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Bg ¼ 1
5:615E

¼ 0:0283zT
5:615P

in bbl=scfð Þ

The compressibility factor, z is calculated as follow

Tc ¼ 168þ 325∗γg
� �� 12:5∗γg

2
� �

Pc ¼ 677þ 15∗γg
� �� 37:5∗γg

2
� �

Tr ¼ T þ 460ð Þ
Tc

Pri ¼ Pi

Pc

Therefore, z is calculated as a function of the pseudo reduced properties

z Pr; Trð Þ

5.6 Derivation of Material Balance Equations

5.6.1 Gas Reservoir Material Balance Equation

5.6.1.1 Dry Gas Reservoir Without Water Influx

Applying the law of conservation of mass on Fig. 5.1, it states that the mass of the
gas initially in place in the reservoir is equal to the amount of gas produced plus the
amount of gas remaining in the reservoir. Recall that gas expands to fill the shape of
its container. Hence, in terms of volume balance, it simply states that the volume of
gas originally in place at the reservoir conditions is equal to the volume of gas
remaining in the reservoir at the new pressure-temperature conditions after some
amount of gas has been produced. Since the pressure of the reservoir has dropped
with a corresponding decrease in the volume of gas due to the amount that have been
produced, therefore the remaining amount of gas in the reservoir would have
expanded to occupy the same volume as that initially in place. Mathematically, we
have that;

GBgi ¼ G� Gp

� �
Bg

GBgi ¼ GBg � GpBg

G Bg � Bgi

� � ¼ GpBg
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Recall

Bgi ¼ 0:0283ziTi

Pi

Bgi ¼ 0:0283zT
P

G
zi
Pi

¼ G� Gp

� �z
P

∴
P

z
¼ Pi

zi

G� Gp

G

� �
¼ Pi

zi
1� Gp

G

� �
¼ Pi

zi
� 1
G

Pi

zi
Gp

A plot of P=z versus Gp gives the x-intercept as the initial gas in place and the
y-intercept as Pi=zi (Fig. 5.2)

Example 5.1
A volumetric reservoir at a temperature of 170 �F, specific gas gravity of 0.68 with
an initial pressure of 3800 psi located in NDU has produced 520 MMscf of gas at a
decline pressure of 2750 psi. Calculate:

• The gas initially in place
• Remaining reserves at 2750 psi and an abandonment pressure of 600 psi
• The recovery factor at 2750 psi and abandonment pressure

Solution
If yg < ¼ 0.7 Then

Tc ¼ 168þ 325∗γg
� �� 12:5∗γg

2
� �

Tc ¼ 168þ 325∗0:68ð Þ � 12:5∗0:682
� � ¼ 383:22

�
R

GBgi
(G – Gp)Bg=

Pi P < PiFig. 5.1 Gas reservoir
material balance
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Pc ¼ 677þ 15∗γg
� �� 37:5∗γg

2
� �

Pc ¼ 677þ 15∗0:68ð Þ � 37:5∗0:682
� � ¼ 669:86 psia

Tr ¼ T þ 460ð Þ
Tc

¼ 170þ 460ð Þ
383:22

¼ 630
383:22

¼ 1:64

Pri ¼ Pi

Pc
¼ 3800

669:86
¼ 5:67

Calculate z from Fig. 3.4

zi Pri; Trð Þ ¼ zi 5:67; 1:64ð Þ ¼ 0:89

Pr ¼ P

Pc
¼ 2750

669:86
¼ 4:11

z Pr;Trð Þ ¼ z 4:11; 1:64ð Þ ¼ 0:84

At abandonment

Pr ¼ Pa

Pc
¼ 600

669:86
¼ 0:89

z Pr;Trð Þ ¼ z 0:89; 1:64ð Þ ¼ 0:94

Therefore,

Bgi ¼ 0:0283ziT
Pi

¼ 0:0283∗0:89∗ 170þ 460ð Þ
3800

¼ 0:004176 cuft=scf

Pi

Gp

G

P

zi

z

Fig. 5.2 Plot of P=z versus Gp
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Bg ¼ 0:0283zT
P

¼ 0:0283∗0:83∗ 170þ 460ð Þ
2750

¼ 0:005381 cuft=scf

Bga ¼ 0:0283zaT
Pa

¼ 0:0283∗0:94∗ 170þ 460ð Þ
600

¼ 0:027932 cuft=scf

The gas initially in place

G ¼ GpBg

Bg � Bgi

� � ¼ 520∗106∗0:005381
0:005381� 0:004176

¼ 2322091286 scf ¼ 2:322 MMMscf

The gas produced at abandonment is:

Gpa ¼
G Bga � Bgi

� �
Bga

¼ 2322091286 0:027932 � 0:004176ð Þ
0:027932

¼ 1974924839 scf

The remaining gas at 2750 psi

¼ 2322091286� 520000000 ¼ 1802091286 scf ¼ 1802:09 MMscf

The remaining gas at abandonment pressure of 600 psi
¼2322091286 � 1974924839 ¼ 347166447 scf ¼ 347.17 MMscf

RF@2750 psi ¼ GP

G
¼ 520000000

2322091286
¼ 0:2239%

RF@abandonment ¼ GPa

G
¼ 1974924839

2322091286
¼ 0:8505 ¼ 85:05%

Therefore, at the abandonment pressure, the NDU reservoir can only recovery
85.05% of the gas initially in place.

Example 5.2
A 1100 acres volumetric gas reservoir is characterized with a temperature of 170 �F,
reservoir thickness of 50 ft., average porosity of 0.15, initial water saturation of 0.39.
The 5 years production history is represented in the table below

Time (yrs) Reservoir pressure (psia) Compressibility factor, z
Cum. gas production
Gp (MMMscf)

0 1920 0.8542 0.00

1 1850 0.8672 1.36

2 1802 0.8802 2.41

3 1720 0.8932 3.50

4 1638 0.9072 4.95

5 1475 0.9230 6.84
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Calculate the gas initially in place (GIIP) using material balance equation and
compare your result with volumetric estimate.

Solution
Volumetric estimate of GIIP

GIIP ¼ 43560Ahø 1� swcð Þ
Bgi

But

Bgi ¼ 0:0283ziT
Pi

¼ 0:0283∗0:8542∗ 170þ 460ð Þ
1920

¼ 0:00793 cuft=scf

GIIP ¼ 43560∗1100∗50∗0:15∗ 1� 0:39ð Þ
0:00793

¼ 2:764∗1010scf ¼ 27:64 MMMscf

Material balance estimate of GIIP

Time
(yrs)

Reservoir pressure, P
(psia)

Compressibility
factor, z

Cum. gas
production
Gp (MMMscf) P/z

0 1920 0.8542 0.00 2247.717

1 1850 0.8672 1.36 2133.303

2 1802 0.8802 2.41 2047.262

3 1720 0.8932 3.50 1925.661

4 1638 0.9072 4.95 1805.556

5 1475 0.9230 6.84 1598.05

A plot of P=z versus Gp gives the intercept as GIIP ¼ 25.3 MMMscf (Fig. 5.3)

Example 5.3
Prior to the commencement of FUPRE dry gas reservoir production with a gas
gravity of 0.69 and a reservoir temperature of 120 �F. It was observed that the initial
reservoir pressure was not determined and the field has 6 years of production history
as shown in the table below.

Time (yrs) Reservoir pressure, P(psia)
Cum. gas production
Gp (MMMscf)

1 3465 1790

2 3385 3807

3 3270 4560

4 3201 5820

5 3105 7465

6 3018 9451
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Determine the following:

I. Initial reservoir pressure
II. Initial gas in place
III. What will be the average reservoir pressure at the completion of a contract

calling for 25MMcuft/day for 6 years in addition to the 9451MMscf produced
to the sixth year?

Solution
To solve this problem, we must determine the gas deviation factor at each pressure
drop to calculate P/z values. Thus, we apply correlations to calculate the
pseudocritical properties of the gas as follows:

Since yg < ¼ 0.7, Therefore

Tc ¼ 168þ 325∗γg
� �� 12:5∗γg

2
� �

Tc ¼ 168þ 325∗0:69ð Þ � 12:5∗0:692
� � ¼ 386:2988

�
R

Pc ¼ 677þ 15∗γg
� �� 37:5∗γg

2
� �

Pc ¼ 677þ 15∗0:69ð Þ � 37:5∗0:692
� � ¼ 669:4963 psia

For P ¼ 3465 psia

Tr ¼ T þ 460ð Þ
Tc

¼ 120þ 460ð Þ
386:2988

¼ 580
386:2988

¼ 1:50

P
z

G

Gp

2500

2000

1500

1000

500

0
0 5 10 15 20 25 30

Fig. 5.3 Material balance estimate of GIIP
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Pr ¼ P

Pc
¼ 3465

669:4963
¼ 5:18

Calculate z from Fig. 3.4 (Chap. 3)

z Pr;Trð Þ ¼ z 5:18; 1:50ð Þ ¼ 0:82

Time
(yrs)

Reservoir pressure,
P(psia)

Cum. gas
production
Gp (MMscf)

Compressibility factor,
z Pr ¼ P

669:4963;Tr ¼ 1:50
� �

P/z

1 3465 2290 0.82 4225.61

2 3385 3007 0.81 4179.01

3 3270 4560 0.80 4087.50

4 3201 5820 0.795 4026.42

5 3105 7465 0.784 3960.46

6 3018 9351 0.78 3869.23

(i) Initial pressure

From the Fig. 5.4

4500.00

4400.00

P
/z

 (
p

si
a)

Gp (MMscf)

y = –0.0493Gp + 4327.1

4300.00

4200.00

4100.00

4000.00

3900.00

3800.00
0 2000 4000 6000 8000 10000 12000 14000

Fig. 5.4 Plot of P/z versus Gp
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Pi

zi
¼ 4327psia at Gp ¼ 0MMscf

The pseudo reduce pressure in terms of gas deviation factor is given as

Pri

zi
¼

Pi=zi

Pc
¼ 4327

669:4963
¼ 6:463

Thus, from Fig. 3.4

zi Pr;Trð Þ ¼ zi 6:463; 1:50ð Þ ¼ 0:89

Pi ¼ Pi

zi
∗zi ¼ 4327∗0:89 ¼ 3851:03 psia

The line of best fit of (P/z) versus Gp is a straight line and the corresponding
equation is:

P

z
¼ �0:0493Gp þ 4327

Where the slope is calculated from the Fig. 5.4 as

slope ¼
Δ P

z

� 

Δ Gp

� � ¼ 4327� 3800
10700

¼ 0:0493 psia=MMScf negative slopeð Þ

The intercept from Fig. 5.4 is

Pi

zi
¼ 4327psia at Gp ¼ 0MMscf

(ii) Initial gas in place

P

z
¼ �0:0493Gp þ 4327

When

P

z
¼ 0:0psia, G ¼ Gp

G ¼ 4327
0:0493

¼ 87768:76MMscf
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(iii) The average reservoir pressure at the completion of a contract is calculated as:

Given

Gp ¼ 25MMscf

day
for 6 years

Assume that we have complete 365 production days per year

∴ Gp ¼ 25MMscf

day
¼ 25MMscf

day
∗
365days
1year

∗6years ¼ 54750MMscf

Therefore, the cumulative production at the end of the contract ¼ historical
production of 6 years + constant production of 25MMscf to the end of contract

9351þ 54750 ¼ 64101MMscf

When Gp ¼ 64101MMscf

P

z
¼ �0:0493Gp þ 4327

P

z
¼ �0:0493 64101ð Þ þ 4327 ¼ 1166:8207psia

Pr

z
¼

P=z

Pc
¼ 1166:8207

669:4963
¼ 1:74

Thus, from Fig. 3.4

z Pr;Trð Þ ¼ z 1:74; 1:50ð Þ ¼ 0:84

P ¼ P

z
∗z ¼ 1166:8207∗0:84 ¼ 980:1294psia

5.6.1.2 Dry Gas Reservoir with Water Influx

The volume balance over Fig. 5.5 is

GBgi ¼ G� Gp

� �
Bg þ We �Wp

� �
Bw

G� Gp

� �
Bg ¼ GBgi � We �Wp

� �
Bw

Divide through by G
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G� Gp

G

� �
Bg ¼ Bgi � We �Wp

G

� �
Bw

Divide through by Bgi

G� Gp

G

� �
Bg

Bgi
¼ 1� We �Wp

GBgi

� �
Bw

12
Gp

G

� �
Pi

zi
¼P
z

12
We 2Wp

GBgi

� �
Bw

� 	

Example 5.4
A gas reservoir with an active water drive is characterized with the following data:

Initial reservoir pressure, Pi 3700 psia

Current reservoir pressure, P 3010 psia

Initial reservoir bulk volume, 151.76 MMcuft

Bulk volume invaded by water at 3010 psia 64.82 MMcuft

Cumulative water produce, Wp 17.3 MMstb

Cumulative gas produce, Gp 940.98 MMscf

Initial gas formation volume factor, Bgi 0.004938 cuft/scf

Gas formation volume factor, Bg 0.005103 cuft/scf

Water formation volume factor, Bw 1.023 rb/stb

Porosity, ø 20%

Connate water saturation, Swc 22%

Calculate:

• The initial gas in place from volumetric
• Water influx

GBgi
(G – Gp)Bg

We – Wp

Water
Water

=

Pi P < PiFig. 5.5 Material balance
estimate of GIIP with
aquifer
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• Water saturation at 3010 psia
• Residual gas saturation in water drive reservoir

Solution

• The initial gas in place from volumetric

G ¼ Vbø 1� swcð Þ
Bgi

¼ 151:76∗106∗0:20∗ 1� 0:23ð Þ
0:004938

¼ 4732:89∗106 scf ¼ 4:733 MMMscf

• Water influx

GBgi ¼ G� Gp

� �
Bg þ We �Wp

� �
Bw

GBgi ¼ GBg � GpBg þWeBw �WpBw

We stbð ÞBw
rb=stbÞ ¼ Gp scfð ÞBg

cuft=scf Þ þWe stbð ÞBw
rb=stbÞ þ G scfð Þ Bgi � Bg

� �
cuft=scf Þð���

To solve this question, we have two options of conversion. We can convert the
gas formation volume factor from cuft/scf to bbl/scf or convert all production terms
and water formation volume factor from bbl to scf.

We stbð ÞBw
rb=stbÞ ¼ Gp scfð ÞBg

rb=scf Þ þWe stbð ÞBw
rb=stbÞ þ G scfð Þ Bgi � Bg

� �
rb=scf Þð���

Recall 1 bbl ¼ 5.615 cuft

Bgi ¼ 0:004938
cuft

scf
¼ 0:004938

cuft

scf
∗

rb

5:615 cuft
¼ 0:000879 rb=scf Þð

Bg ¼ 0:005103
cuft

scf
¼ 0:005103

cuft

scf
∗

rb

5:615 cuft
¼ 0:000909 rb=scf Þð

We stbð ÞBw
rb=stbð Þ ¼ 940:98∗106∗0:000909

� �þ 17:3∗106∗1:023
� �

þ 4732:89∗106 0:000879� 0:000909½ �� � ¼ 18411264:12 rb

Therefore, water at reservoir condition
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We@reservoir ¼ We stbð ÞBw
rb=stbÞ ¼ 18411264:12 rbð

• Water saturation at 3010 psia

Since 64.82 MMscf of water has invaded the bulk rock containing 22% of
connate water saturation

The original volume of connate water in the pore ¼Vbswc ø ¼ 64.82 ∗ 106

∗ 0.2 ∗ 0.22 ¼ 2852080 scf
The pore volume ¼ Vb ø ¼ 64.82 ∗ 106 ∗ 0.2 ¼ 12964000 scf
Therefore, the water saturation of the flooded portion is:

sw ¼ Water volume remaining

Pore volume

The water volume remaining¼ connate water volume + water influx - cumulative
water produced

Note, these volumes units must be consistent to reflect either surface of reservoir
condition.

We@surface ¼ 18411264:12 rb=1:023rb=stb ¼ 17997325:63 stb

We@surface ¼ 17997325:63 stb∗5:615 scf=stb ¼ 101054983:4 scf

Wp ¼ 17:3∗106stb∗5:615 scf=stb ¼ 97139500 scf

∴sw ¼ 2852080þ 101054983:4ð Þ � 97139500ð Þ
12964000

¼ 0:5220 ¼ 52:20%

Then the residual gas saturation

sgr ¼ 1� sw ¼ 1� 0:5220 ¼ 0:4780 ¼ 47:80%

5.6.1.3 Adjustment to Gas Saturation in Water Invaded Zone

The initial gas in place in reservoir volume expressed in terms of pore volume
(PV) is:

GBgi ¼ PV 1� swið Þ

Hence
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PV ¼ GBgi

1� swið Þ

Considering the water invaded zone, the pore volume is given as:

We �Wp

� �
Bw ¼ PVwater 1� swi � sgrw

� �
Then

PVwater ¼
We �Wp

� �
Bw

1� swi � sgrw
� �

The volume of trapped gas in the water invaded zone is:

Trapped gas volume ¼ PVwatersgrw ¼ We �Wp

� �
Bw

1� swi � sgrw
� � sgrw

Applying the equation of state and assuming a real gas, the number of moles, n of
the volume of trapped gas in the water invaded region is calculated as:

n ¼
P

We�Wpð ÞBw

1�swi�sgrwð Þ sgrw
zRT

The adjustment to gas saturation to account for the trapped gas is:

sg ¼ remaining gas volume� trapped gas volume

reservoir pore volume� pore volume of water invaded zone

sg ¼
G� Gp

� �
Bg � We�Wpð ÞBw

1�swi�sgrwð Þ
� 	

sgrw

GBgi

1�swið Þ �
We�Wpð ÞBw

1�swi�sgrwð Þ
� 	

5.6.2 Oil Material Balance Equation

Figure 5.6 shows an initial condition of a reservoir with original gas cap and the
setting when the reservoir pressure as dropped due to fluid expansion. The material
balance equation uses the principle of conservation of mass. It states that the total
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amount of hydrocarbon withdrawn is equal to the sum of the expansion of the oil
plus the original dissolved gas plus the primary gas plus the expansion of the connate
water & decrease in pore volume plus the amount of water the encroached into the
reservoir.

From the diagram, we have that

The derivation of the general material balance is presented below

Undersaturated
oil

>

> > >1

Pi P

2 3P P P P4

Bubble
point

Expanding
Gas Cap

Expanded
gas Cap

Original gas cap

Original oil
+

Original
dissolved

gas

Connate water Connate

Original oil
+

Original
dissolved

gas

Original gas
cap

Expanded of oil +
Dissolved gas

Reduction in PV
due to increased

grain packing
and connate water

Connate water
expansion

Aquifer influx

Liquid shrinking
due to liberation
of dissolved gas

Fig. 5.6 Oil material balance system setup
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5.6.2.1 Quantity of Oil Initially in the Reservoir

NBoi

5.6.2.2 Quantity of Oil Remaining in the Reservoir

¼ N � Np

� �
Boi

5.6.2.3 Expansion of the Primary Gas Cap

The gas cap size is expressed as the ratio of the initial volume of the gas
(G) condition to the initial volume of the oil (N) both at stock tank. Mathematically,
it is given as:

m ¼ G

N
surface conditionð Þ

m ¼ GBgi

NBoi
Reservior conditionð Þ

The total volume of the primary gas cap at initial pressure Pi is expressed in
reservoir condition as:

GBgi ¼ mNBoi rbð Þ

At surface condition,

G@Pi ¼
mNBoi

Bgi
scfð Þ

When the pressure of the reservoir decreases from Pi to P the gas volume is
expressed in reservoir condition as

G@P ¼ G@PiBg ¼ mNBoi

Bgi
Bg rbð Þ

Therefore, the expansion of the primary gas cap to the current reservoir pressure
is
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¼ G@P � G@Pi rbð Þ ¼ mNBoi

Bgi
Bg � mNBoi

¼ mNBoi
Bg

Bgi
� 1

� �
rbð Þ

5.6.2.4 The Free/Liberated Gas in the Reservoir

G ¼ Gfree þ Gremaining þ Gproduced

Recall

Rsi ¼ G

N
! G ¼ NRsi

Rp ¼ Gp

Np
! Gp ¼ NpRp

NRsi ¼ Gfree þ N � Np

� �
Rs þ NpRp scfð Þ Surface condition

Therefore, the free volume of gas in the reservoir is given as

Gfree ¼ NRsi � N � Np

� �
Rs � NpRp

� �
Bg rbð Þ Reservoir condition

5.6.2.5 The Net Water Influx into the Reservoir Is

We �Wp

� �
Bw

5.6.2.6 Expansion of Oil Zone

In the oil zone, will have the original volume of oil plus the original dissolved gas in
the oil
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@Pi N � NBoi @P N � NBo

The oil expansion

N Bo � Boi½ � rbð Þ
@Pi G � NRsi @P G � NRs

The original gas expansion

N Rsi � Rs½ �Bg rbð Þ

Therefore, the total expansion in the oil zone is

N Bo � Boi½ � þ N Rsi � Rs½ �Bg ¼ N Bo � Boi½ � þ Rsi � Rs½ �Bg


 �

5.6.2.7 Expansion of Connate Water and Decrease in Pore Volume

The rock compressibility is expressed as

Cr ¼ � 1
Vp

∂Vpr

∂P

Cr ¼ 1
Vp

ΔVpr

ΔP

ΔVpr ¼ CrVpΔP

The connate water compressibility is expressed as

Cwc ¼ 1
Vp

ΔVpwc

ΔP

ΔVpwc ¼ CwcVpΔP

Recall that water saturation is defined mathematically as

Swc ¼ Vpwc

Vp

The volume of the water in the pore is
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Vpwc ¼ VpSwc

∴ ΔVpwc ¼ CwcSwcVpΔP

The total pore volume change is

ΔVp ¼ ΔVpr þ ΔVpwc

ΔVp ¼ CrVpΔPþ CwcSwcVpΔP ¼ VpΔP Cr þ CwcSwc½ �

Also, the oil pore volume (original volume of oil in the reservoir) is given as

VpSoi ¼ NBoi

Vp ¼ NBoi

Soi
Soi ¼ 1� Swc

Vp ¼ NBoi

1� Swc

Substitute this expression into the total change in pore volume, we have

ΔVp ¼ NBoi

1� Swc
Cr þ CwcSwc½ �ΔP

Consequently, if there is gas cap, the total pore volume is adjusted to accommo-
date the gas volume such as

Vp 1� Swcð Þ ¼ NBoi þ GBgi ¼ NBoi þ mNBoi ¼ NBoi 1þ m½ �

Vp ¼ NBoi 1þ m½ �
1� Swc

Therefore, the total change in pore volume is

ΔVp ¼ 1þ m½ � NBoi

1� Swc
Cr þ CwcSwc½ �ΔP

5.6.2.8 Total Underground Withdrawal

The total underground withdrawal (TUW) due to the pressure drop is the sum of the
oil + gas + water production. Mathematically, it is
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TUW ¼ Np stbð Þ oilþ Gp scfð Þ gasþWp stbð Þ water

At the surface condition, TUW becomes

TUW ¼ Np stbð Þ þ NpRp scfð Þ þWp stbð Þ

Volume of gas produced

NpRp scfð Þ

As the reservoir pressure (P) reduces, the volume of gas dissolved in Np vol. of oil
at P ¼NpRs (scf)

Remainder gas is the subsurface gas withdrawal in the form of expanding
liberated gas and expanding free gas

Subsurface withdrawal of gas

¼ Np[Rp � Rs]
(scf)
Subsurface withdrawal of gas in reservoir bbls

¼ Np[Rp � Rs]Bg (rb)
At the reservoir condition, TUW becomes
The equivalent of this NpRp (scf) in the reservoir is Np[Rp � Rs]Bg (rb). Thus

TUW ¼ NpBo rbð Þ þ Np Rp � Rs

� �
Bg rbð Þ þWpBw rbð Þ

Therefore, the total underground withdrawal is

¼ Np Bo þ Rp � Rs

� �
Bg


 �þWpBw rbð Þ

5.6.2.9 Quantity of Injection Gas and Water

¼ GinjBginj þWinjBw

Substituting all into the expression of the material balance equation given as:
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Np Bo þ Rp � Rs

� �
Bg


 �þWpBw ¼ mNBoi
Bg

Bgi
� 1

� �

þ N Bo � Boi½ � � Rsi � Rs½ �Bg


 �
þ 1þ m½ � NBoi

1� Swc
Cr þ CwcSwc½ �ΔPþWeBw

þ GinjBginj þWinjBw

The general material balance equation is

Where Gp ¼ NpRp

Np ¼
N Bo � Boið Þ þ Rsi � Rsð ÞBg þ mBoi

Bg

Bgi
� 1

� 

þ 1þ mð ÞBoi

SwiCwþC f

1�Swi

� 

ΔP

n o
Bo � BgRs

� �
� Bo � Gið ÞBg þ Wp �Wi

� �
Bw

Bo � BgRs

� �
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5.7 Reservoir Drive Mechanisms

The production of hydrocarbon from a reservoir into the wellbore involves several
stages of recovery. The available drive mechanisms determine the performance of
the hydrocarbon reservoir. When the hydrocarbon fluids are produced by the natural
energy of the reservoir, it is termed primary recovery; which is further classified
based on the dominant energy responsible for primary production. There are six
primary drive mechanisms, they are:

• Solution Gas (Depletion) Drive
• Water Drive
• Gas Cap Expansion (segregation) Drive
• Rock Compressibility and Connate Water Expansion Drive
• Gravity Drainage
• Combination Drive

5.7.1 Basic Data Required to Determine Reservoir Drive
Mechanism

• Reservoir pressure and rate of decline of reservoir pressure over a period of time.
• The character of the reservoir fluids.
• The production rate.
• Gas-Oil ratio.
• Water-oil ratio.
• The cumulative production of oil, gas and water.

5.7.2 Solution Gas (Depletion) Drive

A solution gas or depletion drive reservoir is a recovery mechanism where the gas
liberating out of the solution (oil) provides the major source of energy. We simply
define it as the oil recovery mechanism that occurs when the original quantity of oil
plus all its original dissolved gas expansion as a result of fluid production from its
reservoir rock (Fig. 5.7).

This drive mechanism is represented mathematically as:
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Depletion Drive Index ¼ Oil Zone Expansion

Hydrocarbon Voidage

DDI¼N Bo 2Boið Þþ Rsi 2Rsð ÞBg

 �
Np Boþ Rp 2Rs

� �
Bg


 �

5.7.2.1 Production Characteristics (Prof Onyekonwu MO, Lecture Note
on Reservoir Engineering)

• Pressure

– declines rapidly and steadily
– decline rate is dependent on production rate

• Oil Rate

– declines rapidly at first as oil mobility decreases
– steady decline thereafter

• Producing GOR

– Increases rapidly as free gas saturation increases.
– Thereafter, decreases rapidly as the remaining oil contains less solution gas.

• Water Production

Oil
Production
Wells

OIL AND
GAS OUT OIL AND

GAS OUT
OIL AND
GAS OUT

OIL AND
GAS OUT

Oil
Production
Wells

OIL

OIL + DISSOLVE GAS

WATER

WATER

Production at original conditions

Fig. 5.7 Dissolved gas/depletion drive reservoir
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– Mostly negligible as depletion type reservoirs are volumetric (closed) systems.

• Ultimate Oil Recovery

– It may vary from less than 5% to about 30%. Thus, according to Cole (1969)
these characteristics can be use to identify a depletion drive reservoir.

5.7.3 Gas Cap Expansion (Segregation) Drive

Segregation drive (gas-cap drive) is the mechanism wherein the displacement of oil
from the formation is accomplished by the expansion of the original free gas cap as
shown in Fig. 5.8.

The following are some of the points to note in a gas cap expansion drive
mechanism:

• A gas cap, existing above an oil zone in the structurally higher parts of a reservoir,
provides a major source of energy. The pressure at the original GOC (Fig. 5.8) is
the bubble point pressure since the underlain oil is saturated.

• As pressure declines in the oil column, two things happen:

– Some dissolved gas comes out of oil
– Gas cap expands to replace the voidage

Fig. 5.8 Gas cap drive
reservoir
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• Formation of free gas in the oil column should be minimized as much as possible.
This is achieved if:

– Gas is re-injected in the gas cap, and
– Gas is allowed to migrate upstructure (Gravitational Segregation) (Fig. 5.9).

Gas Cap Drive Index ¼ Gas Zone Expansion

Hydrocarbon Voidage

GDI¼SDI¼
NmBoi

Bg

Bgi
2 1

� 

Np Boþ Rp 2Rs

� �
Bg


 �

5.7.3.1 Production Characteristics (Prof Onyekonwu MO, Lecture Note
on Reservoir Engineering). The characteristics trend for gas cap
reservoir listed below were comprehensively summarized by
Clark (1969)

• Pressure

– The reservoir pressure falls slowly and continuously

• Oil Rate

Original GOC

OWC

Swi
Sgi Gas Cap

Oil expansion
Soi

Swi

Aquifer

Swi

Swi
Sgi Gas Cap

Sorg

Oil expansion
So

Swi

Aquifer

OWC

Original GOC

Present GOC

Oil saturation adjustment due to gas expansion

Fig. 5.9 Gas cap expansion drive reservoir
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– Increase in gas saturation leading to increase in the flow of gas and a drop in
the effective permeability of oil.

• Producing GOR

– The gas-oil ratio rises continuously in up-structure wells. As the expanding gas
cap reaches the producing intervals of upstructure wells, the gas-oil ratio from
the affected wells will increase to high values.

• Water Production

– Absent or negligible water production

• Ultimate Oil Recovery

– The expected oil recovery ranges from 20% to 40%.

5.7.4 Water Drive Mechanism

Water drive is the mechanism wherein the displacement of the oil is accomplished by
the net encroachment of water into the oil zone from an underlined water body called
aquifer (Fig. 5.10a).

Production of oil or gas will often change the water saturation which in turn
affects the oil and gas saturation, but the amount of change varies with the reservoir
drive mechanism. In an aquifer driven reservoir on an efficient water flood, as the oil
is produced to the surface facilities via the production tubing, the water saturation
increases accordingly to fill the space previously occupied by the withdrawn oil
(Fig. 5.10b).

This mechanism is represented mathematically as

Water Drive Index ¼ Net water influx

Hydrocarbon Voidage

WDI¼ We 2Wp
� �

Bw

Np Boþ Rp 2Rs
� �

Bg

 �

5.7.4.1 Production Characteristics (Prof Onyekonwu MO, Lecture Note
on Reservoir Engineering)

• Pressure

– Pressure is maintained (remains high) when water influx is active.
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GOC

Original OWC

Gas Cap

Oil expansion
Soi

Swi

Aquifer

Oil expansion
So

Swi

Original OWC

GOC

Oil saturation adjustment due to water influx

Gas Cap

Aquifer

Sorw

Present OWC

a

b

Fig. 5.10 (a) Water drive reservoir. (b) Water drive reservoir

206 5 Material Balance



– Pressure declines slowly at first but then stabilizes due to increasing influx
with increasing pressure differential, but not when water influx is moderate.

• Oil Rate

– Rate remains constant or gradually declines prior to water breakthrough
– Rate decreases as water rate increases

• Producing GOR

– GOR remains constant as long as P > PBP
– Gradually increases if P is below the saturation pressure

• Water Production

– Dry oil until water breakthrough
– Increasing water production to an appreciable amount from the flank wells; a

sharp increase due to water coning in individual wells.

• Ultimate Recovery

– The expected oil range is 35–75%

5.7.5 Rock Compressibility and Connate Water Expansion
Drive

As the reservoir pressure declines, the rock and fluid expand due to the expansion of
the individual rock grains and formation compaction (individual compressibility).
The compressibility of oil, rock and water is generally relatively small which makes
the pressures in the undersaturated oil reservoirs to drop rapidly to the bubble point if
there is no aquifer support. Sometimes, this drive mechanism is not considered or it
is neglected when performing material balance calculation, especially for saturated
reservoirs.

This mechanism is represented mathematically as:

formation Drive Index ¼ rock and connate water expansion

Hydrocarbon Voidage

FDI¼ 1þm½ � Boi
12 Swc

CrþCwcSwc½ �ΔP
Np Boþ Rp 2Rs

� �
Bg


 �
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5.7.6 Gravity Drainage Reservoirs (Prof Onyekonwu MO,
Lecture Note on Reservoir Engineering)

• The mechanism of gravity drainage is operative in an oil reservoir as a result of
difference in densities of the reservoir fluids.

• Gas coming out of solution moves updip to the crestal areas while oil moves
downdip to the wells located low on the structure (Fig. 5.11).

• Reservoir must have:

– High Dip
– High Permeability
– High Kv/Kh ratio
– Homogeneity
– Low Oil Viscosity

• Production Characteristics:

– Formation of a secondary gas cap
– Low GOR from structurally low wells
– Increasing GOR from high structure wells
– Rapid pressure decline to near dead conditions (stripper wells)
– Little or no water production

• While rates are low, RE will be high (70–80% of the initial oil in place)
eventually.

• Gravity drainage is most significant in fractured tight reservoirs.

Oil 
Zo

ne

Secondary

Gas Cap

Producing Wells

Located Low on structure

Gas

Oil

Fig. 5.11 Gravity drainage drive reservoir
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5.7.7 Combination Drive Reservoirs

Most oil reservoirs produce under the influence of two or more reservoir drive
mechanisms, referred to collectively as a combination drive. A common example
is an oil reservoir with an initial gas cap and an active water drive as shown in the
Fig. 5.12.

5.7.7.1 Production Trends

The production trends of a combination drive reservoir reflect the characteristics of
the dominant drive mechanism. A reservoir with a small initial gas cap and a weak
water drive will behave in a way similar to a solution gas drive reservoir, with rapidly
decreasing reservoir pressure and rising GORs. Likewise, a reservoir with a large gas
cap and a strong water drive may show very little decline in reservoir pressure while
exhibiting steadily increasing GORs and WORs. Evaluation of these production
trends is the primary method a reservoir engineer has for determining the drive
mechanisms that are active in a reservoir.

Fig. 5.12 Combination
drive reservoir
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5.7.7.2 Recovery

The ultimate recovery obtained from a combination drive reservoir is a function of
the drive mechanisms active in the reservoir. The recovery may be high or low
depending on whether displacement or depletion drive mechanisms dominate. Water
drive and gas cap expansion are both displacement type drive mechanisms and have
relatively high recoveries. Solution gas drive is a depletion type drive and is
relatively inefficient.

Recovery from a combination drive reservoir can often be improved by minimiz-
ing the effect of depletion drive mechanisms by substituting or augmenting more
efficient ones through production rate management or fluid injection. To do this, the
drive mechanisms active in a reservoir must be identified early in its life

5.7.7.3 Characteristics of Combination Drive Reservoirs (Prof
Onyekonwu MO, Lecture Note on Reservoir Engineering)

• Gradually increasing water-cut in structurally low wells
• Pressure decline may be rapid if no strong water influx and no gas cap expansion.
• Continuously increasing GOR in structurally high wells if the gas cap is

expanding
• Recovery > depletion Drive but may be less than in water drive or gas-cap drive.
• When an oil reservoir is associated with a gas cap above and an aquifer below, all

drive mechanisms may be operative.
• Development strategy and well rate control are very important in the economic

recovery process.

A. If oil production rate is faster than the encroachment rates of gas cap and
water advance, pressure depletion occurs in the oil zone.

B. If oil production rate is controlled to equal voidage, it is better to have water
displace oil than gas displacing oil.

– Danger: Oil migration into gas cap due to shrinkage of gas cap volume;
some oil will be left trapped as residual.

• RE is usually greater than recovery from depletion drive but less than water drive
or gas-cap drive. The expected recovery is between 25 and 40% OOIP
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5.8 Representation of Material Balance Equation under
Different Reservoir Type

5.8.1 Depletion Drive Reservoir

5.8.1.1 For Undersaturated Reservoir (P > Pb) with No Water Influx

That is, above the bubble point; the assumptions made are:

m ¼ 0,We ¼ 0,Rsi ¼ Rs ¼ Rp, Gp ¼ NRp,Winj ¼ Ginj ¼ 0,Krg ¼ 0,Wp ¼ We

¼ 0

(because there is no free gas in the formation); From the general material balance
equation, cancelling out all the assumed parameters gives

It implies that

N ¼ NpBo

Bo � Boið Þ þ Boi
SwiCwþC f

1�Swi

� 

ΔP

From Hawkins’s equation, the isothermal compressibility of oil Co, can be
expressed as:

Co ¼ � 1
Bo

∂Bo

∂P

� �
T

¼ � 1
Boi

Bo � Boi

P� Pi

� �

Bo � Boi ¼ �CoBoi P� Pið Þ ¼ CoBoi Pi � Pð Þ

Put these two equations into the N equation gives:

N ¼ NpBo

CoBoi Pi � Pð Þ þ Boi
SwiCwþC f

1�Swi

� 

ΔP
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N ¼ NpBo

ΔPBoi Co þ SwiCwþC f

1�Swi

� 


N ¼ NpBo

BoiΔP
Co 1�Swið ÞþSwiCwþC f

1�Swi

� 


N ¼ NpBo

BoiΔP
CoSoþSwiCwþC f

1�Swi

� 


Expressing the isothermal compressibility in terms of effective compressibility,
Coe. thus;

Coe ¼ CoSo þ SwiCw þ C f

1� Swi

N ¼ NpBo

BoiΔPCoe
¼ NpBo

BoiCoe Pi � Pð Þ

Therefore, the pressure at any time, t above the bubble point is given as:

P ¼ Pi � NpBo

BoiCoeN

The undersaturated recovery factor is given by

RF ¼ Np

N
¼ BoiCoe Pi � Pð Þ

Bo

5.8.1.2 Material Balance Time Concept for Pseudo Steady State
for Undersaturated Reservoir

From the expression of the isothermal compressibility in terms of effective com-
pressibility, we can express it in terms of total compressibility, Ct

Ct ¼ CoSo þ SwiCw þ C f

Also recall that

Vpi ¼ NBoi

1� Swi
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NpBo ¼ NBoiΔPCt

1� Swi

NpBo ¼ VpiΔPCt

Np ¼ VpiΔPCt

Bo

Where Vpi ¼ ø hA, so we can rewrite the above equation as:

Np ¼
øhACt

�
Pi � �P

�
Bo

Rearranging gives

h
�
Pi � �P

�
Bo

¼ Np

øhA

Multiply the above equation by 2πk
qμ

2πk
qμ

:
h
�
Pi � �P

�
Bo

¼ 2πk
qμ

:
Np

øhA
¼ 2πk

øμhA

Now, write pressure drop in dimensionless pressure

Pi � �P ¼ qμBo

2πkh
PD

Also, dimensionless time base on drainage area is given as:

tAD ¼ kt

øhACt

Recall t ¼ Np

q , thus; let t ¼ tmb (i.e. material balance time)

tAD,mb ¼ ktmb
øhCtA

but tmb ¼ Np

q

Therefore,

tAD,mb ¼ k

øhCtA

Np

q
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Since the reservoir at this time is in the late time phase (pseudo steady state).
Hence, the dimensionless pressure for this state is given as:

PD ¼ 2πtAD,mb þ 1
2
ln

A

rw2
þ 1
2
ln
2:2458
CA

PD ¼ 2πtAD,mb þ 1
2
ln

2:2458A
CArw2

But

tAD,mb ¼ 0:000264ktmb
øhCtA

for t in hrs and in oil field unit

PD ¼ 2π
0:000264ktmb

øhCtA
þ 1
2
ln

A

rw2
þ 1
2
ln
2:2458
CA

PD ¼ 1:2104ktmb
øhCtA

þ 1
2
ln

2:2458A
CArw2

Time is in month. Therefore, for a pseudo steady state flow; the equation becomes

Pi � Pwf ¼ 141:2qμBo

kh

1:2104ktmb
øhCtA

þ 1
2
ln

2:2458A
CArw2

� �

Thus, for any time tmb¼1, 2, 3. . . n months, we can get the corresponding bottom
hole flowing pressure Pwf and these pressure obtained from the series of time
generated to abandonment time will be used in the prediction stage.

This implies that;

Pwf ¼ Pi � 141:2qμBo

kh

1:2104ktmb
øhCtA

þ 1
2
ln
2:2458
CArw2

� �

And the material balance time is:

tmb ¼ øhCtA

1:2104k

kh Pi � Pwf

� �
141:2qμBo

� 1
2
ln
2:2458
CArw2

� �

5.8.1.3 Saturated Reservoir (P < Pb) Without Water Influx

Assumptions are: m ¼ 0,We ¼ 0,Rsi 6¼ Rs 6¼ Rp, Winj ¼ Ginj ¼ 0,Cf ¼ Cw ¼ 0
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N ¼ Np Bo þ Rp � Rs

� �
Bg


 �
Bo � Boið Þ þ Rsi � Rsð ÞBg

� � ¼ NpBo þ NpRp � NpRs

� �
Bg

Bo � Boið Þ þ Rsi � Rsð ÞBg

� �
Recall that
Gp ¼ NpRp, hence

N ¼ NpBo þ Gp � NpRs

� �
Bg

Bo � Boið Þ þ Rsi � Rsð ÞBg

� �
N Bo � Boið Þ þ Rsi � Rsð ÞBg

� � ¼ NpBo þ GpBg � NpRsBg

∴Gp ¼
N Bo � Boið Þ þ Rsi � Rsð ÞBg

� �� NpBo þ NpRsBg

Bg

� �
Gp ¼ N

Bo � Boi

Bg
þ Rsi � Rsð Þ

� �
� Np

Bo

Bg
þ Rs

� �

Np ¼
N Bo � Boið Þ þ Rsi � Rsð ÞBg

� �� GpBg

Bo � RsBg

5.8.1.4 Calculation of Oil Saturation

As hydrocarbon is produced from the porous rock, water moves to replace the
corresponding space or void left by the produced hydrocarbon because nature avoids
vacuum. In some cases, the effects of the reservoir drive mechanisms need to be
accounted for; which are presented subsequently in this chapter. Mathematically, oil
saturation is given as:

So ¼ oil volume remaining

pore volume
¼ N � Np

� �
Bo

NBoi= 1�Swð Þ
¼ 1� Swð Þ N � Np

� �
Bo

NBoi

So ¼ 1� Swð Þ 1� Np

N

� �
Bo

Boi

� �
¼ 1� Swð Þ 1� RF½ � Bo

Boi

� �
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5.8.2 Gas Drive Reservoir

Assumptions: We ¼ 0,Winj ¼ Ginj ¼ 0,Cf ¼ Cw ¼ 0

The material balance reduces to:

N ¼ NpBo þ NpRp � NpRs

� �
Bg

Bo � Boið Þ þ Rsi � Rsð ÞBg

� �þ mBoi
Bg

Bgi
� 1

� 


¼ NpBo þ Gp � NpRs

� �
Bg

Bo � Boið Þ þ Rsi � Rsð ÞBg

� �þ mBoi
Bg

Bgi
� 1

� 


Gp ¼
N Bo � Boið Þ þ Rsi � Rsð ÞBg þ mBoi

Bg

Bgi
� 1

� 
h i
þ Np RsBg � Bo

� �
Bg

Np ¼
N Bo � Boið Þ þ Rsi � Rsð ÞBg

� �þ mBoi
Bg

Bgi
� 1

� 

Bo þ Rp � Rs

� �
Bg

5.8.2.1 Oil Saturation Adjustment Due to Gas Cap Expansion

The volume of oil in the gas-invaded zone is represented as:

P:Vgas ¼
mNBoi

Bg

Bgi
� 1

� 

Sorg

1� Swi � Sorg

To account for the effect of the gas drive or expansion or invasion, the oil
saturation is updated thus as
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∴So ¼
N � Np

� �
Bo �

mNBoi
Bg
Bgi

�1

� 

Sorg

1�Swi�Sorg

NBoi
1�Swið Þ �

mNBoi
Bg
Bgi

�1

� 

Sorg

1�Swi�Sorg

5.8.3 Water Drive Reservoir

5.8.3.1 Undersaturated Reservoir with Water Drive

Assumptions: Winj ¼ Ginj ¼ 0,m ¼ 0

N ¼ NpBo þWpBw �WeBw

Bo � Boið Þ þ Boi
SwiCwþC f

1�Swi

� 

ΔP

In terms of effective oil compressibility

N ¼ NpBo þWpBw �WeBw

BoiCoe Pi � Pð Þ

Where Gp ¼ NpRp

Np ¼
N Bo � Boið Þ þ Boi

SwiCwþC f

1�Swi

� 

ΔP

h i
þ WeBw �WpBw

� �
Bo

5.8.3.2 Saturated Water Drive Reservoir

m ¼ 0,Winj ¼ Ginj ¼ 0,C f ¼ Cw ¼ 0

N ¼ NpBo þ NpRp � NpRs

� �
Bg � WeBw �WpBw

� �
Bo � Boið Þ þ Rsi � Rsð ÞBg

� �
Gp ¼ NpRp

¼ N Bo � Boið Þ þ Rsi � Rsð ÞBg

� �� Np Bo þ RsBg

� �þ WeBw �WpBw

� �
Bg

� �
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Np ¼
N Bo � Boið Þ þ Rsi � Rsð ÞBg

� �� GpBg þ WeBw �WpBw

� �
Bo � RsBg

5.8.3.3 Oil Saturation Adjustment Due to Water Influx

The volume of oil in the water-invaded zone is represented as:

P:Vwater ¼ WeBw �WpBw

1� Swi � Sorw

� �
Sorw

To account for the effect of the water drive or expansion or invasion, the oil
saturation is updated thus as

So ¼
N � Np

� �
Bo � WeBw�WpBw

1�Swi�Sorw

h i
Sorw

NBoi
1�Swið Þ � WeBw�WpBw

1�Swi�Sorw

h i
Sorw

5.8.4 Combination Drive Reservoir

Winj ¼ Ginj ¼ 0

N ¼ NpBo þ Gp � NpRs

� �
Bg � We �Wp

� �
Bw

Bo � Boið Þ þ Rsi � Rsð ÞBg þ mBoi
Bg

Bgi
� 1

� 

þ 1þ mð ÞBoi

SwiCwþC f

1�Swi

� 

ΔP

h i

Gp ¼
N Bo � Boið Þ þ Rsi � Rsð ÞBg þ mBoi

Bg

Bgi
� 1

� 

þ 1þ mð ÞBoi

SwiCwþC f

1�Swi

� 

ΔP

h i
Bg

þ Np Bo � RsBg

� �þ We �Wp

� �
Bw

Bg

Np ¼
N Bo � Boið Þ þ Rsi � Rsð ÞBg þ mBoi

Bg

Bgi
� 1

� 

þ 1þ mð ÞBoi

SwiCwþC f

1�Swi

� 

ΔP

h i
Bo þ Rp � Rs

� �
Bg

þ We �Wp

� �
Bw

Bo þ Rp � Rs

� �
Bg
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5.8.4.1 Oil Saturation Adjustment Due to Combination Drive

For the case of combination drive, both water and gas invasion zone is incorporated
in the saturation equation given as:

So ¼
N � Np

� �
Bo �

mNBoi
Bg
Bgi

�1

� 

Sorg

1�Swi�Sorg
� WeBw�WpBw

1�Swi�Sorw

h i
Sorw

NBoi
1�Swið Þ �

mNBoi
Bg
Bgi

�1

� 

Sorg

1�Swi�Sorg
� WeBw�WpBw

1�Swi�Sorw

h i
Sorw

5.9 Determination of Present GOC and OWC from
Material Balance Equation

Step 1: Determine the bulk volume of the reservoir rock at each depth interval
Step 2: Make a plot of depth versus the bulk volume
Step 3: Calculate the cumulative water influx from the general material balance

equation (We)
Step 4: Calculate the volume of oil displaced by water (Net water influx into the

reservoir) (OW ¼ We � Wp)
Step 5: Calculate the reservoir volume liberated gas (GL)

GL¼ NRsi � N � Np

� �
Rs

� �
Bg

Step 6: Calculate the expansion of the primary gas cap (Ge)

Ge ¼ mNBoi
Bg

Bgi
� 1

� �

Step 7: Calculate the gas drive (GD)

GD ¼ GL þ Ge

Step 8: Calculate the produced excess gas (Gpe)

Gpe ¼ Np Rp � Rs

� �� �
Bg

Step 9: Calculate the volume of oil displaced by the gas (Og)
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OG ¼ GD � Gpe

Note the following reservoir conditions:
If OG is negative (�ve), then oil has moved into the primary gas cap
If Gpe > GL then the gas cap is produced.

Step 10: Calculate the dispersed gas in the oil zone (Gdisp)

Gdisp ¼ Sgc
N � Np

� �
Bo

1� Swcð Þ
� �

Note: if Gdisp > GL, reduce Sgc

Step 11: Calculate the volume of oil displaced by the primary and secondary gas cap
(OGPS)

OGPS ¼ OG � Gdisp

Step 12: Calculate the gross oil sand volume flooded by water is given as:

GOVw ¼ We �Wp

7758:4∗ø∗F 1� swc � sorw � Sgc
� � ac� ftð Þ

Step 12: Calculate the gross oil sand volume displaced by the primary and secondary
gas cap given as:

GOVg ¼ OGPS

7758:4∗ø∗F 1� swc � sorg
� �

Step 13: Determine the present fluid contacts as follows:

Trace the value of GOVw & GOVg from the horizontal axis of the cumulative
bulk volume plot in stage 2 to touch the curve and then read off the depth at the
corresponding values. (i.e the depth corresponding to GOVg ¼ GOC and the depth
corresponding to GOVw ¼ OWC).

Example 5.5
A hydrocarbon reservoir with a large gascap has the following production and fluid
data:

Initial reservoir pressure ¼ 4630 psi Current reservoir pressure ¼ 4531 psi

Initial oil FVF ¼ 1.6186 rb/stb Initial gas exp. Factor¼ 287 scf/cuft

Initial solution GOR ¼ 1164 scf/stb gas exp. Factor¼ 269 scf/cuft

oil FVF ¼1.6015 rb/stb Cum. Produced GOR ¼ 2189 scf/stb

(continued)
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Current solution GOR ¼ 1135 scf/stb Gas/oil sand volume ratio ¼ 0.56

Cum. Oil Produced¼ 4.003 MMstb Cum. Water produced ¼ 0.045 MMstb

Connate water saturation ¼ 15% Formation compressibility ¼ 3.5 � 10�6 psi�1

STOIIP ¼ 125 MMstb Water compressibility ¼ 3.5 � 10�6 psi�1

• Determine the expansion of the various zones in MMrb
• Determine the total underground withdrawal
• Determine the volume of free gas in the reservoir
• Determine the aquifer influx.
• Calculate the percent contributions of the various fluids to the underground

hydrocarbon production.
• Indicate the least and most active drive mechanism

Solution
Determine the expansion of the various zones in MMrb

Bgi ¼ 1
5:615Ei

¼ 1
287∗5:615

¼ 0:00062054 rb=Scf

Bg ¼ 1
5:615E

¼ 1
269∗5:615

¼ 0:00066206 rb=Scf

Expansion of original oil plus dissolved gas (oil zone expansion)

¼ N Bo � Boi½ � þ Rsi � Rs½ �Bg


 �
¼ 125∗106 1:6015� 1:6186½ � þ 1164� 1135½ �0:00066206f g ¼ 262467:5 rb

Expansion of primary gas cap

¼ mNBoi
Bg

Bgi
� 1

� �

¼ 0:56∗125∗106∗1:6186
0:00066206
0:00062054

� �
� 1

� �
¼ 7580976:311 rb

Expansion of connate water and decrease in pore volume

¼ 1þ m½ � NBoi

1� Swc
Cr þ CwcSwc½ �ΔP

¼ 1þ 0:56½ � 125∗106∗1:6186
1� 0:15

3:5∗10�6 þ 3:5∗10�6∗0:15
� �� �

4630� 4531ð Þ

¼ 147964:081 rb

Total underground withdrawal
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Np Bo þ Rp � Rs

� �
Bg


 �þWpBw

¼ 4:003∗106 1:6015þ 2189� 1135½ �0:00066206f g þ 0:045∗106∗1
¼ 9249142:894 rb

Hydrocarbon Voidage

Np Bo þ Rp � Rs

� �
Bg


 �
¼ 4:003∗106 1:6015þ 2189� 1135½ �0:00066206f g ¼ 9204142:894 rb

Volume of free gas in the reservoir

Gfree ¼ NRsi � N � Np

� �
Rs � NpRp

� �
Bg

Gfree ¼ ½ 125∗106∗1164
� �� 125∗106 � 4:003∗106

� �
1135

� 4:003∗106∗1164
� ��0:00066206 ¼ 2323110:94 rb

Water influx

We ¼ Np Bo þ Rp � Rs

� �
Bg


 �þWpBw � mNBoi
Bg

Bgi
� 1

� �

� N Bo � Boi½ � � Rsi � Rs½ �Bg


 �
� 1þ m½ � NBoi

1� Swc
Cr þ CwcSwc½ �ΔP

We ¼ 9249142:894� 7586820:68� 262467:5� 147964:081 ¼ 1251890:63 rb

Net water influx
¼ We �Wp ¼ 1251890:63� 0:045∗106 ¼ 1206890:63 rb

Calculate the percent contributions of the various fluids to the underground
hydrocarbon production.

DDI ¼ N Bo � Boið Þ þ Rsi � Rsð ÞBg


 �
Np Bo þ Rp � Rs

� �
Bg


 � ¼ 262467:5
9204142:894

¼ 0:0285 ¼ 2:85%

FDI ¼ 1þ m½ � Boi
1�Swc

Cr þ CwcSwc½ �ΔP
Np Bo þ Rp � Rs

� �
Bg


 � ¼ 147964:081
9204142:894

¼ 0:01607 ¼ 1:61%

GDI ¼ SDI ¼
NmBoi

Bg

Bgi
� 1

� 

Np Bo þ Rp � Rs

� �
Bg


 � ¼ 7586820:68
9204142:894

¼ 0:8243 ¼ 82:43%
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WDI ¼ We �Wp

� �
Bw

Np Bo þ Rp � Rs

� �
Bg


 � ¼ 1206890:63
9204142:894

¼ 0:1311 ¼ 13:11%

Summation of drive indices 13.11 + 82.43 + 1.61 + 2.85 ¼ 100%

• Indicate the least and most active drive mechanism

The least drive index is the expansion of rock and connate water
The most active drive index is the gas cap expansion or solution gas drive.

Therefore, based on the active drive mechanism, gas injection is recommended for
the pressure maintenance or secondary recovery

Example 5.6
An undersaturated reservoir producing above the bubble point had an initial pressure
of 5000 psia, at which pressure the oil formation volume factor was 1.510 bbl/stb.
When the pressure dropped to 4600 psia owing to the production of 100,000 stb of
oil, the oil formation volume factor is 1.520 bbl/stb, the connate water saturation is
23%, water compressibility is 3.7 � 10�6 psi�1, rock compressibility is 3.5 � 10�6

psi�1 and average porosity of 21%.

I. Determine the oil compressibility.
II. Determine the effective oil compressibility
III. Assuming a volumetric reservoir, calculate the oil in place
IV. Determine the recovery factor at 4600 psia
V. After a thorough analysis, the calculated initial oil place was 9.6 MMstb.

Determine the water influx at 4600 psi after cumulative water production of
825.92 stb

Solution
Oil compressibility

Co ¼ 1
Boi

Bo � Boi

Pi � P

� �
¼ 1

1:510
1:520� 1:510
5000� 4600

� �
¼ 1:6556∗10�5 psia�1

Effective oil compressibility

So ¼ 1� Swi ¼ 1� 0:23 ¼ 0:77

Coe ¼ CoSo þ SwiCw þ C f

1� Swi

¼ 1:6556∗10�5∗0:77
� �þ 3:7∗10�6∗0:23

� �þ 3:5∗10�6
� �

1� 0:23

¼ 2:2207∗10�5 psia�1

Oil in place
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N ¼ NpBo

BoiCoe Pi � Pð Þ

¼ 100000∗1:520

1:510∗2:2207∗10�5 5000� 4600ð Þ ¼ 11332265:91 rb ¼ 11:33 MMstb

Recovery factor

RF ¼ Np

N
¼ BoiCoe Pi � Pð Þ

Bo
¼ 1:510∗2:2207∗10�5 5000� 4600ð Þ

1:520
¼ 8:824∗10�3

¼ 0:88%

Water influx

N ¼ NpBo þWpBw �WeBw

BoiCoe Pi � Pð Þ
We ¼ NpBo � NBoiCoe Pi � Pð Þ þWpBw

Assume Bw ¼ 1 rb/stb

¼ 100000∗1:520½ � � 9:6∗106∗1:510∗2:2207∗10�5∗ 5000� 4600ð Þ� �
þ 825:92

¼ 24060:8512 rb ¼ 24:061 Mstb

Example 5.7

A hydrocarbon reservoir with a large gascap has the following production and fluid
data:

Initial reservoir pressure ¼ 4630 psi Current reservoir pressure ¼ 4531 psi

Initial oil FVF ¼ 1.6186 rb/stb Initial gas exp. Factor¼ 269 scf/cuft

Initial solution GOR ¼ 1164 scf/stb gas exp. Factor¼ 267 scf/cuft

oil FVF¼ 1.6015 rb/stb Cum. Produced GOR ¼ 2189 scf/stb

Current solution GOR ¼ 1135 scf/stb Gas/oil sand volume ratio ¼ 4.06

Cum. Oil Produced¼ 4.003 MMstb Cum. Water produced ¼ 0.045 MMstb

Connate water saturation ¼ 15% Formation compressibility ¼ 3.5 � 10�6 psi�1

Cum aquifer influx ¼ 6.56 MMstb Water compressibility ¼ 3.5 � 10�6 psi�1

(a) Determine the correct/matching value of STOIIP (N).
(b) Calculate also the percent contributions of the various fluids to the underground

hydrocarbon production

Solution

(a) Determine the correct/matching value of STOIIP (N).

Determine the expansion of the various zones in MMrb

224 5 Material Balance



Bgi ¼ 1
5:615Ei

¼ 1
269∗5:615

¼ 0:0006621 rb=Scf

Bg ¼ 1
5:615E

¼ 1
267∗5:615

¼ 0:0006670 rb=Scf

Expansion of original oil plus dissolved gas (oil zone expansion)

¼ N Bo � Boi½ � þ Rsi � Rs½ �Bg


 �
¼ N 1:6015� 1:6186½ � þ 1164� 1135½ �0:0006670f g ¼ 0:002243N rb

Expansion of primary gas cap

¼ mNBoi
Bg

Bgi
� 1

� �

¼ 4:06∗N∗1:6186
0:0006670
0:0006621

� �
� 1

� �
¼ 0:0486N rb

Expansion of connate water and decrease in pore volume

¼ 1þ m½ � NBoi

1� Swc
Cr þ CwcSwc½ �ΔP

¼ 1þ 4:06½ �N∗1:6186
1� 0:15

3:5∗10�6 þ 3:5∗10�6∗0:15
� �� �

4630� 4531ð Þ

¼ 0:003839N rb

Total underground withdrawal

Np Bo þ Rp � Rs

� �
Bg


 �þWpBw

¼ 4:003∗106 1:6015þ 2189� 1135½ �0:0006670f g þ 0:045∗106∗1
¼ 9269985:554 rb

Hydrocarbon Voidage

Np Bo þ Rp � Rs

� �
Bg


 �
¼ 4:003∗106 1:6015þ 2189� 1135½ �0:0006670f g ¼ 9224985:554 rb

To Calculate N
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Np Bo þ Rp � Rs

� �
Bg


 �þWpBw ¼ mNBoi
Bg

Bgi
� 1

� �

þ N Bo � Boi½ � � Rsi � Rs½ �Bg


 �
þ 1þ m½ � NBoi

1� Swc
Cr þ CwcSwc½ �ΔPþWeBw

9269985:554 ¼ 0:0486N þ 0:002243N þ 0:003839N þ 6:56∗106

9269985:554� 6:56∗106 ¼ 0:054682N

2709985 ¼ 0:054682N

Therefore

N ¼ 2709985
0:054682

¼ 49559005:78 stb ¼ 49:559 MMstb

(b) Calculate the percent contributions of the various fluids to the underground
hydrocarbon production.

DDI ¼ N Bo � Boið Þ þ Rsi � Rsð ÞBg


 �
Np Bo þ Rp � Rs

� �
Bg


 � ¼ 0:002243N
9224985:554

¼ 0:002243∗49559005:78
9224985:554

¼ 0:0120 ¼ 1:20%

FDI ¼ 1þ m½ � Boi
1�Swc

Cr þ CwcSwc½ �ΔP
Np Bo þ Rp � Rs

� �
Bg


 � ¼ 0:003839∗49559005:78
9224985:554

¼ 0:0206

¼ 2:06%

GDI ¼ SDI ¼
NmBoi

Bg

Bgi
� 1

� 

Np Bo þ Rp � Rs

� �
Bg


 � ¼ 0:0486∗49559005:78
9224985:554

¼ 0:261

¼ 26:11%

WDI ¼ We �Wp

� �
Bw

Np Bo þ Rp � Rs

� �
Bg


 � ¼ 6:56∗106 � 0:045∗106

9224985:554
¼ 0:7062 ¼ 70:62%

Summation of drive indices 1.20 + 2.06 + 26.11 + 70.62 ¼ 100%

• Indicate the least and most active drive mechanism
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The least drive index is the expansion of the oil zone
The most active drive index is the water drive

Example 5.8
A saturated oil reservoir which has produced a cumulative gas-oil ratio of about 4100
scf/stb is presented with two cases. In the first case, the reservoir has been producing
without an effort to shut-in the gas wells or to re-inject the gas and case represents a
scenario where two-thirds of the original solution gas remains in the reservoir either
by re-injecting the produced gas or by shutting in the high gas producers at the same
pressure at which the oil formation volume factor was determined. Given the
following data below, calculate the recovery factor in both cases.

Boi ¼ 1:383
scf

stb
, Bo ¼ 1:462

scf

stb
,Bg ¼ 0:00274

bbl

scf
,Rsi ¼ 1080

scf

stb
,Rs ¼ 820 scf =stb

Solution

RF ¼ Np

N
¼ Bo � Boið Þ þ Rsi � Rsð ÞBg

Bo þ Rp � Rs

� �
Bg

Case 1

RF ¼ Np

N
¼ 1:462� 1:383ð Þ þ 1080� 820ð Þ0:00274

1:462þ 4100� 820½ �0:00274 ¼ 0:0757 ¼ 7:57%

This case is a solution gas drive reservoir

Case 2
The remaining volume of solution gas in the reservoir at two-thirds of the original
solution gas is

¼ 2
3
Rp ¼ 2

3
� 4100 ¼ 2733:33 scf =stb

The means that the produced GOR is ¼4100 � 2733.33 ¼ 1366.67 scf/stb

∴ Rp ¼ 1366:67 scf =stb

RF ¼ Np

N
¼ 1:462� 1:383ð Þ þ 1080� 820ð Þ0:00274

1:462þ 1366:67� 820½ �0:00274 ¼ 0:2674 ¼ 26:74%

This case is a gas drive reservoir.
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Example 5.9
As a reservoir engineer working ABC Company, you have been given the following
production and fluid data below to perform classical material balance analysis.
Recommend to the management of your company, the secondary recovery method
for this reservoir based on the predominant energy of a reservoir.

Initial reservoir pressure ¼ 2740 psi Current reservoir pressure ¼ 2460 psi

Initial oil FVF ¼ 1.3985 rb/stb Initial gas exp. Factor¼ 198.3 scf/cuft

Initial solution GOR ¼ 643 scf/stb gas exp. Factor¼ 178.14 scf/cuft

oil FVF¼ 1.3578 rb/stb Cum. Gas Produced¼ 15,498 MMscf

Current solution GOR ¼ 577.3 scf/stb Gas/oil sand volume ratio ¼ 0.7

Cum. Oil Produced ¼ 18.9 MMstb Cum. Water produced ¼ 3.3 MMstb

Connate water saturation ¼ 17% Formation compressibility ¼ 3.5 � 10�6 psi�1

STOIIP ¼ 120 MMstb Water compressibility ¼ 3.5 � 10�6 psi�1

Solution
Determine the expansion of the various zones in MMrb

Bgi ¼ 1
5:615Ei

¼ 1
198:3∗5:615

¼ 0:00089811 rb=Scf

Bg ¼ 1
5:615E

¼ 1
178:14∗5:615

¼ 0:00099974 rb=Scf

Expansion of original oil plus dissolved gas (oil zone expansion)

¼ N Bo � Boi½ � þ Rsi � Rs½ �Bg


 �
¼ 120∗106 1:3578� 1:3985½ � þ 643� 577:3½ �0:00099974f g ¼ 2997950:16 rb

Expansion of primary gas cap

¼ mNBoi
Bg

Bgi
� 1

� �

¼ 0:7∗120∗106∗1:3985
0:00099974
0:00089811

� �
� 1

� �
¼ 13293341:15 rb

Expansion of connate water and decrease in pore volume

¼ 1þ m½ � NBoi

1� Swc
Cr þ CwcSwc½ �ΔP
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¼ 1þ 0:7½ � 120∗106∗1:3985
1� 0:17

3:5∗10�6 þ 3:5∗10�6∗0:17
� �� �

2740� 2460ð Þ

¼ 394118:1933 rb

Total underground withdrawal

Np Bo þ Rp � Rs

� �
Bg


 �þWpBw

¼ 18:9∗106 1:3578þ 820� 577:3½ �0:00099974f g þ 3:3∗106∗1
¼ 33548257:37 rb

Hydrocarbon Voidage

Np Bo þ Rp � Rs

� �
Bg


 �
¼ 18:9∗106 1:3578þ 820� 577:3½ �0:00099974f g ¼ 30248257:37 rb

Water influx

We ¼ Np Bo þ Rp � Rs

� �
Bg


 �þWpBw � mNBoi
Bg

Bgi
� 1

� �

� N Bo � Boi½ � � Rsi � Rs½ �Bg


 �
� 1þ m½ � NBoi

1� Swc
Cr þ CwcSwc½ �ΔP

We ¼ 33548257:37� 13293341:15� 2997950:16� 394118:1933
¼ 16862847:87 rb

Net water influx
¼ We �Wp ¼ 16862847:87� 3:3∗106 ¼ 13562847:87 rb

Calculate the percent contributions of the various fluids to the underground
hydrocarbon production.

DDI ¼ N Bo � Boið Þ þ Rsi � Rsð ÞBg


 �
Np Bo þ Rp � Rs

� �
Bg


 � ¼ 2997950:16
30248257:37

¼ 0:0991 ¼ 9:91%

FDI ¼ 1þ m½ � Boi
1�Swc

Cr þ CwcSwc½ �ΔP
Np Bo þ Rp � Rs

� �
Bg


 � ¼ 394118:1933
30248257:37

¼ 0:01303 ¼ 1:30%
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GDI ¼ SDI ¼
NmBoi

Bg

Bgi
� 1

� 

Np Bo þ Rp � Rs

� �
Bg


 � ¼ 13293341:15
30248257:37

¼ 0:4395 ¼ 43:95%

WDI ¼ We �Wp

� �
Bw

Np Bo þ Rp � Rs

� �
Bg


 � ¼ 13562847:87
30248257:37

¼ 0:4484 ¼ 44:84%

The predominant drive mechanism of the reservoir is water and gas whose
values are close. Hence, any of gas or water can be injected. Also, water alternat-
ing gas injection or simultaneous water and gas injection can be used for this field.

5.10 Combining Aquifer Models with Material Balance
Equation (MBE)

One of the advantages of Carter-Tracy’s model over Van Everdingen-Hurst model is
that; it does not require superposition and can be easily combined with MBE. Thus,
Carter-Tracy’s model is combined with undersaturated MBE as follows:

We tDj
� � ¼ We tDj�1

� �þ CΔP tDj
� ��We tDj�1

� �
PD

0 tDj
� �

PD tDj
� �� tDj�1

� �
PD

0 tDj
� �

" #
tDj � tDj�1
� �

N ¼ NpBo þWpBw �WeBw

BoiCoeΔP

NBoiCoeΔP tDj
� � ¼ Np tDj

� �
Bo þWp tDj

� �
Bw �We tDj

� �
Bw

assume that Bw ¼ 1

NBoiCoeΔP tDj
� � ¼ Np tDj

� �
Bo þWp tDj

� ��We tDj
� �

Bo ¼ Boi 1þ CoΔPð Þ
NBoiCoeΔP tDj

� � ¼ Np tDj
� �

Boi 1þ CoΔPð Þ½ � þWp tDj
� ��We tDj

� �
Substituting the expression of We(tDj)

NBoiCoeΔP tDj
� � ¼ Np tDj

� �
Boi 1þ CoΔP tDj

� �� �� �þWp tDj
� �

� We tDj�1
� �þ CΔP tDj

� ��We tDj�1
� �

PD
0 tDj
� �

PD tDj
� �� tDj�1

� �
PD

0 tDj
� �

" #
tDj � tDj�1
� �( )
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NBoiCoeΔP tDj
� � ¼ Np tDj

� �
Boi þ Np tDj

� �
BoiCoΔP tDj

� �þWp tDj
� ��We tDj�1

� �
� CΔP tDj

� �
tDj � tDj�1
� ��We tDj�1

� �
PD

0 tDj
� �

tDj � tDj�1
� �

PD tDj
� �� tDj�1

� �
PD

0 tDj
� �

( )

NBoiCoeΔP tDj
� � ¼ Np tDj

� �
Boi þ Np tDj

� �
BoiCoΔP tDj

� �þWp tDj
� ��We tDj�1

� �
� CΔP tDj

� �
tDj � tDj�1
� �

PD tDj
� �� tDj�1

� �
PD

0 tDj
� �þWe tDj�1

� �
PD

0 tDj
� �

tDj � tDj�1
� �

PD tDj
� �� tDj�1

� �
PD

0 tDj
� �

ΔP tDj
� �

NBoiCoe þ Np tDj
� �

BoiCo þ
C tDj � tDj�1
� �

PD tDj
� �� tDj�1

� �
PD

0 tDj
� �

( )

¼ Np tDj
� �

Boi þWp tDj
� ��We tDj�1

� �þWe tDj�1
� �

PD
0 tDj
� �

tDj � tDj�1
� �

PD tDj
� �� tDj�1

� �
PD

0 tDj
� �

Consider the right hand side of the above equation

¼ Np tDj
� �

Boi þWp tDj
� ��We tDj�1

� �
1� PD

0 tDj
� �

tDj � tDj�1
� �

PD tDj
� �� tDj�1

� �
PD

0 tDj
� �

( )

¼ Np tDj
� �

Boi þWp tDj
� �

�We tDj�1
� � PD tDj

� �� tDj�1
� �

PD
0 tDj
� �� PD

0 tDj
� �

tDj � tDj�1
� �

PD tDj
� �� tDj�1

� �
PD

0 tDj
� �

( )

¼ Np tDj
� �

Boi þWp tDj
� ��We tDj�1

� � PD tDj
� �� tDjPD

0 tDj
� �

PD tDj
� �� tDj�1

� �
PD

0 tDj
� �

( )

Therefore, combining both equations, the pressure drop is given as:

ΔP tDj
� �¼Np tDj

� �
BoiþWp tDj

� �
2We tDj2 1

� � PD tDjð Þ2 tDjPD
0 tDjð Þ

PD tDjð Þ2 tDj2 1ð ÞPD
0 tDjð Þ

� 	

NBoiCoeþNp tDj
� �

BoiCoþ C tDj 2 tDj2 1ð Þ
PD tDjð Þ2 tDj2 1ð ÞPD

0 tDjð Þ
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Example 5.10
Given the following data:

Initial reservoir pressure ¼ 4000 psi Bubble point pressure ¼ 1500 psi

Initial oil FVF ¼ 1.324 rb/stb Porosity ¼ 0.23

Oil FVF ¼ 1.332 rb/stb Viscosity ¼ 0.32

Reservoir thickness ¼ 90 ft Reservoir area ¼ 1500 acres

Oil rate ¼ 29,000 stb/day Water FVF ¼ 1.03 rb/stb

Oil compressibility ¼ 1.5 � 10�5 psi�1 Permeability ¼ 150 mD

Connate water saturation ¼ 0.25 Formation compressibility ¼ 3.4 � 10�6 psi�1

STOIIP ¼ 148 MMstb Water compressibility ¼ 3.5 � 10�6 psi�1

Use Carter-Tracy method to calculate the pressure drop and aquifer influx at year
1 and 2 respectively assuming there is a cumulative water of 480,570 stb and
561,802 stb at year 1 and 2 respectively.

Solution

Step 1: Calculate the reservoir radius

re ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
43560A

π

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
43560∗1500

3:14159

r
¼ 4560:52 ft

Step 2: Calculate the aquifer influx constant, C

Assume the aquifer angle to be 3600

C ¼ 1:119f øhctwre
2 ¼ 1:119∗0:23∗90∗ 3:5∗10�6 þ 3:4∗10�6

� �
∗ 4560:52ð Þ2

¼ 3324:14 rb=psi

Step 3: Calculate the effective oil compressibility

So ¼ 1� Swi ¼ 1� 0:25 ¼ 0:75

Coe ¼ CoSo þ SwiCw þ C f

1� Swi

Coe ¼
1:5∗10�5∗0:75
� �þ 3:5∗10�6∗0:25

� �þ 3:4∗10�6
� �

1� 0:25
¼ 2:07∗10�5

Step 4: Calculate the dimensionless time

tDj ¼ 2:309kt
μwøwctwre2

t in yearsð Þ
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At t ¼ 1 yr

tD1 ¼ 2:309∗150∗1

0:32∗0:23∗ 3:5∗10�6 þ 3:4∗10�6
� �

∗ 4560:52ð Þ2 ¼ 32:79

At t ¼ 2 yrs

tD2 ¼ 2:309∗150∗2

0:32∗0:23∗ 3:5∗10�6 þ 3:4∗10�6
� �

∗ 4560:52ð Þ2 ¼ 65:58

Step 5: Calculate the dimensionless pressures

Based on the criteria given above,

0:01 < tD < 500

PD tDð Þ ¼ 370:529
ffiffiffiffiffi
tD

p þ 137:582tD þ 5:69549tD1:5

328:834þ 265:488
ffiffiffiffiffi
tD

p þ 45:2157tD þ tD1:5

PD tD1ð Þ ¼
370:529

ffiffiffiffiffiffiffiffiffiffiffi
32:79

p� �þ 137:582∗32:79ð Þ þ 5:69549∗ 32:79f g1:5
� 


328:834þ 265:488
ffiffiffiffiffiffiffiffiffiffiffi
32:79

p� �þ 45:2157∗32:79ð Þ þ 32:79ð Þ1:5

¼ 2:1885

PD tD2ð Þ ¼
370:529

ffiffiffiffiffiffiffiffiffiffiffi
65:58

p� �þ 137:582∗65:58ð Þ þ 5:69549∗ 65:58f g1:5
� 


328:834þ 265:488
ffiffiffiffiffiffiffiffiffiffiffi
65:58

p� �þ 45:2157∗65:58ð Þ þ 65:58ð Þ1:5

¼ 2:5184

Step 6: Calculate the dimensionless pressure derivatives

PD
0 tDð Þ ¼ 716:441þ 46:7984

ffiffiffiffiffi
tD

p þ 270:038tD þ 71:0098tD1:5

1269:86
ffiffiffiffiffi
tD

p þ 1204:73tD þ 618:618tD1:5 þ 538:072tD2 þ 142:41tD2:5

PD
0 tD1ð Þ ¼

716:441þ 46:7984
ffiffiffiffiffiffiffiffiffiffiffi
32:79

p� �þ 270:038∗32:79ð Þ
þ 71:0098∗ 32:79ð Þ1:5
� 


1269:86
ffiffiffiffiffiffiffiffiffiffiffi
32:79

p� �þ 1204:73∗32:79ð Þ þ 618:618∗ 32:79ð Þ1:5
� 


þ
538:072∗ 32:79ð Þ2
� 


þ 142:41∗ 32:79ð Þ2:5
� 


¼ 0:01433
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PD
0 tD2ð Þ ¼

716:441þ 46:7984
ffiffiffiffiffiffiffiffiffiffiffi
65:58

p� �þ 270:038∗65:58ð Þ
þ 71:0098∗ 65:58ð Þ1:5
� 


1269:86
ffiffiffiffiffiffiffiffiffiffiffi
65:58

p� �þ 1204:73∗65:58ð Þ þ 618:618∗ 65:58ð Þ1:5
� 


þ
538:072∗ 65:58ð Þ2
� 


þ 142:41∗ 65:58ð Þ2:5
� 


¼ 7:3508∗10�3 ¼ 0:00735

Step 7: Convert the average oil rate to cumulative oil production

Np ¼ qΔt

Np@tD1 ¼ 29000
stb

day
∗1 yr∗

356 days

1yr
¼ 10585000 stb

Np@tD2 ¼ 29000
stb

day
∗2 yr∗

356 days

1yr
¼ 21170000 stb

Step 8: Calculate the pressure drops and water influx

At t ¼ 1 yr

ΔP tD1ð Þ ¼
Np tD1ð ÞBoi þWp tD1ð Þ �We tD0ð Þ PD tD1ð Þ�tD1PD

0 tD1ð Þ
PD tD1ð Þ� tD0ð ÞPD

0 tD1ð Þ
n o

NBoiCoe þ Np tD1ð ÞBoiCo þ C tD1�tD0ð Þ
PD tD1ð Þ� tD0ð ÞPD

0 tD1ð Þ

ΔP tD1ð Þ ¼
10585000∗1:324ð Þ þ 480570� 0 2:1885� 32:79∗0:01433ð Þ

2:1885� 0∗0:01433ð Þ
n o

148∗106∗1:324∗2:07∗10�5
� �þ 10585000∗1:324∗1:5∗10�5

� �
þ 3324:14∗ 32:79� 0ð Þ
2:1885� 0∗0:01433ð Þ

¼ 287:48 psi

We tD1ð Þ ¼ We tD0ð Þ þ CΔP tD1ð Þ �We tD0ð ÞPD
0 tD1ð Þ

PD tD1ð Þ � tD0ð ÞPD
0 tD1ð Þ

� �
tD1 � tD0ð Þ

We tD1ð Þ ¼ 0þ 3324:14∗287:48ð Þ � 0∗0:01433ð Þ
2:1885� 0∗0:01433ð Þ

� �
32:79� 0ð Þ

¼ 14317981:87 bbl
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At t ¼ 2 yrs

ΔP tD2ð Þ ¼
Np tD2ð ÞBoi þWp tD2ð Þ �We tD1ð Þ PD tD2ð Þ�tD2PD

0 tD2ð Þ
PD tD2ð Þ� tD1ð ÞPD

0 tD2ð Þ
n o

NBoiCoe þ Np tD2ð ÞBoiCo þ C tD2�tD1ð Þ
PD tD2ð Þ� tD1ð ÞPD

0 tD2ð Þ

ΔP tD2ð Þ ¼
21170000∗1:324ð Þ þ 561802� 14317981:87 2:5184� 65:58∗0:00735ð Þ

2:5184� 32:79∗0:00735ð Þ
n o

148∗106∗1:324∗2:07∗10�5
� �þ 10585000∗1:324∗1:5∗10�5

� �
þ 3324:14∗ 65:58� 32:79ð Þ
2:5184� 32:79∗0:00735ð Þ

¼ 302:87 psi

We tD2ð Þ ¼ We tD1ð Þ þ CΔP tD2ð Þ �We tD1ð ÞPD
0 tD2ð Þ

PD tD2ð Þ � tD1ð ÞPD
0 tD2ð Þ

� �
tD2 � tD1ð Þ

We tD2ð Þ ¼ 14317981:87

þ 3324:14∗302:87ð Þ � 14317981:87∗0:00735ð Þ
2:5184� 32:79∗0:00735ð Þ

� �
65:58� 32:79ð Þ

¼ 27298463:43 bbl

Example 5.11

The hydrocarbon contents of a reservoir were determined from the data of cumula-
tive bulk volume (CBV) at the indicated depths on the table below. Given the
following petrophysical and PVT parameters: the gas-oil contact (GOC)¼ 10700ftss;
the oil-water contact (OWC) ¼ 12700ftss (1 ac-ft ¼ 7758.4bbls). Determine the
present fluid contacts.

Initial reservoir pressure ¼ 2740 psi Current reservoir pressure ¼ 2460 psi

Initial oil FVF ¼ 1.3985 rb/stb Initial gas exp. factor ¼ 198.3 scf/cuft

Initial solution GOR ¼ 643 scf/stb Gas exp. factor ¼ 178.14 scf/cuft

Oil FVF ¼ 1.3578 rb/stb Cum. Produced GOR ¼ 800 scf/stb

Current solution GOR ¼ 577.3
scf/stb

Gas/oil sand volume ratio ¼ 0.3

Cum. Oil produced ¼ 19.8 MMstb Cum. Water produced ¼ 3.3 MMstb

Connate water saturation ¼ 21% Formation compressibility ¼ 3.5 � 10�6 psi�1

STOIIP ¼ 125 MMstb Water compressibility ¼ 3.5 � 10�6 psi�1

Porosity ¼ 25.4% Sand/shale factor (F) ¼ 0.75

Critical gas saturation ¼ 5% Residual oil-water saturation and oil-gas
saturation ¼ 22%

Depth versus cumulative bulk volume (CBV)
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Depth (ft) CBV (M ac-ft)

10,200 0

10,400 2.697

10,600 5.794

10,800 11.134

11,000 15.724

11,200 18.698

11,400 21.141

11,600 23.243

11,800 25.096

12,000 26.752

12,200 28.248

12,400 29.607

12,600 30.848

12,800 31.986

13,000 33.031

13,200 33.992

13,400 34.876

Solution

9500
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Step 1: Determine the bulk volume of the reservoir rock at each depth interval
Step 2: Make a plot of depth versus the bulk volume
Step 3: Calculate the cumulative water influx from the general material balance

equation (We)
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Determine the expansion of the various zones in MMrb

Bgi ¼ 1
5:615Ei

¼ 1
198:3∗5:615

¼ 0:00089811 rb=Scf

Bg ¼ 1
5:615E

¼ 1
178:14∗5:615

¼ 0:00099974 rb=Scf

Expansion of original oil plus dissolved gas (oil zone expansion)

¼ N Bo � Boi½ � þ Rsi � Rs½ �Bg


 �
¼ 125∗106 1:3578� 1:3985½ � þ 643� 577:3½ �0:00099974f g ¼ 3122864:75 rb

Expansion of primary gas cap

¼ mNBoi
Bg

Bgi
� 1

� �

¼ 0:3∗125∗106∗1:3985
0:00099974
0:00089811

� �
� 1

� �
¼ 5934527:299 rb

Expansion of connate water and decrease in pore volume

¼ 1þ m½ � NBoi

1� Swc
Cr þ CwcSwc½ �ΔP

¼ 1þ 0:3½ � 125∗106∗1:3985
1� 0:21

3:5∗10�6 þ 3:5∗10�6∗0:21
� �� �

2740� 2460ð Þ

¼ 341114:5079 rb

Total underground withdrawal

Np Bo þ Rp � Rs

� �
Bg


 �þWpBw

¼ 19:8∗106 1:3578þ 800� 577:3½ �0:00099974f g þ 3:3∗106∗1
¼ 34592753:54 rb

Hydrocarbon Voidage
Np Bo þ Rp � Rs

� �
Bg


 �
¼ 19:8∗106 1:3578þ 800� 577:3½ �0:00099974f g ¼ 31292753:54 rb

Water influx
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We ¼ Np Bo þ Rp � Rs

� �
Bg


 �þWpBw � mNBoi
Bg

Bgi
� 1

� �

� N Bo � Boi½ � � Rsi � Rs½ �Bg


 �
� 1þ m½ � NBoi

1� Swc
Cr þ CwcSwc½ �ΔP

We ¼ 34592753:54 � 5934527:299� 3122864:75� 341114:5079
¼ 25194246:98 rb

Step 4: Calculate the volume of oil displaced by water (Net water influx into the
reservoir) (OW ¼ We � Wp)

Net water influx

¼ We �Wp ¼ 25194246:98� 3:3∗106 ¼ 21894246:98 rb

Step 5: Calculate the reservoir volume liberated gas (GL)

GL¼ NRsi � N � Np

� �
Rs

� �
Bg

¼ 125∗106 643ð Þ � 125∗106 � 19:8∗106
� �

577:3
� �

0:00099974
¼ 19637932:81 rb

Step 6: Calculate the expansion of the primary gas cap (Ge)

Ge ¼ mNBoi
Bg

Bgi
� 1

� �

¼ 0:3∗125∗106∗1:3985
0:00099974
0:00089811

� �
� 1

� �
¼ 5934527:299 rb

Step 7: Calculate the gas drive (GD)

GD ¼ GL þ Ge ¼ 19637932:81þ 5934527:299 ¼ 25572460:11 rb

Step 8: Calculate the produced excess gas (Gpe)

Gpe ¼ Np Rp � Rs

� �� �
Bg

¼ 19:8∗106 800� 577:3½ �0:00099974 ¼ 4408313:54 rb

Step 9: Calculate the volume of oil displaced by the gas (Og)
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OG ¼ GD � Gpe

¼ 25572460:11� 4408313:54 ¼ 21164146:57 rb

Note the following reservoir conditions:
If OG is negative (�ve), then oil has moved into the primary gas cap
If Gpe > GL then the gas cap is produced.
Therefore, neither of these conditions occurred.

Step 10: Calculate the dispersed gas in the oil zone (Gdisp)

Gdisp ¼ Sgc
N � Np

� �
Bo

1� Swcð Þ
� �

Gdisp ¼ 0:05
125∗106 � 19:8∗106
� �

1:3578

1� 0:21

" #
¼ 9040541:772 rb

Note: if Gdisp > GL, reduce Sgc.
Thus, condition did not hold.

Step 11: Calculate the volume of oil displaced by the primary and secondary gas cap
(OGPS)

OGPS ¼ OG � Gdisp

OGPS ¼ 21164146:57� 9040541:772 ¼ 12123604:8 rb

Step 12: Calculate the gross oil sand volume flooded by water is given as:

GOVw ¼ We �Wp

7758:4∗ø∗F 1� swc � sorw � Sgc
� � ac� ftð Þ

GOVw ¼ 21894246:98
7758:4∗0:254∗0:75 1� 0:21� 0:22� 0:05ð Þ ¼ 28487:840 rb

Step 12: Calculate the gross oil sand volume displaced by the primary and secondary
gas cap given as:

GOVg ¼ OGPS

7758:4∗ø∗F 1� swc � sorg
� �
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GOVg ¼ 12123604:8
7758:4∗0:254∗0:75 1� 0:21� 0:22ð Þ ¼ 14380:96 rb

Step 13: Determine the present fluid contacts as follows:

Trace the value of GOVw & GOVg from the horizontal axis of the cumulative
bulk volume plot in stage 2 to touch the curve and then read off the depth at the
corresponding values. {i.e. the depth corresponding to GOVg (14.38 Mrb) ¼ pre-
sent GOC and the depth corresponding to GOVw (28.49 Mrb) ¼ OWC}.

From the graph, present GOC ¼ 10942 ft and present OWC ¼ 12200 ft
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Exercises

1. How do we improve the recovery of a combination drive reservoir?
2. STOIIP is:
3. Total underground voidage is:
4. The ratio of gross gas sand volume to the gross oil sand volume is called
5. Explain gas cap size in terms of gross gas and oil sand volume
6. Free gas initially in place is:
7. In a saturated reservoir, how do you evaluate the gas initially in place?
8. Hydrocarbon voidage is:

Write the mathematical equation for the following in reservoir condition:
9. Hydrocarbon pore volume:

10. Total underground withdrawal:
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11. Hydrocarbon voidage:
12. The free/liberated gas in the reservoir:
13. The original gas expansion:
14. The volume of the water in the pore
15. The total change in pore volume:
16. The denominator in the calculation of drive indices in material balance is called:
17. Which concept is material balance based on and state the expression
18. Which of the flow geometry can a material balance method be applied
19. Mention five parameters and their sources required in performing material

balance equation

20. Explain how material balance can be used to estimation reservoir pressure from
historical production and/or injection schedule:

21. Explain why the volume of gas original in place at reservoir conditions is equal
to the volume of gas remaining in the reservoir at the new pressure-temperature
conditions after some amount of gas have been produced.

Ex 5.1 The following information on a water-drive gas reservoir is given:

Pi ¼ 3960 psia, P ¼ 3180 psia, T ¼ 1500F, ø ¼ 18%, swc ¼ 24%, γg

¼ 0:63 Wp@surface ¼ 12:3 MMbbl, Gp ¼ 740:25 MMscf , bulk volume
¼ 97823:72 acre� ft

Calculate the cumulative water influx

Ex 5.2 A reservoir with temperature of 230 �F, gas gravity of 0.65, the reservoir contain 85,000
acre-ft (bulk volume), porosity is 0.19, and connate water saturation is 0.27. If the
reservoir pressure has declined from 3500 to 2750 psia while producing 25.8 MMMscf
of gas with no water production to date. Estimate the barrels of water influx.
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Ex 5.3 A 1100 acres volumetric gas reservoir is characterized with temperature of 170 �F,
reservoir thickness of 50 ft., average porosity of 0.15, initial water saturation of 0.39.
The 5 years production history is represented in the table below

Time (yrs) Reservoir Pressure (psia) Compressibility factor, z
Cum. Gas Production
Gp (MMMscf)

0 2180 0.7589 0.00

1 1985 0.7651 6.96

2 1720 0.7894 14.82

3 1308 0.8232 23.50

4 985 0.8672 32.05

5 650 0.9030 36.84

• Estimate the gas initial in place
• Estimate the recoverable reserve at an abandonment pressure of 600 psi. Assume

the compressibility factor at 600 psi to be equal to one
• What is the recovery factor at the abandonment pressure of 600 psia?

Ex 5.4 Calculate the total hydrocarbon withdrawal and the drive indices for a reservoir having
the following production and fluid data:

Initial reservoir pressure ¼ 2740 psi Current reservoir pressure ¼ 2460 psi

Initial oil FVF ¼ 1.3985 rb/stb Initial gas exp. factor ¼ 198.3 scf/cuft

Initial solution GOR ¼ 643 scf/stb Gas exp. factor ¼ 178.14 scf/cuft

Oil FVF ¼ 1.3578 rb/stb Cum. Produced GOR ¼ 820 scf/stb

Current solution GOR ¼ 577.3 scf/stb Gas/oil sand volume ratio ¼ 0.7

Cum. Oil produced ¼ 18.9 MMstb Cum. Water produced ¼ 3.3 MMstb

Connate water saturation ¼ 17% Formation compressibility ¼ 7.0 � 10�6 psi�1

STOIIP ¼ 120 MMstb Water compressibility ¼ 3.0 � 10�6 psi�1

Ex 5.5 Given the following data:

Initial reservoir pressure ¼ 3800 psi Bubble point pressure ¼ 1450 psi

Initial oil FVF ¼ 1.124 rb/stb Porosity ¼ 0.23

Oil FVF ¼ 1.132 rb/stb Viscosity ¼ 0.425

Reservoir thickness ¼ 100 ft Reservoir area ¼ 1500 acres

Oil rate ¼ 30,800 stb/day Water FVF ¼ 1.03 rb/stb

Oil compressibility ¼ 1.65 � 10�5 psi�1 Permeability ¼ 162 mD

Connate water saturation ¼ 0.24 Formation compressibility ¼ 3.6 � 10�6 psi�1

STOIIP ¼ 137 MMstb Water compressibility ¼ 3.7 � 10�6 psi�1

Combine the Carter-Tracy method with material balance equation to calculate the
pressure drop and aquifer influx at year 1, 2, 3, 4 & 5 respectively assuming there is a
cumulative water of 499,573 stb, 5,984,805 stb, 7826801.82 stb, 8907579.17 stb and
10184573.59 stb at year 1, 2, 3, 4 and 5 respectively.
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Chapter 6
Linear Form of Material Balance Equation

Learning Objectives
Upon completion of this chapter, students/readers should be able to:

• Reduce the general material balance equation to a straight line form
• Briefly describe the diagnostics plot to determine the presence of aquifer,

the strength of the aquifer if present.
• Represent the material balance equation in a straight line form for an

undersaturated reservoir without water influx
• Represent the material balance equation in a straight line form for an

undersaturated reservoir with water influx
• Represent the material balance equation in a straight line form for a

saturated reservoir without water drive
• Represent the material balance equation in a straight line form for a

saturated reservoir with water drive
• Represent the material balance equation in a straight line form for gas cap

drive reservoir
• Represent the material balance equation in a straight line form for combi-

nation drive reservoir
• Perform calculations in the various reservoir scenarios to determine stock

tank oil initially in place, gas initially in place and gas cap size.

Nomenclature
Parameter Symbol Unit

Initial gas formation volume factor βgi cuft/scf

Gas formation volume factor βg cuft/scf

Cumulative water influx We bbl

Cumulative water produced Wp bbll

(continued)
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Parameter Symbol Unit

Cumulative gas produced Gp scf

Cumulative oil produced Np Stb

Stock tank oil initially In place N stb

Stock tank gas initially in place G scf

Initial solution gas-oil ratio Rsi scf/stb

Solution gas-oil ratio Rs scf/stb

Cumulative produce gas-oil ratio Rp Scf/stb

Bottom hole (wellbore) flowing pressure Pwf psia

Initial reservoir pressure Pi psia

Oil formation volume factor βo rb/stb

Initial oil formation volume factor βoi rb/stb

Water formation volume factor βw rb/stb

Gas formation volume factor βg cuft/scf

Initial gas formation volume factor βgi cuft/scf

Reservoir temperature T �R
Total fluid compressibility Ct psia�1

Oil isothermal compressibility Co psia�1

Effective oil isothermal compressibility Coe psia�1

Water & rock compressibility Cw & Cr psia�1

Gas deviation factor at depletion pressure z –

Gas/oil sand volume ratio or gas cap size m –

Connate & initial water saturation Swi & Swc - or %

Residual gas saturation to water displacement Sgrw - or %

Residual oil-water saturation Sorw -

Pore volume of water-invaded zone PVwater ft3

Reservoir pore volume PV ft3

Flow rate q stb/d

Viscosity μ cp

Formation permeability k mD

Reservoir thickness h ft

Area of reservoir A acres

Wellbore radius rw ft

Recovery factor RF %

Pressure drop ΔP psi

Initial & current gas expansion factor Ei & E scf/cuft

6.1 Introduction

The material balance equation is a complex equation for calculating the original oil
in place, cumulative water influx and the original size of the gas cap as compared to
the oil zone size. This complexity prompted Havlena and Odeh to express the MBE
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in a straight line form. This involves rearranging the MBE into a linear equation. The
straight lines method requires the plotting of a variable group against another
variable group selected, depending on the reservoir drive mechanism and if linear
relationship does not exist, then this deviation suggests that reservoir is not
performing as anticipated and other mechanisms are involved, which were not
accounted for; but once linearity has been achieved, based on matching pressure
and production data, then a mathematical model has been achieved. This technique
of trying to match historic pressure and production rate is referred to as history
matching. Thus, the application of the model to the future enables predictions of the
future reservoir performance. To successfully develop this chapter, several textbooks
and materials such Craft & Hawkins (1991), Dake (1994), Donnez (2010), Havlena
& Odeh AS (1964), Numbere (1998), Pletcher (2002) and Steffensen (1992) were
consulted.

The straight line method was first recognized by Van Everdigen et al. (2013) but
with some reasons, it was never exploited. The straight line method considered the
underground recoverable F, gas cap expansion function Eg, dissolved gas-oil expan-
sion function Eo, connate water and rock contraction function Ef,w as the variable for
plotting by considering the cumulative production at each pressure.

Havlena and Odeh presented the material balance equation in a straight line form.
These are presented below:

+                        Total underground withdrawal 

= ( ) + ( )  Oil and dissolved gas expansion

− 1                                                     Gas cap gas expansion 

                               Connate & rock expansion 

Using these terms, the material balance equation can be written as
F ¼ N Eo þ mEg þ E f ,w

� �þWeBw

Including the injection terms

F ¼ N Eo þ mEg þ E f ,w
� �þWeBw þWinjBwinj þ GinjBginj

6.2 Diagnostic Plot

In evaluating the performance of a reservoir, there is need to adequately identify the
type of reservoir in question based on the signature of pressure history or behaviour
and the production trend. Campbell and Dake plots are the vital diagnostic tools
employed to identify the reservoir type. The plots are established based on the
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assumption of a volumetric reservoir, and deviation from this behaviour is used to
indicate the reservoir type.

For volumetric reservoirs whose production is mainly by oil and connate water/
rock expansion, the value of STOIIP, N can be calculated at every pressure where
production data is given. Rearranging the material balance equation as shown below.

N ¼ F

Eo þ E f ,w

If a plot of cumulative oil production versus net withdrawal over the fluid
expansions is created with a volumetric reservoir data, then the calculated values
of STOIIP, N on the horizontal axis should be constant at all pressure points. In
practice, this is often not the case either because there is water influx or because there
may be faulty pressure or production readings.

Volumetric depletion

N

F
Eo + Ef,w

Np

If a gas cap is present, there will be a gas expansion component in the reservoir’s
production. As production continues and the reservoir pressure decreased, the gas
expansion term increases with an increase in the gas formation volume factor. To
balance this, the withdrawal over oil/water/formation expansion term must also
continue to increase. Thus, in the case of gas cap drive, the Dake plot will show a
continual increasing trend.

Np

Additional energy in system,
water drive or gas cap drive

Downward trend may be due to outer
boundary interference or aquifer
interference due to offset drainage

Weak Water drive

Volumetric system expansion of
oil/gas - withdrawals

F
/(

E
o
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o
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)
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Similarly, if water drive is present, the withdrawal over oil/water/formation
expansion term must increase to balance the water influx. With a very strong aquifer,
the water influx may continue to increase with time, while a limited or small aquifer
may have an initial increase in water influx to the extent that it eventually decreases.

The Campbell plot is very similar to Dake’s diagnostic tool, with an exception
that it incorporates a gas cap if required. In the Campbell plot, the withdrawal is
plotted against withdrawal over total expansion, while the water influx term is
neglected. If there is no water influx, the data will plot as a horizontal line. If there
is water influx into the reservoir, the withdrawal over total expansion term will
increase proportionally to the water influx over total expansion. The Campbell plot
can be more sensitive to the strength of the aquifer. In this version of the material
balance, using only ET neglects the water and formation compressibility (compac-
tion) term. The Campbell plot is shown below.

N

F

Weak aquifer

Volumetric depletion

Strong aquifer

Moderate aquifer

F

ET

6.3 The Linear Form of the Material Balance Equation

According to Tarek (2010), the linear form of MBE is presented in six scenarios to
determine either m, N, G or We as follow:

• Undersaturated reservoir without water influx
• Undersaturated reservoir with water influx
• Saturated reservoir without water drive
• Saturated reservoir with water drive
• Gas cap drive reservoir
• Combination drive reservoir
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6.3.1 Scenario 1: Undersaturated Reservoir Without Water
Influx

Applying the above assumption, the equation reduces to

F ¼ N Eo þ E f ,w
� �

Where

F ¼ NpBo

Eo ¼ Bo � Boi

E f ,w ¼ 1þ mð ÞBoi
SwiCw þ C f

1� Swi

� �
ΔP

A plot of F versus Eo + Ef,w at every given pressure points gives a straight line that
passes through the origin as shown below.

F

Eo + Ef,w

N

Alternatively, when F EoþE f ,w versus Np= is plotted at every given pressure points gives
a horizontal line representing the value of N as shown below.

Volumetric depletion

N

F
Eo + Ef,w

Np
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6.3.2 Scenario 2: Undersaturated Reservoir with Water Influx

Applying the above assumption, the equation reduces to

F ¼ N Eo þ E f ,w
� �þWe

F

Eo þ E f ,w
¼ N þ We

Eo þ E f ,w

Where

F ¼ NpBo þWpBw

Eo ¼ Bo � Boi

E f ,w ¼ 1þ mð ÞBoi
SwiCw þ C f

1� Swi

� �
ΔP

A plot of
F EoþE f ,w versus

We=
EoþE f ,w

.
gives N as the intercept and a slop of unit.

F
Eo + Ef,w

We

N

Eo + Ef,w

6.3.3 Scenario 3: Saturated Reservoir Without Water Influx

Applying the above assumption, the equation reduces to

F ¼ NEo

Where

F ¼ Np Bo þ Rp � Rs

� �
Bg

� �
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Eo ¼ Bo � Boið Þ þ Rsi � RSð Þ Bg

� �

A plot of F versus Eo at every given pressure points gives a straight line that
passes through the origin as shown below.

F

Eo

N

Example 6.1
Given the PVT and production data in the table below, detect if there is aquifer
support and characterize the strength if there is any.

P (psia) Rs (scf/STB) Bo (rb/STB) Bg (rb/STB) Np (MMSTB) Gp (MMSCF) Rp

2740 650 1.404 0.0009 0 0 0

2500 592 1.374 0.001 7.88 5988.8 760

2290 545 1.349 0.0011 18.42 15565 845

2109 507 1.329 0.0012 29.15 26818 920

1949 471 1.316 0.0013 40.69 39673 975

1818 442 1.303 0.0014 50.14 51394 1025

1702 418 1.294 0.0015 58.42 62217 1065

1608 398 1.287 0.0016 65.39 71603 1095

1535 383 1.28 0.0017 70.74 79229 1120

1480 370 1.276 0.0018 74.54 85348 1145

1440 362 1.273 0.0018 77.43 89819 1160

Additional data:

Initial Pressure 2740 Cf 4.00E-06

Porosity 0.25 m 0.1

Swc 0.05 Cw 3.00E-06
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Solution
P (psia) Np (MMSTB) Eo Eg Ef Et F F/Et

2740 0 0 0 0 0 0 0

2500 7.88 0.0268 0.0075 0.0016 0.036 12124 336720

2290 18.42 0.0574 0.0211 0.003 0.0815 30761 377341

2109 29.15 0.0923 0.0362 0.0043 0.1328 52826 397787

1949 40.69 0.1411 0.0528 0.0053 0.1993 79798 400401

1818 50.14 0.1881 0.0694 0.0062 0.2638 105964 401707

1702 58.42 0.238 0.0861 0.007 0.3311 132292 399608

1608 65.39 0.2862 0.1011 0.0076 0.395 157081 397688

1535 70.74 0.3299 0.1162 0.0081 0.4543 179177 394425

1480 74.54 0.3648 0.1253 0.0085 0.4986 196786 394673

1440 77.43 0.3932 0.1344 0.0088 0.5363 211025 393488
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400000

450000

0 50000 100000 150000 200000 250000

F/
Et

F

Aquifer Detec�on

From the above plot, it can be deduced that there is an aquifer support which
corresponds to Campbell plot of moderate aquifer strength.

Example 6.2
Characterize the strength of the aquifer in the Akpet reservoir given the PVT and
production data in the table below.

P
(psia)

Np
(STB)

Wp
(STB)

Gp
(Mscf)

Bo
(RB/STB)

Rs
(scf/STB)

Bg
(RB/scf)

Bw
(RB/STB)

3093 0 0 0 1.3101 504 0.000950 1.0334

3017 200671 0 98063 1.3113 504 0.000995 1.0336

2695 1322730 7 814420 1.2986 470.9 0.001133 1.0345

2640 1532250 10 894484 1.2942 461.2 0.001150 1.0346

(continued)
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P
(psia)

Np
(STB)

Wp
(STB)

Gp
(Mscf)

Bo
(RB/STB)

Rs
(scf/STB)

Bg
(RB/scf)

Bw
(RB/STB)

2461 2170810 29 1359270 1.2809 430.7 0.001239 1.0350

2318 2579850 63 1826800 1.2700 406.2 0.001324 1.0353

2071 3208410 825 2736410 1.2489 361.7 0.001505 1.0359

1903 3592730 11138 3401290 1.2360 331.5 0.001663 1.0363

1698 4011570 97446 4222680 1.2208 294.6 0.001912 1.0367

Additional data:

Initial Pressure 3093 psi Cf 2.28E-06 psi-1

Porosity 0.25 m 0

Swc 0.208 Cw 2.28E-06 psi-1

Rp Eo Ef,w Et F F/et
0 0 0 0 0 0

488.6755 0.0012 0.0004 0.0017 260083.2757 157350020.3479

615.7114 0.0260 0.0022 0.0282 1934674.4510 68677847.5603

583.7716 0.0334 0.0025 0.0359 2199143.5748 61328262.7213

626.1580 0.0617 0.0034 0.0651 3306508.8006 50788728.8326

708.1032 0.0894 0.0042 0.0936 4307427.3112 46015424.5980

852.8866 0.1530 0.0055 0.1586 6379828.9438 40232653.5191

946.7146 0.2128 0.0064 0.2192 8127367.5936 37076082.5825

1052.6253 0.3111 0.0076 0.3186 10812131.5160 33932660.4357

254 6 Linear Form of Material Balance Equation



From the above plot, it can be deduced that there is an aquifer support which
corresponds to Campbell plot of weak aquifer strength.

Example 6.3
The data in the table below represent a data from a saturated oil reservoir without an
active water drive. Calculate the stock tank oil initially in place.

Time (yrs) Np (MMstb) Bg (cuft/scf) Bo (rb/stb) Rs (cuft/stb) Rp (cuft/stb)

0 0 0.00433 1.5533 719.9045 0

1 1.9891 0.00446 1.5440 702.4075 795.3195

2 7.0973 0.00466 1.5306 676.9572 860.8164

3 10.7186 0.00489 1.5168 650.6649 926.3133

4 18.5518 0.00525 1.4969 612.9574 954.3834

5 22.8154 0.00549 1.4854 591.0627 985.6700

6 28.0537 0.00581 1.4509 555.0749 1008.657

7 31.0359 0.00611 1.4201 525.0909 1041.227

8 34.5123 0.00641 1.3957 503.1039 1059.677

Solution
For unit consistency, Bg is converted from cuft/scf to rb/scf as:

1 bbl ¼ 5:615cuft:

F ¼ Np Bo þ Rp � Rs

� �
Bg=5:615

� �
Eo ¼ Bo � Boið Þ þ Rsi � RSð Þ Bg=5:615½ �

Time (yrs) F Eo

0 0 0

1 3.2180 0.0046

2 11.9461 0.0129

3 18.8310 0.0238

4 33.6925 0.0436

5 42.6927 0.0581

6 53.8697 0.0682

7 61.5050 0.0788

8 70.0971 0.0899

6.3 The Linear Form of the Material Balance Equation 255



80

F

Eo

STOIIP Estimate

70

60

50

40

30

20

10

0
0 0.01 0.02 0.03 0.04 0.05 0.06

Slope, N

0.07 0.08 0.09 0.1

Slope,N ¼ 70:0971� 33:6925
0:0899� 0:0436

¼ 786:3954 MMstb

6.3.4 Scenario 4: Saturated Reservoir with Water Influx

Applying the above assumption, the equation reduces to

F ¼ NEo þWe

F

Eo
¼ N þWe

Eo

Where

F ¼ Np Bo þ Rp � Rs

� �
Bg

� �þWpBw

Eo ¼ Bo � Boið Þ þ Rsi � RSð Þ Bg

� �

A plot of F=Eo versus We=Eo gives N as the intercept and a slope of unit
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Aquifer too small

Aquifer too large
F
Eo

We

Eo

N

6.3.5 Scenario 5: Gas Cap Drive Reservoir

• Finding the STOIIP, N when the gas cap size, m is known
• Finding the gas cap size, m the STOIIP, N and the GIIP, G

Finding the STOIIP, N when the gas cap size, m is known

F ¼ N Eo þ mEg

� �

Where

F ¼ Np Bo þ Rp � Rs

� �
Bg

� �
Eo ¼ Bo � Boið Þ þ Rsi � RSð Þ Bg

� �

Eg ¼ Boi
Bg

Bgi
� 1

� 	

A plot of F versus Eo + Eg at every given pressure points gives a straight line that
passes through the origin as shown below.

F

Eo + mEg

N
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Example 6.4
Find the STOIIP, N of a gas drive reservoir with a known gas cap size, m and
supported by an aquifer. The tables are reservoir and production history of the field.

Pi 2560 psi m 0.08 Rsi 600 scf/stb Bgi 0.001098 cuft/scf

Boi 1.316 rb/stb Pb 2560 psi Bw 1.05 rb/stb

Date Np (MMstb) Bg (cuft/scf) Bo (rb/stb) Rs (cuft/stb) Rp (cuft/stb)

Aug-93 21.456 0.00129 1.293 542 905

Aug-94 33.871 0.00138 1.278 498 898

Aug-95 41.871 0.00142 1.272 483 763

Aug-96 55.843 0.00148 1.267 473 659

Aug-97 71.78 0.00157 1.259 461 576

Aug-98 80.758 0.00161 1.254 452 518

Solution
The table below is generated with the following equations:

F ¼ Np Bo þ Rp � Rs

� �
Bg=5:615

� �
Eo ¼ Bo � Boið Þ þ Rsi � RSð Þ Bg=5:615½ �

Eg ¼ Boi
Bg

Bgi
� 1

� 	

Date F Eo mEg Eo + mEg

Aug-93 29.53196 �0.00967 0.01841 0.008735

Aug-94 46.61693 �0.01293 0.027039 0.014108

Aug-95 56.22481 �0.01441 0.030874 0.016463

Aug-96 73.49083 �0.01553 0.036627 0.021102

Aug-97 92.6791 �0.01813 0.045257 0.027123

Aug-98 102.7988 �0.01956 0.049092 0.029529
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Slope, N

From the plot of F Vs Eo + Eg, the STOIIP, N is given as the slope

Slope,N ¼ 73:49083� 29:53196
0:021102� 0:008735

¼ 3554:401 MMscf

Finding the gas cap size, m, the STOIIP, N and the GIIP, G

F ¼ N Eo þ mEg

� � ¼ NEo þ mNEg

F

Eo
¼ N þ mN

Eg

Eo

Where

F ¼ Np Bo þ Rp � Rs

� �
Bg

� �
Eo ¼ Bo � Boið Þ þ Rsi � RSð Þ Bg

� �

Eg ¼ Boi
Bg

Bgi
� 1

� 	

A plot of F=Eo versus Eg=Eo gives N as the intercept and a slop of unit

6.3 The Linear Form of the Material Balance Equation 259



m too small

Slope = mN

m too large
F
Eo

Eg

Eo

N

Example 6.5
Find the gas cap size, m, the STOIIP, N and the GIIP, G from the data given in the
table below.

Pressure (psi) Np (MMstb) Bo (rb/stb) Bg (rb/scf) Rp (scf/stb) Rs (scf/stb)

4200 0 1.3696 0.00095 0 640

3850 8.92 1.4698 0.00109 1249 568

3708 12.023 1.4542 0.00117 1261 535

3590 13.213 1.4423 0.00121 1370 513

3410 14.776 1.4304 0.00129 1469 477

3300 17.268 1.4185 0.00138 1505 446

2985 20.16 1.4056 0.0015 1547 419

2752 26.704 1.3827 0.00183 1645 403

2500 28.204 1.3603 0.00194 1666 362

Pressure (psi) F Eo Eg F/Eo Eg/Eo

4200 0.0000 0.0000 0.0000 0.0000 0.0000

3850 19.7318 0.1787 0.2018 110.4312 1.1296

3708 27.6964 0.2075 0.3172 133.5089 1.5289

3590 32.7586 0.2264 0.3748 144.7126 1.6559

3410 40.0441 0.2711 0.4902 147.7262 1.8083

3300 49.7305 0.3166 0.6199 157.0667 1.9579

2985 62.4476 0.3675 0.7929 169.9255 2.1576

2752 97.6181 0.4468 1.2687 218.4778 2.8394

2500 109.7153 0.5300 1.4273 207.0021 2.6929
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Slope = mN

Intercept = N

From the plot of F/Eo vs. Eg/Eo

The STOIIP (N) ¼ 41 MMstb which is given as the intercept from the plot
Slope (Nm) is

¼ 180� 100
2:3� 1:0

¼ 61:5385 MMstb

The gas cap size is

m ¼ slope

N
¼ 61:5385

41
¼ 1:5009 � 1:5

Recall

m ¼ GBgi

NBoi

G ¼ mNBoi

Bgi
¼ 1:5009∗41∗1:3696

0:00095
¼ 88716:7771MMscf ¼ 88:72MMMscf

Therefore, the gas initially in place is ¼ 88.72 MMMscf
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6.3.6 Scenario 6: Combination Drive Reservoir

F ¼ NEt þWe

F

Et
¼ N þWe

Et

Where

F ¼ Np Bo þ Rp � Rs

� �
Bg

� �þWpBw

Et ¼ Eo þ mEg þ E f ,w

Eo ¼ Bo � Boið Þ þ Rsi � RSð Þ Bg

� �

Eg ¼ Boi
Bg

Bgi
� 1

� 	

E f ,w ¼ 1þ mð ÞBoi
SwiCw þ C f

1� Swi

� �
ΔP

The plot is shown below

F
Et

We

N

Et

6.3.7 Linear Form of Gas Material Balance Equation

Havlena and Odeh also expressed the material balance equation in terms of gas
production, fluid expansion and water influx as:
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Total underground withdrawal ¼ gas expansion
þ water&pore compaction expansion
þ water influx

GpBg þWpBw ¼ G Bg � Bgi

� �þ GBgi
cwswi þ c f

1� swi

� 	
ΔPþWeBw

F ¼ G Eg þ E f ,w
� �þWeBw

Where

F ¼ GpBg þWpBw

Eg ¼ Bg � Bgi

E f ,w ¼ Bgi
cwswi þ c f

1� swi

� 	
ΔP

Assume that the rock and water expansion term is negligible, the equation reduces
to:

F ¼ GEg þWeBw

F

Eg
¼ GþWeBw

Eg

A plot of F=Eg versus Gp gives a horizontal line with G as the intercept

Volumetric reservoir

F
Eg

Gp

G

A plot of F=Eg versus We=Eg gives G as the intercept and a slop, Bw
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Example 6.6
A gas field at Okuatata whose production history in the table below span for about
2 years, is currently producing without a water drive. The reservoir temperature is
160 �F. Assume that the gas deviation factor in the range of pressures given is 0.8.
Calculate the original gas in the reservoir.

Time (months) P (psia) Gp (MMscf)

0 3500 0

6 3180 95.78

12 2805 231.89

18 2350 364.93

24 2000 498.16

Solution

F ¼ GEg

Where

F ¼ GpBg

Eg ¼ Bg � Bgi

To calculate the gas formation volume factor (See details in understanding the
basis of rock and fluid properties by author), we apply the following equations:

If yg < ¼ 0.7 Then

Tc ¼ 168þ 325∗γg
� �� 12:5∗γg

2
� �
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Pc ¼ 677þ 15∗γg
� �� 37:5∗γg

2
� �

Else If yg > 0.7 Then

Tc ¼ 187þ 330∗γg
� �� 75:5∗γg

2
� �

Pc ¼ 706� 51:7∗γg
� �� 11:1∗γg

2
� �

Tr ¼ T

Tc

Pr ¼ P

Pc

At this point, we can apply any of the correlations for gas deviation factor or read
directly from the chart as a function of reduced temperature and pressure or use
Papay’s Correlation given as:

z ¼ 1� 3:52Pr

100:9813Tr

� 	
þ 0:274Pr

2

100:8157Tr

� 	

Bg ¼ 0 02827zT
P

ft3



scf

� �

Bg ¼ 0 005053zT
P

bbl=scf Þð

Time (months) P Gp Bg Eg F F/Eg

0 3500 0 0.004011 0 0 0

6 3180 95.78 0.004414 0.000403 0.42277 1049.064

12 2805 231.89 0.005004 0.000993 1.16038 1168.557

18 2350 364.93 0.005973 0.001962 2.17973 1110.972

24 2000 498.16 0.007018 0.003007 3.49609 1162.649
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The original gas in the reservoir is given as the slope of the plot of F Vs Eg

slope ¼ G ¼ 3:4936� 1:5
0:003� 0:0013

¼ 1172:71MMscf

6.4 The Alternative Time Function Model

Considering the left hand side of the material balance equation
Where

Np ¼
Xn
k¼1

Qktk

K represents time at each reservoir average pressure and n total average pressure
point

F ¼
Xn
k¼1

Qktk Bo þ Rp � Rs

� �
Bg þWpBw

� �

F ¼
Xn
k¼1

Qktk Bok þ Rpk � Rsk

� �
Bgk þWpkBwk

� �

F ¼
Pn

k¼1 Qk

Pn
k¼1 tk

n
Bok þ Rpk � Rsk

� �
Bgk þWpkBwk

� �
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F ¼
Xn
k¼1

Qk Bok þ Rpk � Rsk

� �
Bgk þWpkBwk

� � Pn
k¼1 tk
n

Where

F0 ¼
Xn
k¼1

Qk Bok þ Rpk � Rsk

� �
Bgk þWpkBwk

� �

Hence

F ¼ F0
Pn

k¼1 tk
n

Therefore the new model

F0
Pn

k¼1 tk
n

¼ N Eo þ mEg þ E f ,w
� �þWeBw

Where Eo, Eg and Ef,w are defined in equations above
Consider a case with no water drive and no original gas cap

F0 ¼ N Eoð ÞP n

k¼1
tk

n

Where

t j ¼
Pn

k¼j tk
n

Hence
A plot of F

0
against Eo=t j should result in a straight line scattered data point at the

initial state and stabilize into a linear form with N being the slope. It should be noted
that the origin is not a must point.

F�

tj

Eo

N
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6.4.1 No Water Drive, a Known Gas Cap

F0 ¼ N
Eok þ mBoi

Bgi
Egk

h i
t j

A plot of F
0
against

EokþmBoi
Bgi

Egk

t j
should result in straight line with slope N

F�

Eo

tj

Egk+
mBoi

Bgi

N

6.4.2 No Water Drive, N and M Are

F0 ¼ N
Eok

t j
þ G

Egk

t j

Simplifying the model, the equation reduces

t jF0

Egk
¼ N

Eok

Eok
þ G

And G ¼ NmBoi
Bgi
¼ original cap gas

A plot of t jF
0

Egk
againstEok =Egk should result in a straight line with N being the slope and

G being the intercept.
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tjF�

Egk

Egk

Eok

G

Case Study 1
Ouro Prieto reservoir which is an undersaturated reservoir with active water drive is
considered with a comprehensive analysis of fluid data before building the material
balance model. The reservoir has four producers with two producing water. Stanley
et al. (2015) performed a comprehensive simulation studies on the Ouro Prieto res-
ervoir and result obtained proved adequacy of the model.

Also the havlena and odeh straight model was used to validate the new model.
Figures 6.1 and 6.2 show linear profiles of both models and estimated initial oil in
place were compared and the difference percent show in the table below.

Result From Models

Original MBE Alternative MBE

Initial oil in place 2,303,332.45 2,213,838.27

Intercept 96.83 1.997

SSE 0.043%

Amodel without intercept if stabilize should have intercept approximately zero or
close to, though depending on the data structure. This is display in the result shown
above for both the alternative and original Havlena and Odeh model. Also compar-
ing both results in term of oil initially in place, it shows an approximate error of
0.043% which makes the model suitable for predicting reservoir performance.

6.5 Conclusion

(i) Efficient modeling of straight line MBE of a cluster reservoir is realistic using
the model, hence reservoir fluid properties at each mini-reservoir should be
separately considered.

(ii) Careful interest should be paid to issues relating to inconsistent average
production rate and also uncertainty in the fluid properties
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(iii) The model is more applicable for newly discovered reservoir with less infor-
mation on future production data provided fluid data from nearby reservoir with
similar reservoir characteristics are available

(iv) The model duly served as a check to the original material balance Havlena and
Odeh straight line MBE, therefore can be used to validate simulation result.
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Case Study 2
Apply the appropriate straight line material balance equation to calculate the STOIIP
in the data presented in the tables below. This data is obtained from L.P Dake (1978)
Fundamentals of Reservoir Engineering, Example 9.2.

PVT data for L.P Dake Example 9.2

GOR (Rs) 650

Oil Gravity 40

(Yg) 0.7

Salinity 14000

Time
(day)

Pressure
(psia)

Solution GOR
(scf/STB)

Oil FVF
(rb/STB)

Gas FVF
(rb/STB)

Oil
Viscosity
(cp)

Gas
Viscosity
(cp)

0 2740 650 1.404 0.00093 0.54 0.0148

365 2500 592 1.374 0.00098 0.589 0.01497

730 2290 545 1.349 0.00107 0.518 0.01497

1096 2109 507 1.329 0.00117 0.497 0.01497

1461 1949 471 1.316 0.00128 0.497 0.01497

1826 1818 442 1.303 0.00139 0.497 0.01497

2191 1702 418 1.294 0.00150 0.497 0.01497

2557 1608 398 1.287 0.00160 0.497 0.01497

2922 1535 383 1.280 0.00170 0.497 0.01497

3287 1480 381 1.276 0.00176 0.497 0.01497

3652 1440 364 1.273 0.00182 0.497 0.00182

Reservoir and Aquifer data

Aquifer data Reservoir data
Parameter Value Parameter Value
Reservoir thickness 100 Temperature 115

Reservoir radius 9200 Initial pressure 2740

Aquifer radius 46000 Porosity 0.25

Emcroachment angle 140 Swc 0.05

Aquifer permeability 200 Cw 3.00E-06

Cf 4.00E-06

Relative permeability data
Residual sat End point Exponent

Krw 0.25 0.039336 0.064557

Kro 0.15 0.8 10.5533

Krg 0.05 0.9 1

Production data of L.P Dake Example 9.2
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Time
(dd/mm/
yyyy)

Reservoir
Pressure (psia)

Cum oil Produced
(MMSTB)

Cum Gas
Produced
(MMSCF)

Cum Water
Produced
(MMSTB)

1/8/1994 2740 0 0 0

1/8/1995 2500 7.88 5988.8 0

1/8/1996 2290 18.42 15564.9 0

1/8/1997 2109 29.15 26818 0

1/8/1998 1949 40.69 39672.8 0

1/8/1999 1818 50.14 51393.5 0

1/8/2000 1702 58.42 62217.3 0

1/8/2001 1608 65.39 71602.8 0

1/8/2002 1535 70.74 79228.8 0

1/8/2003 1480 74.54 85348.3 0

1/8/2004 1440 77.43 89818.8 0

Material balance analysis has been carried out on example 9.2 of L. P. Dake
reservoir. The Reservoir Prediction Analysis tool, REPAT developed by Okotie and
Onyekonwu (2015) was used for the analysis and compare with MBAL of Petroleum
Experts Limited. The program uses a conceptual model of the reservoir to predict the
reservoir behavior and reserves based on the effects of fluids produced from the
reservoir. Besides, the in-place volumes calculated from this study can be subjected
to static and dynamic simulation tool for validation. The reservoir pressure, PVT and
production data, after careful review, served as input data into the REPAT and
MBAL program.

Description of the Tool Used in the Study
The reservoir performance analysis tool (REPAT 8.5) is a package designed to help
engineers to have a better understanding of reservoir behaviour, infer hydrocarbon in
place, determine the best aquifer model, history match production history and
perform prediction run. The tool is setup in a way that user can go from left to
right on the options menu and from each option, a user can navigate from top to
bottom. Thus, this tool is broken down into various components and these are:

• Setting the system/model options
• Entering PVT data and perform correlation match to select the best model
• Entering reservoir, relative permeability and aquifer data
• Entering production history data
• Performing a history match
• Performing prediction run
• Generation of report
• help
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Results from REPAT and MBal
The summary of the results obtained from L.P Dake Example 9.2 analysis are as
shown in the table below.

Summary of L.P Dake Example 9.2 Analysis Results

Parameter REPAT MBAL L.P DAKE

Aquifer model Hurst-Van
Everdingen

Hurst-Van Everdingen-
Dake

Hurst-Van
Everdingen

Reservoir Thickness
(ft)

100 100 100

Reservoir Radius (ft) 9200 9200 9200

Outer/Inner Radius 5.0761 5.1 5.00

Encroachment Angle 140 140 140

Aquifer Permeability
(md)

200 327.19 200

OIIP (MMSTB) 311.48 312.79 312

Summary of Input Data for the Aquifer model of L.P Dake Example 9.2

Parameter Value Source

Aquifer permeability (md) 327.19 Regression in REPAT and MBAL

Encroachment Angle (deg) 140 Fault polygon

Reservoir radius (ft) 9200 Estimated from seismic map

Outer/inner radius (ratio) 5.00 Estimated from seismic map

Reservoir thickness(ft) 100 Logs
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Graphical estimate of STOIIP

Energy plot
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History match plot
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Inference from the Analysis
The Hurst-Van Everdingen model was selected as the most likely case for example
9.2 in L. P. Dake. The parameters used to obtain the history match and the OIIP from
Hurst-Van Everdingen radial aquifer compare favourably with the expected values.
The inferences from the Material Balance Analysis of this example using REPAT are
as follows:

• The OOIP is 311.48MMSTB from the diagnostic (F/Et Vs We/Et) plot as shown
in the historical match plot above
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• The example 9.2 reservoir is influenced by a combination of water drive and fluid
expansion drive mechanism as revealed by the energy plot

• Results from the analytical cumulative oil produced match as shown in historical
match plot, indicates a Hurst –Van Everdingen radial water drive behavior,
encroaching at an angle of 1400. A good production simulation match was
obtained

• The Results of the analysis indicates that the Hurst–Van Everdingen radial aquifer
Influx model incorporated into the (F/Et Vs We/Et) straight-line method is the
most likely aquifer model.

• Figure 6.8 the aquifer plot shows the dimensionless aquifer plot and the red line
indicates example 9.2 plot

The volume obtained with REPAT using example 9.2 reservoir compares
favourably with the volume reported by L.P. Dake as shown in the table above.

Constraints
Unknown aquifer characteristics and properties

Prediction Result
The figure below shows the prediction result obtained from example 9.2 after careful
analysis and history match. The predicted result match perfectly well with the
historical data and extrapolated to a future pressure as the reservoir declines to
abandonment. REPAT has a user-defined option of prediction to control the start
and end of prediction result. Hence, since the tool gave a close value of STOIIP as
compared with the base case of example 9.2 and also able to match the historical
data, it therefore gave a good prediction result.
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6.6 Conclusions

The result obtained from the analysis of example 9.2 from fundamentals of reservoir
engineering by L.P Dake using this study software “REPAT”, the following con-
clusion can be drawn:

• The Hurst-Van Everdingen radial aquifer model was selected as the most likely
case. The parameters used to obtain the history match and the OIIP compare
favorably with the expected values from L.P. Dake and MBal.

• The error in STOIIP obtained from REPAT is 0.00195 and R-value of 0.99999
which is a good fit, while MBal is 0.00253 using the STOIIP in example 9.2 in L.
P Dake as a base case.

• The reservoir is supported by a combination of water drive and fluid expansion
drive

• The result of STOIIP obtained after regression on aquifer-reservoir radius ratio
converges at 5.0761 from Hurst-Van Everdingen radial aquifer model.

• A good pressure and historical production simulation match was obtained from
REPAT

Recommendations

• Results from REPAT should be compared with the result from other means of oil
in place estimate such as static (geology) and simulation (eclipse).

• Prediction of cumulative water produced should be model.
• REPAT can be used as a pre-processing tool for reservoir simulation/study to

infer in place volume and best aquifer model.
• It can be used as a “stand-alone” for reservoir performance
• REPAT can also be used in the academic environment.

Case Study 3
The case study presented here is a paper published by Authors of this book.

Hydraulic Communication Check
Analytical plots of the pressure and the production data as shown in Fig. 6.3 have
been used to check for a possible communication across the J2 and J3 reservoir
levels.

Similar SBHP and GOR trends for J2 and J3 reservoirs indicate possible com-
munication across these levels, hence J2 and J3 was modeled as multiple tanks
connected by means of a transmissibility.

Data Presentation
Ugua J2-J3 reservoirs are both saturated oil reservoir. J2 reservoir operates at a
temperature of 229 deg. F and a bubble point of 4718 psi while J3 reservoir
operates at a temperature of 228 deg. F and a bubble point 4711.29 psi. J2 reservoir
production history spans a period of 35 years (May 1976–January 2011) while J3
spans a period of 34 years (February 1977–January 2011). The PVT and reservoir

6.6 Conclusions 277



(tank) data used in the analysis for both reservoirs are as shown in the Tables 6.1
and 6.2.

Procedure
The Havlena-Odeh and the F/Et vs. We/Et straight line plots of the graphical method
incorporating various radial aquifer models were used to evaluate the aquifer
properties, match the reservoir pressure and determine the gas initially in-place
(GIIP). The accuracy of the results was validated with the history match of the
model’s pressure and production.

The analysis procedure is as follows:

• Pressure and production data is entered on a Tank basis.
• The matching facility in MBAL is used to adjust the empirical fluid property

correlations to fit measured PVT laboratory data. Correlations are modified using
a non-linear regression technique to best fit the measured data.

• The graphical method plot is used to visually determine the different Reservoir
and Aquifer parameters. The Havlena – Odeh and the F/Et vs. We/Et straight-line
plots of the graphical method were used to visually observe and determine the
appropriate aquifer model and parameters.

• The non-linear regression engine of the analytical method is used in estimating
the unknown reservoir and aquifer parameters and fine-tune the pressure and
production match. This is done for various aquifer models and their standard
deviations from the actual field data are compared

• The accuracy of the model is validated by history matching the field pressure and
production data with the simulation data.
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6.7 Results

The summary of the result from the analysis is shown in Table 6.3.
The summary of the aquifer parameters used in the Material Balance calculations

and the source of each data is depicted in Tables 6.4 and 6.5.
The Hurst-Van Everdingen Modified model was selected as the most likely case

for J2 while Hurst-Van Everdingen-Dake for J3. The parameters used to obtain the
history match and the OIIP from both models with the Hurst-Van Everdingen
Modified and Hurst-Van Everdingen radial aquifer compare favorably with the
expected values. The plots generated from the most likely case models are shown
in Figs. 6.4, 6.5, 6.6, 6.7, 6.8, 6.9, 6.10, 6.11, and 6.12.

Constraints

• Unknown aquifer characteristics and properties.

Table 6.1 Ugua J2 and J3 reservoir PVT Data

J2 Reservoir J3 Reservoir

Property Value Property Value
Formation GOR (scf/STB) 1736 Formation GOR (scf/STB) 1253

Oil gravity 34.8 Oil gravity 33.7

Gas gravity 0.863 Gas gravity 0.698

Mole percent H2S (%) 0 Mole percent H2S (%) 0

Mole percent CO (%) 1.84 Mole percent CO (%) 2.75

Mole percent N2 (%) 1.09 Mole percent N2 (%) 0.07

Water salinity (ppm) 10000 Water salinity (ppm) 10000

Pb,Rs,Bo correlation Lasater Pb, Rs, Bo correlation Glasso

Oil viscosity correlation Petrosky et al Oil viscosity correlation Beal et al

Separator Single stage Separator Single stage

Table 6.2 Ugua J2 and J3 reservoir (Tank) Properties

J2 Reservoir J3 Reservoir

Parameter Value Parameter Value
Temperature (deg.F) 229 Temperature (deg.F) 228

Initial pressure (psi) 4718 Initial pressure (psi) 4711.29

Porosity 0.15 Porosity 0.15

Connate water saturation 0.15 Connate water saturation 0.15

Water compressibility
(1/psi)

Use correlation Water compressibility
(1/psi)

Use correlation

Initial gas cap 0.038 Initial gas cap 0.116
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Inference from Analysis
Inferences from the Material Balance analysis of the Ugua J2 reservoir are as
follows:

• The OOIP is 125.006MMstb.
• The most likely aquifer model is the Hurst-Van Everdingen Modified radial

aquifer.

Table 6.3 Summary of Ugua J2 and J3 Reservoir Analysis Results

J2 Reservoir J3 Reservoir

Aquifer model Hurst-Van Everdingen-
modified

Aquifer model Hurst-Van
Everdingen-Dake

Reservoir thickness
(m)

282 Reservoir thickness
(m)

96.17

Reservoir radius
(m)

5000 Reservoir radius
(m)

3576

Outer/inner radius 2.56 Outer/inner radius 3.93

Encroachment
angle

224 Encroachment
angle

139

Aquifer permeabil-
ity (md)

2.48 Aquifer permeabil-
ity (md)

35

OIIP (MMSTB) 125.006 OIIP (MMSTB) 80.689

GIIP (Bscf) 42.72 GIIP (Bscf) 68.7

Table 6.4 Summary of Input Data for Ugua J2 Reservoir Aquifer Model and Transmissibility

J2 Reservoir

Paramerter Value Source
Aquifer permeability 2.48 Regression in MBAL

Encroachment angle (deg.) 224 Fault polygon

Reservoir radius (m) 5000 Estimation from seismic map

Outer/inner radius (ratio) 2.56 Estimation from seismic map

Reservoir thickness(m) 282 Logs

Transmissibility(Rb/day*cp/psi) 4.76925 Regression in MBAL

Table 6.5 Summary of Input Data for Ugua J2 Reservoir Aquifer Model and Transmissibility

J3 Reservoir

Paramerter Value Source
Aquifer permeability 35 Regression in MBAL

Encroachment angle (deg.) 139 Fault polygon

Reservoir radius (m) 3576 Estimation from seismic map

Outer/inner radius (ratio) 3.93 Estimation from seismic map

Reservoir thickness(m) 96.7 Logs

Transmissibility(Rb/day*cp/psi) 4.76925 Regression in MBAL
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• The reservoir is supported by a combination drive of water influx, fluid expan-
sion, and gas cap expansion mechanisms.

Inferences from the Material Balance analysis of the Ugua J3 reservoir are as
follows:

• The OOIP is 80.689MMstb.
• The most likely aquifer model is the Hurst-Van Everdingen-Dake radial aquifer.
• The reservoir is supported by a combination drive of fluid expansion and water

influx with a minimal gas cap expansion mechanisms.

There is communication between J2 and J3 as can be seen from the combined
history match pressure and transmissibility plot of Fig. 6.12.

6.8 Conclusion

From the hydraulic communication check performed as shown in Fig. 6.3, we
suspect communication between J2 and J3 reservoirs, hence multi-tank material
balance analysis approach linked with transmissibility was adopted to model the
reservoirs. The results obtained shall be used in the full field Ugua reservoir
simulation study and the oil initially in place volume will be validated with the
static and dynamic models. The Hurst-Van Everdingen radial aquifer model was
selected as the most likely case.

The summary of the results from the material balance analysis of the Ugua J2 and
J3 reservoir levels is depicted in Table 6.6.
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Exercises

Ex 6.1 The data in the table below represent a data from a saturated oil reservoir without an
active water drive. Confirm if the reservoir is actually undergoing volumetric depletion

Time (yrs) Np (MMstb) Bg (cuft/scf) Bo (rb/stb) Rs (cuft/stb) Rp (cuft/stb)

0 0 0.00433 1.5533 719.9045 701.7525

1 1.9891 0.00446 1.5440 702.4075 795.3195

2 7.0973 0.00466 1.5306 676.9572 860.8164

3 10.7186 0.00489 1.5168 650.6649 926.3133

4 18.5518 0.00525 1.4969 612.9574 954.3834

5 22.8154 0.00549 1.4854 591.0627 985.6700

6 28.0537 0.00581 1.4509 555.0749 1008.657

7 31.0359 0.00611 1.4201 525.0909 1041.227

8 34.5123 0.00641 1.3957 503.1039 1059.677

Ex 6.2 Check if the reservoir with data given in the tables below representing reservoir and
production history of the field is aquifer supported

Pi 2560 psi m 0.08 Rsi 600 scf/stb

Boi 1.316 rb/stb Pb 2560 psi Bw 1.05 rb/stb

Date Np (MMstb) Bg (cuft/scf) Bo (rb/stb) Rs (cuft/stb) Rp (cuft/stb)

Aug-93 21.456 0.00129 1.301 542 905

Aug-94 31.871 0.00138 1.278 498 898

Aug-95 41.871 0.00142 1.272 483 763

Aug-96 55.843 0.00148 1.267 473 659

Aug-97 67.78 0.00157 1.259 461 576

Aug-98 80.758 0.00161 1.254 452 518

Ex 6.3 Given a saturated reservoir with bubble point pressure as 4100 psia and based on the
geological information provided, the gascap size was determine as 0.45 but this value is
not certain. From the PVT data and the historic production provided in the table below,
calculate the stock tank oil initially in place, free gas volume and the correct value for the
gascap size.

Table 6.6 Ugua J2 and J3 Material Balance Results

Reservoir
Level

OIIP
(MMstb)

GIIP
(Bscf)

Available Drive
Mechanism Likely Aquifer

J2 125.006 42.72 Combination drive Hurst-Van Everdigen-modified

J3 80.689 68.7 Combination drive Hurst-Van Everdigen-Dake
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Pressure (psia) Np (MMSTB) Rp (scf/STB) Bo (rb/STB) Rs (scf/STB) Bg (rb/STB)

4100 0.000 0 1.3887 536 0.000895

3887 4.627 1260 1.3712 501 0.000947

3702 8.298 1272 1.3572 473 0.000988

3517 12.447 1392 1.3459 446 0.001039

3332 16.178 1482 1.3351 421 0.001101

3147 20.421 1518 1.3238 394 0.001163

2962 24.935 1560 1.3122 370 0.001235

Ex 6.4 Given the following data of Level GT oil reservoir in Ugbomro:

Connate water saturation 23%

Bubble point pressure 2650 psia

STOIIP 12.89 MMSTB

Pressure
(psia)

Bo
(rb/STB

Bg
(rb/STB)

Rs
(scf/STB)

Uo
(cp) Uo (cp

GOR
(scf/STB)

2650 1.3814 0.000895 680 0.956 0.018 680

2180 1.3791 0.000947 574 1.236 0.0165 1480

1825 1.3572 0.000988 528 1.492 0.0152 2100

The cumulative gas-oil ratio at 1825 psia was recorded at 950 scf/STB. Calculate
The oil saturation at 1825 psia
The volume of free gas in the reservoir at 1825 psia
The relative permeability ratio (Kg/Ko) at 1825 psia

Ex 6.5 Determine the original gas-in-place and ultimate recovery at an abandonment pressure of
500 psia for the following reservoir.

Gas specific gravity

¼ 0.70
Reservoir temperature

¼ 150 �F
Original reservoir pressure

¼ 3600 psia
Abandonment reservoir pressure

¼ 500 psia
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Production and pressure history as shown in the following table.

Gp (MMscf) P (psia) z P/z (psia)

0 3600 0.8351 4310.861

640 3360 0.8204 4095.563

1550 3060 0.8187 3737.633

3250 2484 0.8134 3053.848
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Chapter 7
Decline Curve Analysis

Learning Objectives:
Upon completion of this chapter, students/readers should be able to:

• Describe the build-up, plateau and decline stage of hydrocarbon production
• Describe the application of decline curves
• Understand the causes of production decline
• Reservoir factors that affect the Decline Rate
• Operating conditions that influence the Decline Rate
• Describe the various types of decline curves
• Identify the decline model of any field from historical data
• Determine the model parameter
• Derive the appropriate equations of the different types of decline model
• Forecast future production of a field
• Determine the abandonment time and rate of a field
• Determine the cumulative production of a field

Nomenclature
Parameter Symbol unit

Initial oil or gas production rate qi bbl/yr or bbl/month or bbl/day or stb/day &
scf/day

Oil or gas flow rate at current time qt stb/day or scf/day

Abandonment rate qa stb/day or scf/dayx

Cumulative oil produced Np stb

Cumulative gas produced Gp scf

Time t yr or month or day

Abandonment time ta yr or month or day

Constant k –
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Parameter Symbol unit

Exponent n –

Nominal or continuous or initial
decline

Di per day or month or year

Arps’ decline-curve exponent b –

Effective decline rate Di
0

per day or month or year

7.1 Introduction

Globally, the oil and gas production profiles differ considerably. When a field starts
production, it builds up to a plateau state, and every operator will want to remain in
this stage for a very long period of time if possible. But in reality, it is practically not
possible, because, at a point in the life of the field, the production rate will eventually
decline to a point at which it no longer produces profitable amounts of hydrocarbon
as shown in Fig. 7.1. In some fields, the production build-up rate starts in the first few
years, most fields’ profiles have flat top and the length of the flat top depends on
reservoir productivity.

Some fields have long producing lives depending upon the development plan of
the field and reservoir characteristics such as the reservoir, drive mechanism. Wells
in water-drive and gas-cap drive reservoirs often produce at a near constant rate until
the encroaching water or expanding gas cap reaches the well, thereby causing a
sudden decline in oil production. Wells in gas solution drive and oil expansion drive
reservoirs have exponential or hyperbolic declines: rapid declines at first, then
leveling off.

Fig. 7.1 A theoretical production curve, describing the various stages of maturity. (Source:
Robelius (2007))
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Therefore, decline curve analysis can be defined as a graphical procedure used for
analyzing the rates of declining production and also a means of predicting future oil
well or gas well production based on past production history. Production decline
curve analysis is a traditional means of identifying well production problems and
predicting well performance and life based on measured oil or gas well production.
Today, several computer software have been built to perform this task and prior to
the availability of computers, decline curve analysis was performed by hand on
semi-log plot paper. Several authors (Rodriguez & Cinco-Ley (1993), Mikael
(2009), Duong (1989) have developed new models or approach for production
decline analysis. Agarwal et al. (1998) combined type curve and decline curve
analysis concepts to analyse production data. Doublet et al. (1994), applied the
material balance time for a field using decline curve analysis.

Furthermore, as stated by Thompson and Wright (1985), decline curve is one of
the oldest methods of predicting oil reserves with the following advantages:

• They use data which is easy to obtain
• They are easy to plot
• They yield results on a time basis, and
• They are easy to analyze.

7.2 Application of Decline Curves

• Production decline curve illustrates the amount of oil and gas produced per unit
of time.

• If the factors affecting the rate of production remaining constant, the curve will be
fairly regular, and, if projected, can give the future production of the well with an
assumption that the factors that controlled production in the past will continue to
do so in future.

• The above knowledge is used to ascertain the value of a property and proper
depletion and depreciation charges may be made on the books of the operating
company.

• The analysis of the production decline curve is employed to determine the value
in oil and gas wells economics.

• Identify well production problems
• Decline curves are used to forecast oil and gas production for the reservoir and on

per well basis and field life span.
• Decline curves are also used to predict oil and gas reserves; this can be used as a

control on the volumetric reserves calculated from log analysis results and
geological contouring of field boundaries.

• It is often used to estimate the recovery factor by comparing ultimate recovery
with original oil in place or gas in place calculations
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7.3 Causes of Production Decline

• Changes in bottom hole pressure (BHP), gas-oil ratio (GOR), water-oil ratio
(WOR), Condition in drilling area

• Changes in Productivity Index (PI)
• Changes in efficiency of vertical & horizontal flow mechanism or changes in

equipment for lifting fluid.
• Loss of wells

7.4 Reservoir Factors that Affect the Decline Rate

• Pressure depletion
• Number of producing wells
• Reservoir drive mechanism
• Reservoir characteristics
• Saturation changes and
• Relative permeability.

7.5 Operating Conditions that Influence the Decline Rate

• Separator pressure
• Tubing size
• Choke setting
• Workovers
• Compression
• Operating hours, and
• Artificial lift.

As long as the above conditions do not change, the trend in decline can be analyzed
and extrapolated to forecast future well performance. If these conditions are altered,
for example; through a well workover, the decline rate determined during
pre-workover will not be applicable to the post-workover period.

7.6 Types of Decline Curves

Arps (1945) proposed that the “curvature” in the production-rate-versus-time curve
can be expressed mathematically by a member of the hyperbolic family of equations.
Arps recognized the following three types of rate-decline behavior:
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• Exponential decline
• Harmonic decline
• Hyperbolic decline

Arps introduces equations for each type and used the concept of loss-ratio and its
derivative to derive the equations. The three declines have b values ranging from 0 to
1. Where b ¼ 0 represents the exponential decline, 0 < b < 1 represents the
hyperbolic decline, and b ¼ 1 represents the harmonic decline (Fig. 7.2).

The plots of production data such as log(q) versus t; q versus Np; log(q) versus
log(t); Np versus log(q) are used to identify a representative decline model.

7.6.1 Identification of Exponential Decline

If the plot of log(q) versus t OR q versus Np shows a straight line (see figures below)
and in accordance with the respective equations, the decline data follow an expo-
nential decline model.

Log q Np

q

In q = In qi – Dit q = qi – DiNp

t

Fig. 7.2 Arps’ three types of decline and their formulas on a semi-log plot after Arps (1945)
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7.6.2 Identification of Harmonic Decline

If the plot of log(q) versus log(t) OR Np versus log(q) shows a straight line (see
figures below) and is in accordance with the respective equations, the decline data
follow a harmonic decline model.

Log q Np

[In qi – In q]Np =
qi
Di

Log t Log q

q =
qi

1 + Dit

7.6.3 Identification of Hyperbolic Decline

• If no straight line is seen in these plots above, the model may be hyperbolic
decline model

• A plot of the relative decline rate vs the flow rate has to be plotted to ascertain the
model in accordance with the equation below

1
q

dq

dt
¼ �Diq

b

Harmonic Decline

Exponential Decline

Δq qΔ
t

−

Hyperbolic Decline

Log q
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7.7 Mathematical Expressions for the Various Types of Decline
Curves

The three models are related through the following relative decline rate equation
(Arps 1945):

1
q

dq

dt
¼ �kqb

7.7.1 Exponential (Constant Percent) Decline

The model parameter is given as:

Di ¼ �1
q

dq

dt
¼ kqb

When b ¼ 0

Di ¼ �1
q

dq

dt
¼ kq0

Di ¼ kq0 ¼ k ¼ constant

Therefore, the decline rate is

Di ¼ �1
q

dq

dt
¼ 1

tiþ1 � tið Þ ln
qi
qiþ1

The elapse time between two different rates is given as:

ln q1ð Þ ¼ ln qið Þ � dt1

ln q2ð Þ ¼ ln qið Þ � dt2

tiþ1 � ti ¼ 1
Di

ln
q1
q2

The abandonment time of a field is given as
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ta ¼ 1
Di

ln
qi
qa

Relationship of b at different times is:

ba ¼ 12bm ¼ 365bd

The exponential production rate can be determined by integrating the decline
rate’s equation.

Di

Z t

0
dt ¼ �

Z qt

qi

dq

q

Di t½ � t0 ¼ � ln q½ � qt
qi

�Dit ¼ ln qt � ln qi ¼ ln
qt
qi

e�Dit ¼ qt
qi

qt ¼ qie
�Dit

logqt ¼ logqi �
Di

2:303
t

Therefore, a plot of log qt Vs t on a semi-log graph yield slope as � Di
2:303:

Log q

t

Dislope =
2.303

7.7.1.1 Relationship Between Nominal and Effective Decline Rate

The nominal decline rate (Di) is defined as the negative slope of the curvature
representing the natural logarithm of the production rate versus time.
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Log q
dq

dq

t

Effective decline rate (Di
0
) is defined as the drop in production rate from initial

rate to a current rate over a period of time divided by the production rate at the
beginning of the period as shown in the figure below

qi+1

qi+2

qi

Mathematically is given as:

Di
0 ¼ qi � qiþ1

qi

Di
0qi ¼ qi � qiþ1

qiþ1 ¼ qi 1� Di
0ð Þ

Comparing with the exponential production rate above, we have

e�Di ¼ 1� Di
0

Thus,

1� Da
0ð Þ ¼ 1� Dm

0ð Þ12 ¼ 1� Dd
0ð Þ365
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7.7.1.2 Cumulative Production for Exponential Decline

The Integration of the production rate over time gives an expression for the cumu-
lative oil production as:

Np ¼
Z t

o
qdt ¼

Z t

o
qie

�Ditdt

Let

u ¼ Dit ∴
du

dt
¼ Di

! dt ¼ du

Di

Substituting into the above equation gives

Np ¼
Z t

o
qie

�Ditdt ¼
Z t

o
qie

�u∗
du

Di
¼ qi

Di

Z t

o
e�u∗du

Np ¼ �qi
Di
e�u

����
t

0

but u ¼ Dit

Np ¼ �qi
Di
e�Dit

����
t

0

¼ �qi
Di

e�Dit � e0
� �

Np ¼ �qi
Di

e�Dit � 1
� � ¼ qi

Di
1� e�Dit
� � ¼ 1

Di
qi � qie

�Dit
� �

Recall

qt ¼ qie
�Dit

∴ Np¼ qi 2 qt
Di

qt ¼ qi � DiNp

The decline rate can also be calculated from cumulative production as

q1 ¼ qi � DiNp1
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q2 ¼ qi � DiNp2

Di ¼ q1 � q2
Np2 � Np1

7.7.1.3 Steps for Exponential Decline Curve Analysis

The following steps are taken for exponential decline analysis, for predicting future
flow rates and recoverable reserves (Tarek, 2010):

• Plot flow rate vs. time on a semi-log plot (y-axis is logarithmic) and flow
rate vs. cumulative production on a cartesian (arithmetic coordinate) scale.

• Allowing for the fact that the early time data may not be linear, fit a straight line
through the linear portion of the data, and determine the decline rate “D” from the
slope (�b/2.303) of the semi-log plot, or directly from the slope (D) of the rate-
cumulative production plot.

• Extrapolate to q ¼ qt to obtain the recoverable hydrocarbons.
• Extrapolate to any specified time or abandonment rate to obtain a rate forecast and

the cumulative recoverable hydrocarbons to that point in time

7.7.2 Harmonic Decline Rate

When b ¼ 1, the

1
q

dq

dt
¼ �Diq

b

1
q

dq

dt
¼ �Diq

1
q2

dq

dt
¼ �Di

Yields the differential equation for a harmonic decline model which when
integrated gives:
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Zqt
qi

1
q2

dq ¼
Z t

0

�Didt

Zqt
qi

q�2dq ¼ �Di

Z t

0

dt

�q�1
��qt
qi
¼ �Di tj t0

� �
� qt

�1 � qi
�1

� � ¼ �Dit

qt
�1 � qi

�1
� � ¼ Dit

1
qt
� 1
qi

� �
¼ Dit

qi � qt
qtqi

� �
¼ Dit

qi � qt
qi

� �
¼ qtDit

1� qt
qi

� �
¼ qtDit

1 ¼ qt
qi
þ qtDit ¼ qt

qi
1þ Ditð Þ

qt ¼
qi

1þ Ditð Þ

1þ Dit ¼ qi
qt

Taking natural log of both sides

ln 1þ Ditð Þ ¼ ln
qi
qt

� �
¼ ln qi � ln qt

7.7.2.1 Cumulative Production for Harmonic Decline

The expression for the cumulative production for a harmonic decline is obtained by
integration of the production rate. This is given by:
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Np ¼
Z t

o

qi
1þ Dit

� �
dt

Let

u ¼ 1þ Dit ∴
du

dt
¼ Di

! dt ¼ du

Di

Therefore, the cumulative production can be re-written as:

Np ¼
Z t

o

qi
u
∗
du

Di
¼ qi

Di

Z t

o

du

u

Np ¼ qi
Di

ln u

����
t

0

Recall

u ¼ 1þ Dit

Np ¼ qi
Di

ln 1þ Ditð Þ
����
t

0

Np ¼ qi
Di

ln 1þ Ditð Þ � ln 1þ Di 0f gð Þ½ �

∴ Np ¼ qi
Di

ln 1þ Ditð Þ

By substitution of the above expression, we have:

Np ¼ qi
Di

ln qið Þ � ln qtð Þ�½
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7.7.3 Hyperbolic Decline

The hyperbolic decline model is inferred when 0 < b < 1
Hence the integration of

1
q

dq

dt
¼ �Diq

b

Gives:

Z qt

qi

dq

q1þb
¼ �

Z t

0
Didt

This result in

qt¼
qi

1þbDitð Þ1=b

Or

qt¼
qi

1þDi
a t

� �a
Where a ¼ 1=b

7.7.3.1 Cumulative Production for Hyperbolic Decline

Expression for the cumulative production is obtained by integration (Table 7.1):

Np ¼
Z t

o
qdt ¼

Z t

o

qi
1þ Di

a t
� �a dt

Table 7.1 Summary of Decline Model

Model Rate (STB/D) Cumulative Production (STB) Time

Exponential qt ¼ qie
�Dit Np ¼ qi�qt

Di
t ¼ 1

Di
ln qt

qt

Harmonic qt ¼ qi
1þDitð Þ Np ¼ qi

Di
ln 1þ Ditð Þ t ¼ 1

Di

qi
qt
� 1

	 

Hyperbolic qt ¼ qi

1þDi
a tð Þa Np ¼ qi

1�bð ÞDi
1� qt

qi

	 
1�b
� �

t ¼ 1
0:5Di

ffiffiffi
qi
qt

q
� 1

� �
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Let

u ¼ 1þ Di

a
t ∴

du

dt
¼ Di

a

! dt ¼ a

Di
:du

Np ¼
Z t

o

qi
ua

:
a

Di
du ¼ aqi

Di

Z t

o

1
ua

:du ¼ aqi
Di

Z t

o

1
ua

:du ¼ aqi
Di

Z t

o
u�a:du

Np ¼ aqi
Di

:
1

�aþ 1

� �
:u�aþ1

����
t

0

Np ¼ 1
1� að Þ:

aqi
Di

� �
: 1þ Di

a
t

� �1�a
�����
t

0

Np ¼ 1
1� að Þ:

aqi
Di

� �
: 1þ Dit

a

� �1�a

� 1

( )

Multiplying through by (�1/�1), we have

Np ¼ 1
a� 1ð Þ:

aqi
Di

� �
: 1� 1þ Dit

a

� �1�a
( )

Np ¼ a

a� 1ð ÞDi
: qi � qi 1þ Dit

a

� �1�a
( )

Recall that:

qi ¼ qt 1þ Dit

a

� �a

Np ¼ a

a� 1ð ÞDi
: qi � qt 1þ Dit

a

� �a

1þ Dit

a

� �1�a
( )

Np ¼ a

a� 1ð ÞDi
: qi � qt 1þ Dit

a

� �� �

Recall also that:
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a ¼ 1
b

Np ¼
1=b

1=b � 1ð ÞDi
: qi � qt 1þ bDitð Þf g

Np ¼ 1

b 1�b
b

� �
Di

: qi � qt 1þ bDitð Þf g

Np ¼ 1
1� bð ÞDi

: qi � qt 1þ bDitð Þf g

Multiply through by

qi
b

qib

Gives

Np ¼ qi
b

1� bð ÞDi
:

qi
qib

� qt
qib

1þ bDitð Þ
� �

Np ¼ qi
b

1� bð ÞDi
: qi

1�b � qt
qib

1þ bDitð Þ
� �

Recall also that:

qt ¼
qi

1þ Di
a t

� �a ¼ qi

1þ bDitð Þ1=b

Thus, multiplying the powers by b, gives

qi
b ¼ qt

b 1þ bDitð Þ

By substitution

Np ¼ qi
b

1� bð ÞDi
: qi

1�b � qt
1�b

� �
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Np¼ qi
12 bð ÞDi

12
qt
qi

� �12 b
( )

Example 7.1
An onshore field located at Okuatata as being on production for the past 2 years
(24 months) given in the table below. As a production engineer hired by an operating
company, you are required to perform the following tasks:

• Identify a suitable decline model
• Determine model parameters
• Project production rate until a marginal rate of 280 stb/day is reached.

Okuatata Field Production Data for 24 months

t (Month) q (STB/D t (Month) q (STB/D

0 9100 13 2678.22

1 8892.18 14 2423.38

2 8045.93 15 2192.82

3 7280.31 16 1984.17

4 6587.44 17 1795.25

5 5960.59 18 1624.5

6 5393.36 19 1469.84

7 4880.12 20 1330.08

8 4415.74 21 1203.45

9 3995.47 22 1088.86

10 3615.28 23 985.322

11 3271.21 24 891.557

12 2959.91

Solution
Based on the criteria stated above for decline curve model identification, the
Okuatata oil field’s production is undergoing an exponential decline as depicted in
the plots below.
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Model parameter is calculated as
Select points on the trend line:
t1 ¼ 5 months,

q1 ¼ 5960.59 STB/D
t2 ¼ 15 months,

q2 ¼ 2192.82 STB/D
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Di ¼ �1
q

dq

dt
¼ 1

tiþ1 � tið Þ ln
qi
qiþ1

Di ¼ 1
t2 � t1ð Þ ln

q1
q2

Di ¼ 1
15� 5ð Þ ln

5960:59
2192:82

� �
¼ 0:0999 per month

The abandonment time of a field is given as

ta ¼ 1
Di

ln
qi
qa

ta ¼ 1
0:0999

ln
9100
280

¼ 34:8473 months

Applying the exponential decline rate equation, the projected rate profile is
generated thus:

qt ¼ qie
�Dit

25 806.795

26 730.091

27 660.68

28 597.868

29 541.027

30 489.591

31 443.044

32 400.923

33 362.806

34 328.314

35 297.1

The plot of Okuatata historic production and projected rates are given in the plot
below
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Example 7.2
A well that started production at a rate of 1100 stb/d has declined to 850 stb/d at the
end of the first year. If the economic limit of the well is 25 stb/d, assuming
exponential decline, calculate:

• The yearly and monthly effective decline rates
• The yearly and monthly continuous decline rates
• The life of the well
• The cumulative production

Solution
Yearly and monthly decline rates

qt ¼ qi 1� Da
0ð Þ

qi ¼ 1100 stb=d, qt ¼ 850 stb=d qa ¼ 25 stb=d

850 ¼ 1100 1� Da
0ð Þ

1� Da
0 ¼ 850

1100
¼ 0:7727

Therefore, the yearly effective decline rate is

Da
0 ¼ 1� 0:7727 ¼ 0:2272=yr � 22:7%=yr

The monthly effective decline rate is given as:
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1� Dm
0ð Þ12 ¼ 1� Da

0ð Þ

1� Dm
0 ¼ 1� Da

0ð Þ
1=12 ¼ 1� 0:2272ð Þ1=12¼0:9787

∴ Dm
0 ¼ 1� 0:9787 ¼ 0:021=month

Yearly and monthly continuous or nominal decline rates

e�Da ¼ 1� Da
0 but Da ¼ 12Dm

Applying the exponential equation

qt ¼ qie
�Dat

At the first year, t ¼ 1

850 ¼ 1100e�Da 1ð Þ

e�Da ¼ 850
1100

¼ 0:7727

Take natural log of both sides

�Da ¼ ln 0:7727 ¼ �0:2579

∴Da ¼ 0:2579=yr

Dm ¼ Da

12
¼ 0:2579

12
¼ 0:0215=month

The life of the well
Using 1 year as the unit of time. The rates should be converted to stb/yr. but since

they will cancel out, we apply directly without conversion. The life of the well is
calculated with respect to the abandonment rate of the well.

qa ¼ qie
�Dat

25 ¼ 1100e�0:2579∗ta

e�0:2579∗ta ¼ 25
1100

¼ 0:02273

Take natural log of both sides
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�0:2579∗ta ¼ ln 0:02273 ¼ �3:7841

ta ¼ �3:7841
�0:2579

¼ 14:67 yrs

The cumulative production is

Np ¼ qi � qt
Da

The rates need to be converted to stb/yr.

qi ¼ 1100
stb

d
∗365

days

yr
¼ 401500 stb=yr

qa ¼ 25
stb

d
∗365

days

yr
¼ 9125 stb=yr

∴Np ¼ 401500� 9125
0:2579

¼ 1521423:032 stb

Example 7.3

Use the exponential (b ¼ 0), hyperbolic (b ¼ 0.5), and harmonic (b ¼ 1) method to
calculate the cumulative oil production and remaining life of Amassoma oil field
whose current production rate over a period of 1 year is 10,000 B.P. to an estimated
abandonment rate of 900 BOPD. The initial production of the field was
12,500 BOPD.

Solution
Exponential Decline

Calculate the decline rate

Di ¼ 1
t
ln
qi
qt

At time, t ¼ 1 yr

Di ¼ 1
t
ln
qi
qt

¼ 1
1
∗ ln

12500
10000

� �
¼ 0:2231=yr

The cumulative production is
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Np ¼ qi � qt
Di

At the economic limit of 900 BOPD

∴Np ¼
10000� 900ð Þ bblsd ∗ 365days

yr

0:2231∗ 1
yr

¼ 14887942:63 bbls

Calculate the remaining life using the rate-time equation

t ¼ 1
Di

ln
qt
qa

¼ 1
0:2231

∗ ln
10000
900

� �
¼ 10:79 years

Hyperbolic Decline

qt ¼
qi

1þ 0:5Ditð Þ1=0:5
¼ qi

1þ 0:5Ditð Þ2 for b ¼ 0:5

1þ 0:5Ditð Þ2 ¼ qi
qt

1þ 0:5Dit ¼
ffiffiffiffi
qi
qt

r

Di ¼ 1
0:5t

ffiffiffiffi
qi
qt

r
� 1

� �

Di ¼ 1
0:5∗1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
12500
10000

r
� 1

 !
¼ 0:2361=yr

The cumulative oil production

Np ¼ qi
1� bð ÞDi

1� qa
qi

� �1�b
( )

At the economic limit of 900 BOPD

Np ¼ 10000∗365
1� 0:5ð Þ∗0:2361

1� 900∗365
10000∗365

� �1�0:5
( )

¼ 21643371:45 bbls

The remaining life of the well
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t ¼ 1
0:5Di

ffiffiffiffi
qi
qt

r
� 1

� �
¼ 1

0:5∗0:2361

ffiffiffiffiffiffiffiffiffiffiffiffiffi
10000
900

r
� 1

 !
¼ 19:77 years

Harmonic Decline

1þ Dit ¼ qi
qt

¼ 12500
10000

¼ 1:25

Dit ¼ 1:25� 1 ¼ 0:25

At t ¼ 1 yr

Di ¼ 0:25

The cumulative oil production

Np ¼ qi
Di

ln 1þ Ditð Þ

At the economic limit of 900 BOPD

Np ¼ 10000∗365
0:25

ln 1þ 0:25∗1ð Þ ¼ 3257895:849 bbls

The remaining life of the well

t ¼ 1
Di

qi
qa

� 1

� �
¼ 1

0:25
10000
900

� 1

� �
¼ 40:44 years

The summary of the result from the models are given in the table below

Model Decline Rate (per yr) Cum. Production (bbls) Time (yrs)

Exponential 0.2231 14887942.63 10.97

Harmonic 0.25 3257895.849 40.44

Hyperbolic 0.2361 21643371.45 19.77

Example 7.4
KC field located North-East of Cape field in the Niger Delta was discovered in 2014
with an initial oil in place of 458 MMstb. The field started production a year later
with an initial oil production of 11,580 stb/day from KC1 well and after a year of
exponential decline, the production rate decreased to 9400 stb/day. Predict the
cumulative oil production at the end of the 14th year.

312 7 Decline Curve Analysis



Solution
Calculate the decline rate

Di ¼ 1
t
ln
qi
qt

At time, t ¼ 1 yr

Di ¼ 1
t
ln
qi
qt

¼ 1
1
∗ ln

11580
9400

� �
¼ 0:2086=yr

At the end of the first year

q1 ¼ 9400 stb=d

The cumulative production at the end of first year

Np1 ¼ qi � q1
Di

¼ 11580� 9400
0:2086

¼ 10067:1141 stb

At the end of the second year

q2 ¼ q1e
�Dit ¼ 9400e�0:2086∗1 ¼ 7630:1667 MMscf =d

The cumulative production at the end of second year

Np2 ¼ q1 � q2
Di

¼ 9400� 7630:1667
0:2086

¼ 8484:3400 stb

Cum Np2 ¼ 10067:1141þ 8484:3400 ¼ 18551:4541 stb

At the end of the third year

q3 ¼ q2e
�Dit ¼ 7630:1667e�0:2086∗1 ¼ 6193:5578 MMscf =d

The cumulative production at the end of third year

Np3 ¼ q2 � q3
Di

¼ 7630:1667� 6193:5578
0:2086

¼ 6886:9073 stb

Cum Np3 ¼ 18551:4541þ 6886:9073 ¼ 25438:3614 stb
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The table and figure below is a prediction to the 14th year of production using the
approach above

Time (yr) qend (stb/yr) Yearly Production (stb) Cumulative Production stb)

0 11,500 – –

1 9400 10067.1141 10067.1141

2 7630.1667 8484.3400 18551.4541

3 6193.5578 6886.9073 25438.3614

4 5027.4339 5590.2394 31028.6008

5 4080.8679 4537.7083 35566.3091

6 3312.5215 3683.3480 39249.6571

7 2688.8395 2989.8467 42239.5038

8 2182.5844 2426.9179 44666.4218

9 1771.6471 1969.9775 46636.3992

10 1438.0811 1599.0698 48235.4691

11 1167.3190 1297.9967 49533.4658

12 947.5360 1053.6097 50587.0756

13 769.1338 855.2359 51442.3115

14 624.3212 694.2120 52136.5235
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Example 7.5
The result of the volumetric analysis carried out on Akpet gas field gave an estimated
ultimate recoverable gas reserves as 30 MMMscf. The economic limit was estimated
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as 20 MMscf/month and a nominal decline rate of 0.03 per month. The allowable or
restricted production rate given by the department of petroleum resources is
400 MMscf/month. Calculate the life of the well, the prorated (restricted) time and
the yearly production performance of the well. Assume exponential decline.

Solution
The life of the well is

ta ¼ 1
Di

ln
qr
qa

� �
¼ 1

0:03
ln

400
20

� �
¼ 99:86 months � 100 months ¼ 8:32 yrs

To calculate the restricted time, we can do this in two ways

Case 1: The Procedure Is
Cumulative gas production during the restricted rate

Gp ¼ qr � qa
Di

¼ 400� 20
0:03

¼ 12666:67 MMscf

The reserve during the restricted rate is

¼ ultimate recoverable gas reserve� cum:gas production during the restriction

¼ 30000� 12666:67 ¼ 17333:33 MMscf

The time during the restricted production is

ta ¼ Reserve during restriction

restricted production
¼ 17333:33

400
¼ 43:33 months

Case 2: The Procedure Is
The initial production rate is

qi ¼ GpDi þ qa ¼ 0:03∗30000ð Þ þ 20 ¼ 920 MMscf =month

The cumulative gas production during the restricted period is

Gpr ¼ qi � qr
Di

¼ 920� 400
0:03

¼ 17333:33 MMscf

ta ¼ Reserve during restriction

restricted production
¼ 17333:33

400
¼ 43:33 months ¼ 3:6 yrs
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qr = 400 MMscf/d

qa = 20 MMscf/d

Restricted
Production

Decline

3.6 yrs 8.32 yrs

To prepare the production forecast, the restricted production period span for
3.6 years (three and half years). Therefore, in the first 3 years of production, the
yearly production is given as:

Gp1 ¼ Gp2 ¼ Gp3 ¼ 400
MMscf

month
∗12

months

yr
¼ 4800 MMscf =yr

The production in the fourth year is divided into 0.6 years (an equivalent of
7.2 months ¼ 0.6 yrs. *12 month/yrs. ¼ 4.8 months) at constant production plus
4.8 months of declining production.

For the constant 7.2 months straight line production (restricted production)

Gpc ¼ 400
MMscf

month
∗7:2

months

yr
¼ 2880 MMscf =yr

For the declining period of 4.8 months production

q4 ¼ qre
�Dit ¼ 400e�0:03∗4:8 ¼ 346:36 MMscf =d

The cumulative production for the 4.8 months of decline

Gpd ¼ qr � q4
Di

¼ 400� 346:36
0:03

¼ 1788 MMscf

Therefore, the total production for the fourth years

Gp4 ¼ 2880þ 1788 ¼ 4668 MMscf

At the end of the fifth year

q5 ¼ q4e
�Dit ¼ 346:36e�0:03∗12 ¼ 241:65 MMscf =d

The cumulative production at the end of fifth year
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Gp5 ¼ q4 � q5
Di

¼ 346:36� 241:65
0:03

¼ 3490:3333 MMscf

At the end of the sixth year

q6 ¼ q5e
�Dit ¼ 241:65e�0:03∗12 ¼ 168:599 MMscf =d

The cumulative production at the end of sixth year

Gp6 ¼ q5 � q6
Di

¼ 241:65� 168:599
0:03

¼ 2435:033 MMscf

At the end of the seventh year

q7 ¼ q6e
�Dit ¼ 168:599e�0:03∗12 ¼ 117:63 MMscf =d

The cumulative production at the end of seventh year

Gp7 ¼ q6 � q7
Di

¼ 168:599� 117:63
0:03

¼ 1698:9667 MMscf

At the end of the 8 year

q8 ¼ q7e
�Dit ¼ 117:632e�0:03∗12 ¼ 82:072 MMscf =d

The cumulative production at the end of 8 year

Gp8 ¼ q7 � q8
Di

¼ 117:63� 82:072
0:03

¼ 1185:2667 MMscf

The summary of result is:

T
(years)

qi (MMscf/
month)

qend (MMscf/
month)

Yearly Production
(MMscf)

Cumulative Production
(MMscf)

1 400 400 4800 4800

2 400 400 4800 9600

3 400 400 4800 14,400

4 400 346.36 4668 19,068

5 346.36 241.65 3490.333 22558.333

6 241.65 168.599 2435.033 24993.366

7 168.599 117.63 1698.9667 26692.3327

8 117.63 82.072 1185.2667 27877.5994
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Example 7.6
The production trend of Okoso oil field is presented in the figure below. The
estimated economic limit of this field is 190 stb/month.

Calculate

• Effective (D’) and nominal (D) decline rates
• Remaining reserves (NP) from 1 January 2003 to the field’s economic limit
• Time (t) to produce to economic limit
• Ultimate oil recovery (Nul) to economic limit
• Production rate (qo5) at end of year 2008

Solution
The effective rate is:

Di
0 ¼ qi � qiþ1

qi
¼ 973� 827

973
¼ 0:1501=yr ¼ 15:01%=yr

Nominal decline rate is:

e�Di ¼ 1� Di
0

Di ¼ � ln 1� Di
0ð Þ ¼ ln 1� 0:1501ð Þ ¼ 0:1626=yr ¼ 16:26%=yr

The remaining reserve:

Nr ¼ qi � qa
Di

¼ qi � qEL
Di

¼ 973� 190ð Þ stb=month∗12months=yr

0:1626=yr
¼ 57785:97 stb

Abandonment time (time to economic limit)
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ta ¼ 1
Di

ln
qi
qEL

� �
¼ 1

0:1626
ln

973
190

� �
¼ 10:05 yrs

The ultimate oil recovery to economic limit is

NUL ¼ Np þ Nr ¼ 80519þ 57785:97 ¼ 138304:97 stb

The production rate at the end of 2008 is

qo5 ¼ q04e
�Dit

q04 ¼ 827 stb=month

qo5 ¼ 827e�0:1626∗12 ¼ 117:52 stb=month

Exercises

Ex 7.1 The production history of K35 field is given in the table below, calculate the following:

I. The decline model
II. The model parameters
III. Projected production rate until the end of the fifth year.

t (yr)
q
(1000 stb/d) t (yr)

q
(1000 stb/d)

0.11 10.59 2.31 5.70

0.22 10.21 2.42 5.56

0.33 9.85 2.53 5.41

0.44 9.50 2.64 5.28

0.55 9.19 2.75 5.15

0.66 8.88 2.86 5.03

0.77 8.59 2.97 4.91

0.88 8.31 3.08 4.79

0.99 8.05 3.19 4.68

1.10 7.80 3.30 4.57

1.21 7.56 3.41 4.47

1.32 7.34 3.52 4.37

1.43 7.12 3.63 4.27

1.54 6.91 3.74 4.18

1.65 6.71 3.85 4.08

1.76 6.52 3.96 4.00

1.87 6.35 4.07 3.92

(continued)
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t (yr)
q
(1000 stb/d) t (yr)

q
(1000 stb/d)

1.98 6.17 4.18 3.84

2.09 6.01 4.29 3.75

2.20 5.85 4.40 3.67

Ex 7.2 The production history of K38 field is given in the table below, calculate the following:

I. The decline model
II. The model parameters
III. Projected production rate until the end of the fifth year.

t (yr)
q
(1000 stb/d) t (yr)

q
(1000 stb/d)

0.11 10.59 2.31 5.70

0.22 10.21 2.42 5.56

0.33 9.85 2.53 5.41

0.44 9.50 2.64 5.28

0.55 9.19 2.75 5.15

0.66 8.88 2.86 5.03

0.77 8.59 2.97 4.91

0.88 8.31 3.08 4.79

0.99 8.05 3.19 4.68

1.10 7.80 3.30 4.57

1.21 7.56 3.41 4.47

1.32 7.34 3.52 4.37

1.43 7.12 3.63 4.27

1.54 6.91 3.74 4.18

1.65 6.71 3.85 4.08

1.76 6.52 3.96 4.00

1.87 6.35 4.07 3.92

1.98 6.17 4.18 3.84

2.09 6.01 4.29 3.75

2.20 5.85 4.40 3.67

Briefly explain how the following causes decline in production:

(i) Changes in bottom hole pressure (BHP)
(ii) Gas-oil ratio (GOR)
(iii) Water-oil ratio (WOR)

Briefly explain how the following reservoir factors affect Decline Rate

(i) Pressure depletion
(ii) Number of producing wells
(iii) Drive mechanism
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(iv) Reservoir characteristics
(v) Saturation changes
(vi) Relative permeability.

Ex 7.3 Given that a well has declined from 950 stb/day to 780 stb/day during a one-month
period, use the exponential decline model to determine the following

1. Predict the production rate after 11 more months
2. Calculate the amount of oil produced during the first year
3. Project the yearly production for the well for the next 5 years.

Ex 7.4 The volumetric calculations on a gas well show that the ultimate recoverable Reserves,
Gpa, are 23 MMMscf of gas. By analogy with other wells in the area, the following data
are assigned to the well:

• Exponential decline
• Allowable (restricted) production rate ¼ 415 MMscf/month
• Economic limit ¼ 22 MMscf/month
• Nominal decline rate ¼ 0.038 month�1

Calculate the yearly production performance of the well.
Ex 7.5

Calculate

• Effective (a) and nominal (d ) decline rates
• Remaining reserves (NP) from 1 January 2002 to EL of 200 STB/month
• Time (t) to produce from 1 January 2002 to EL
• Ultimate oil recovery (Nul) to EL
• Production rate (q04) at end of year 2004
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Chapter 8
Pressure Regimes and Fluid Contacts

Learning Objectives
Upon completion of this chapter, students/readers should be able to:

• Describe the various pressure regimes
• Write the mathematical expression for the different pressure regimes
• Know the range of the different fluids gradient
• Understand the causes of abnormal pressure
• Understand the various method for determining fluid contacts
• Calculate the average pressure of a reservoir with multiple wells using

pressure-depth survey data
• Calculate gas-oil and oil-water contacts

Nomenclature
Parameter Symbol Unit

Oil, gas & water pressure Poil, Pgas & Pwater psia

Depth D ft

Water saturation Sw –

Fluid gradient dP
dD

psi/ft

Oil-water contact OWC ft

Gas-oil contact GOC ft

Initial reservoir pressure Pi psia

Current/average reservoir pressure P psia

Gas deviation/compressibility factor z –

Cumulative gas produced Gp scf

Gas initially in place G scf

Oil formation volume factor Bo rb/stb

Initial oil formation volume factor Boi rb/stb

(continued)
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Parameter Symbol Unit

Cumulative oil produced Np stb

Stock tank oil initially in place N stb

Effective oil compressibility Coe psia-1

Oil, gas & water compressibility Co, Cg & Cw psia-1

8.1 Introduction

The main source of energy during primary hydrocarbon recovery is the pressure of
the reservoir. At any given time in the reservoir, the average reservoir pressure is an
indication of how much gas, oil or water is remaining in the porous rock media. This
represents the amount of the driving force available to push the remaining hydro-
carbon out of the reservoir during a production sequence. Most reservoir systems are
identified to be heterogeneous and it is worthy to note that the magnitude and
variation of pressure across the reservoir is a paramount aspect in understanding
the reservoir both in exploration and development (production) phases (Fig. 8.1).

Hydrocarbon reservoirs are discovered at some depths beneath the earth crust as a
result of depositional process and thus, the pore pressure of a fluid is developed
within a rock pore space due to physical, chemical and geologic processes through
time over an area of sediments. There are three identified pressure regimes:

• Normal (relative to sea level and water table level, i.e. hydrostatic)
• Abnormal or overpressure (i.e. higher than hydrostatic)
• Subnormal or underpressure (i.e. lower than hydrostatic)

0 14.7 Pressure (psia)

FP

FP = Fluid pressure, GP = Grain pressure

D
ep

th
 (

ft)

GP

Normal

Underpressure

Overpressure

Overburden Pressure

Fig. 8.1 Pressure regime

324 8 Pressure Regimes and Fluid Contacts



Fluid pressure regimes in hydrocarbon columns are dictated by the prevailing
water pressure in the vicinity of the reservoir (Bradley 1987). In a perfectly normal
pressure zone, the water pressure at any depth can be calculated as:

Pwater ¼ dP

dD

� �
water

Dþ 14:7 psiað Þ

Where dP
dD

� �
water

¼ the water pressure gradient, which is dependent on the chemical
composition (salinity), and for pure water has the value of 0.4335 psi/ft.

Contrary to the normal pressure zone, the abnormal hydrostatic pressure is
encountered and can be defined by mathematical equation as:

Pwater ¼ dP

dD

� �
water

Dþ 14:7þ C psiað Þ

Where C is a constant that is positive if the water is overpressured and negative if
underpressured (Dake, 1978).

8.2 Pressure Regime of Different Fluids

Pwater ¼ dP

dD

� �
water

Dþ 14:7

Poil ¼ dP

dD

� �
oil

Dþ Co

Pgas ¼ dP

dD

� �
gas

Dþ Cg

Typical values of pressure gradient for the different fluids are:

dP

dD

� �
water

¼ 0:45 psi=ft

dP

dD

� �
oil

¼ 0:35 psi=ft

dP

dD

� �
gas

¼ 0:08 psi=ft
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8.3 Some Causes of Abnormal Pressure

• Incomplete compaction of sediments

Fluids in sediments have not escaped and are still helping to support the overburden.

• Aquifers in Mountainous Regions

Aquifer recharge is at higher elevation than drilling rig location.

• Charged shallow reservoirs due to nearby underground blowout.
• Large structures
• Tectonic movements

Abnormally high pore pressures may result from local and regional tectonics. The
movement of the earth’s crustal plates, faulting, folding, lateral sliding and slipping,
squeezing caused by down dropped of fault blocks, diapiric salt and/or shale
movements, earthquakes, etc. can affect formation pore pressures.

Due to the movement of sedimentary rocks after lithification, changes can occur
in the skeletal rock structure and interstitial fluids. A fault may vertically displace a
fluid bearing layer and either create new conduits for migration of fluids giving rise
to pressure changes or create up-dip barriers giving rise to isolation of fluids and
preservation of the original pressure at the time of tectonic movement.

When crossing faults, it is possible to go from normal pressure to abnormally high
pressure in a short interval. Also, thick, impermeable layers of shale (or salt) restrict
the movement of water. Below such layers abnormal pressure may be found. High
pressure occurs at the upper end of the reservoir and the hydrostatic pressure gradient
is lower in gas or oil than in water.

8.4 Fluid Contacts

In the volumetric estimation of a field’s reserve, the initial location of the fluid
contacts and also for the field development, the current fluid contacts are very critical
factor for adequate evaluation of the hydrocarbon prospect. Typically, the position of
fluid contacts are first determined within control wells and then extrapolated to other
parts of the field. Once initial fluid contact elevations in control wells are determined,
the contacts in other parts of the reservoir can be estimated. Initial fluid contacts
within most reservoirs having a high degree of continuity are almost horizontal, so
the reservoir fluid contact elevations are those of the control wells.

Estimation of the depths of the fluid contacts, gas/water contact (GWC), oil/water
contact (OWC), and gas/oil contact (GOC) can be made by equating the pressures of
the fluids at the said contact. Such that at GOC, the pressure of the gas is equal to the
pressure of the oil and the same concept holds for OWC.
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Mathematically, at GOC:

Poil ¼ Pgas

Therefore,

dP

dD

� �
oil

Dþ 14:7þ Co ¼ dP

dD

� �
gas

Dþ Cg

8.4.1 Methods of Determining Initial Fluid Contacts

8.4.1.1 Fluid Sampling Methods

This is a direct measurement of fluid contact such as: Production tests, drill stem
tests, repeat formation tester (RFT) tests (Schlumberger, 1989). These methods have
some limitation which are:

• Rarely closely spaced, so contacts must be interpolated
• Problems with filtrate recovery on DST and RFT
• Coring, degassing, etc. may lead to anomalous recoveries

8.4.1.2 Saturation Estimation from Wireline Logs

It is the estimation of fluid contacts from the changes in fluid saturations or mobility
with depth, it is low cost and accurate in simple lithologies and rapid high resolution
but have limitations as:

• Unreliable in complex lithologies or low resistivity sands
• Saturation must be calibrated to production

8.4.1.3 Estimation from Conventional and Sidewall Cores

Estimates fluid contacts from the changes in fluid saturation with depth which can be
related to petrophysical properties. It can estimates saturation for complex litholo-
gies (Core Laboratories, 2002). The limitations are:

• Usually not continuously cored, so saturation profile is not as complete
• Saturation measurements may not be accurate
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8.4.1.4 Pressure Methods

There are basically two types of pressure methods: the pressure profiles from repeat
formation tester and pressure profiles from reservoir tests, production tests and drill
stem tests.

8.4.1.5 Pressure Profiles from Repeat Formation Tester

It estimates free water surface from inflections in pressure versus depth curve.

8.4.1.6 Pressure Profiles from Reservoir Tests, Production Tests
and Drill Stem Tests

It estimates free water surface from pressures and fluid density measurements which
makes use of widely available pressure data.

Both pressure techniques are pose with limitations such as:

• Data usually require correction
• Only useful for thick hydrocarbon columns
• Most reliable for gas contacts, Requires many pressure measurements for profile,

Requires accurate pressures

Example 8.1
The result of an RFT tests conducted on an appraisal well in a field located in the
Niger Delta region is presented in the table below. Determine the types of hydro-
carbons present and find the fluid contacts

Depth TVD (ft) Formation Pressure (psia)

12,893 6375

12,966 6381

12,986 6382

13,128 6422

13,166 6435

13,249 6465

13,308 6484

13,448 6547

13,458 6551

13,500 6570

13,532 6587
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Solution
A plot of depth versus pressure is represented in the figure below.

The gas gradient is:

dP

dD

� �
gas

¼ ΔP

ΔD
¼ P2 � P1

D2 � D1:

dP

dD

� �
gas

¼ 6381� 6375
12966 � 12893

¼ 0:082 psia=ft

The oil gradient is:

dP

dD

� �
oil

¼ 6484� 6435
13308� 13166

¼ 0:345 psia=ft

The water gradient is:

dP

dD

� �
water

¼ 6570� 6551
13500� 13458

¼ 0:452 psia=ft
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Example 8.2
A pressure survey was carried out on a well that penetrates through the gas zone in a
reservoir at FUPRE. The result of test 1 recorded a pressure of 4450 psia at 9825 ft
with fluid gradient of 0.35 psi/ft while test 2 at 9500 ft recorded a pressure of 4180
psia with fluid gradient of 0.11 psi/ft Calculate:
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• Estimate the fluid contacts (GOC & OWC) in the reservoir
• The thickness of the oil column
• Calculate the pressures at GOC and OWC respectively

Hint: take the water gradient as 0.445 psi/ft and atmospheric pressure as 14.69
psia

Solution
From test 1

Poil ¼ dP

dD

� �
oil

Dþ Co

4450 ¼ 0:35∗9825þ Co

Co ¼ 4450� 3438:75 ¼ 1011:25 psia

∴ Poil ¼ 0:35Dþ 1011:25

From test 2

Pgas ¼ dP

dD

� �
gas

Dþ Co

4180 ¼ 0:11∗9500þ Cg

Cg ¼ 4180� 1045 ¼ 3135 psia

∴ Pgas ¼ 0:11Dþ 3135

Recall: at GOC

Poil ¼ Pgas

0:35Dþ 1011:25 ¼ 0:11Dþ 3135

0:35D� 0:11D ¼ 3135� 1011:25

0:24D ¼ 2123:75

∴ D ¼ GOC ¼ 2123:75
0:24

¼ 8848:96 ft

The water pressure is

Pwater ¼ 0:445Dþ 14:69
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At OWC

Poil ¼ Pwater

0:35Dþ 1011:25 ¼ 0:445Dþ 14:69

1011:25� 14:69 ¼ 0:445D� 0:35D

0:095D ¼ 996:56

D ¼ OWC ¼ 996:56
0:095

¼ 10490:11 ft

The thickness of the oil column is

¼ OWC � GOC

¼ 10490:11� 8848:96 ¼ 1641:15 ft

The pressures at the fluid contacts are:

P@GOC ¼ 0:35∗8848:96ð Þ þ 1011:25 ¼ 4108:39 psia

P@OWC ¼ 0:445∗10490:11ð Þ þ 14:69 ¼ 4682:79 psia

8.5 Estimate the Average Pressure from Several Wells
in a Reservoir

When dealing with oil, the average reservoir pressure is only calculated with material
balance when the reservoir is undersaturated (i.e when the reservoir pressure is
above the bubble point pressure). Average reservoir pressure can be estimated in
two different ways but are not covered in this book (see well test analysis textbooks
for details).

• By measuring the long-term buildup pressure in a bounded reservoir. The buildup
pressure eventually builds up to the average reservoir pressure over a long enough
period of time. Note that this time depends on the reservoir size and permeability
(k) (i.e. hydraulic diffusivity).

• Calculating it from the material balance equation (MBE) is given below

For a gas well

�P

�z
¼ Pi

zi
1� Gp

G

� �
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For oil well

�P ¼ Pi � NpBo

BoiCoeN

Where the effective oil compressibility is

Coe ¼ CoSo þ SwiCw þ C f

1� Swi

Example 8.3
An engineer uses pressure-depth survey data to calculate the average pressure value
of a reservoir but discovers that all ten wells clearly indicate two distinct reservoirs.
Using 9650 ftss as Datum depth and the survey results listed below, calculate the
average pressure of the reservoir.

Well A ¼ 3774 psig at 9520 ftss Well F ¼ 3678 psig at 9545 ftss

Well B ¼ 3815 psig at 9700 ftss Well G ¼ 3744 psig at 9815 ftss

Well C ¼ 3699 psig at 9620 ftss Well H ¼ 3779 psig at 9510 ftss

Well D ¼ 3718 psig at 9710 ftss Well I ¼ 3749 psig at 9820 ftss

Well E ¼ 3761 psig at 9845 ftss Well J ¼ 3703 psig at 9630 ftss

Take gas gradient ¼ 0.09 psi/ft, oil gradient ¼ 0.32 psi/ft, water gradi-
ent ¼ 0.434 psi/ft, GOC ¼ 9530 ft and OWC ¼ 9815.

Solution
The pressure recorded at each well is referred to the datum depth.

All wells above the datum depth
The pressure recorded is added to the pressure due to the column of fluids (gas, oil

& water) in the reservoir. Mathematically it is given as:

P ¼ Pguage þ dP

dD

� �
fluid

D

All wells below the datum

P ¼ Pguage � dP

dD

� �
fluid

D
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GOC = @9530 ft

OWC = @9815 ft

Datum Depth = @9630 ft

Well A

Well C

Well J

Well B

Well G

Well D

Well I
Well E

Well H

Well F

3774 psig
@9520 ft

3779 psig
@9510 ft

3678 psig
@9545 ft3699 psig

@9620 ft

3703 psig
@9630 ft

3815 psig
@9700 ft

3761 psig
@9845 ft

3744 psig
@9815 ft 3749 psig

@9820 ft

3718 psig
@9710 ft

Well A
It passes 10 ft through the gas zone and 110 ft in the oil zone, thus

PA ¼ Pguage þ dP

dD

� �
gas

Dþ dP

dD

� �
oil

D

PA@9530ft ¼ 3774þ 14:7ð Þ þ 0:09∗10ð Þ þ 0:32∗110ð Þ ¼ 3824:8 psia

Well B
It passes through 70 ft in the oil zone

PB ¼ Pguage � dP

dD

� �
oil

D

PB@9700ft ¼ 3815þ 14:7ð Þ � 0:32∗70 ¼ 3807:3 psia

Well C
It passes through 10 ft in the oil zone, thus

PC ¼ Pguage þ dP

dD

� �
oil

D
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PC@9620 ¼ 3699þ 14:7ð Þ þ 0:32∗10 ¼ 3716:9 psia

Well D
It passes through 80 ft in the oil zone, thus

PD ¼ Pguage � dP

dD

� �
oil

D

PD@9710ft ¼ 3718þ 14:7ð Þ � 0:32∗80 ¼ 3707:1 psia

Well E
It passes 30 ft through the water zone and 185 ft in the oil zone, thus

PE ¼ Pguage � dP

dD

� �
water

D� dP

dD

� �
oil

D

PE@9845ft ¼ 3761þ 14:7ð Þ � 0:434∗30ð Þ � 0:32∗185ð Þ ¼ 3703:48 psia

Well F
It passes through 85 ft in the oil zone, thus

PF ¼ Pguage þ dP

dD

� �
oil

D

PF@9545ft ¼ 3678þ 14:7ð Þ þ 0:32∗85 ¼ 3719:9 psia

Well G
It is at the OWC, thus

PG@9815ft ¼ Pguage ¼ 3744þ 14:7 ¼ 3758:7 psia

Well H
It passes 20 ft through the gas zone and 100 ft in the oil zone, thus

PH ¼ Pguage þ dP

dD

� �
gas

Dþ dP

dD

� �
oil

D

PH@9510ft ¼ 3779þ 14:7ð Þ þ 0:09∗20þ 0:32∗100 ¼ 3827:5 psia

Well I
It passes 5 ft through the water zone and 185 ft in the oil zone, thus
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PH ¼ Pguage � dP

dD

� �
water

D� dP

dD

� �
oil

D

PH@9820ft ¼ 3749þ 14:7ð Þ � 0:434∗5� 0:32∗185 ¼ 3702:33 psia

Well J
It is at the datum depth, thus

PJ@9630ft ¼ Pguage ¼ 3703þ 14:7 ¼ 3717:7 psia

The average reservoir pressure is

�P ¼ 1
n

Xn
i¼1

Pi

Where n ¼ total number of wells, Pi ¼ ith well pressure and �P average reservoir
pressure

�P ¼ 1
10

3824:8þ 3807:3þ 3716:9þ 3707:1þ 3703:48þ 3719:9½
þ3758:7þ 3827:5þ 3702:33þ 3717:7� ¼ 3748:571 psia

Exercises

Ex 8.1 An exploratory well penetrates a reservoir near the top of the oil column. Logs run in the
well clearly located the gas-oil contact at 5200 ft also DST test conducted on this well and
sample analysis of the fluid sample collected from the same well gave reservoir pressure
of 2402 psia at 5250 ft and oil gradient of 0.35 psi/ft the depth of the oil-water contact is
uncertain because it could not be confirmed by logs.

• Determine the probable oil-water contact
• What is the pressure at the crest of the reservoir?

Ex 8.2 Calculate the average reservoir pressure at the Datum depth of 8750 ftss for the following
fluid pressure gradients, given that the GOC and OWC are at 8700 ftss and 8800 ftss
respectively:

dP

dD

� �
gas

¼ 0:08 psi=ft,
dP

dD

� �
oil

¼ 0:269 psi=ft,
dP

dD

� �
water

¼ 0:434 psi=ft
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Well A ¼ 3685 psig at 8690 ftss

Well B ¼ 3716 psig at 8800 ftss

Well C ¼ 3725 psig at 8820 ftss

Well D ¼ 3689 psig at 8710 ftss

Well E ¼ 3713 psig at 8790 ftss

Ex 8.3 A well penetrates a reservoir near the top of a fluid column. The GOC has been detected
by logs but the OWC. An oil sample was taken at 7890 ft TVD with a pore pressure of
3080 psig recorded. The field water gradient is 0.445 psi/ft, oil gradient is 0.347 psi/ft find
the OWC.

Ex 8.4 The result of an RFT tests conducted on an appraisal well in a field located in the Niger
Delta region is presented in the table below. Determine the types of hydrocarbons present
and find the fluid contact.

Depth TVD (ft) Formation Pressure (psia)

11,200 4648

11,300 4656

11,450 4664

11,500 4672

11,600 4730

11,700 4745

11,820 4778

11,900 4810

Ex 8.5 The result of an RFT tests conducted on an appraisal well in a field located in the Niger
Delta region is presented in the table below. Determine the types of hydrocarbons present
and find the fluid contacts

Depth TVD (ft) Formation Pressure (psia)

11,762 5816

11,829 5821

11,847 5822

11,977 5859

12,011 5871

12,087 5898

12,141 5915

12,269 5973

12,278 5976

12,316 5994

12,345 6009
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Ex 8.6 A pressure survey was carried out on a well that penetrates through the gas zone in a
reservoir at FUPRE. The result of test 1 recorded a pressure of 3830 psia at 9525 ft with
fluid gradient of 0.352 psi/ft while test 2 at 9200 ft recorded a pressure of 3560 psia with
fluid gradient of 0.118 psi/ft. Calculate:

• Estimate the fluid contacts (GOC & OWC) in the reservoir
• During history match, it was observed that the fluid contacts given by the

geologists were wrong which was traceable to wrong fluid gradient. After careful
analysis, it was observed that the oil gradient is 0.341 psi/ft recomputed the fluid
contacts and estimate the absolute relative error.

• The thickness of the oil column
• Calculate the pressures at GOC and OWC respectively

Hint: take the water gradient as 0.445 psi/ft and atmospheric pressure as 14.69
psia

Ex 8.7 An exploratory well penetrates a reservoir near the top of the oil column. Logs run in the
well clearly located the gas-oil contact at 5200 ft also DST test conducted on this well and
sample analysis of the fluid sample collected from the same well gave reservoir pressure
of 2402 psia at 5250 ft and oil gradient of 0.35 psi/ft the depth of the oil-water contact is
uncertain because it could not be confirmed by logs.

• Determine the probable oil-water contact
• What is the pressure at the crest of the reservoir?
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Chapter 9
Inflow Performance Relationship

Learning Objectives
Upon completion of this chapter, students/readers should be able to:

• Understand the concept of inflow performance relationship
• Describe the factors that affect inflow performance relationship
• Describe the steps in constructing a straight line inflow performance

relationship
• Describe the steps in constructing Vogel’s inflow performance relationship
• Describe other methods of constructing inflow performance relationship
• Perform some basic calculations on inflow performance relationship

Nomenclature
Parameter Symbol Unit

Oil rate Qo stb/d

Productivity index j stb/d/psi

Average reservoir pressure Pr psi

Bottomhole flowing pressure Pwf psi

Maximum oil rate Qo, max stb/d

Bubble point pressure Pb psi

Absolute open flow potential AOF stb/d

Oil viscosity μo cp

Oil formation volume factor Bo rb/stb

Skin factor s -

Drainage radius re ft

Wellbore radius rw ft

© Springer Nature Switzerland AG 2019
S. Okotie, B. Ikporo, Reservoir Engineering,
https://doi.org/10.1007/978-3-030-02393-5_9

339

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-02393-5_9&domain=pdf


9.1 Introduction

Subsurface production of hydrocarbon has to do with the movement of fluid from the
reservoir through the wellbore to the wellhead. This fluid movement is divided into
two as depicted in Fig. 9.1.

The flow of fluids (hydrocarbons) from the reservoir rock to the wellbore is
termed the inflow. The inflow performance represents fluid production behavior of
a well’s flowing pressure and production rate. This differs from one well to another
especially in heterogeneous reservoirs. The Inflow Performance Relationship (IPR)
for a well is the relationship between the flow rate of the well (q), average reservoir
pressure (Pe) and the flowing pressure of the well (Pwf). In single phase flow, this
relationship is a straight line but when gas is moving in the reservoir, at a pressure
below the bubble point, this is not a linear relationship.

A well starts flowing if the flowing pressure exceeds the backpressure that the
producing fluid exerts on the formation as it moves through the production system.
When this condition holds, the well attains its absolute flow potential.

The backpressure or bottomhole pressure has the following components:

• Hydrostatic pressure of the producing fluid column
• Friction pressure caused by fluid movement through the tubing, wellhead and

surface equipment
• Kinetic or potential losses due to diameter restrictions, pipe bends or elevation

changes.

The IPR is often required for estimating well capacity, designing well comple-
tion, designing tubing string, optimizing well production, nodal analysis calcula-
tions, and designing artificial lift.

Fig. 9.1 Subsurface
production
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The performance is commonly defined in terms of a plot of surface production
rate (stb/d) versus flowing bottomhole pressure (Pwf in psi) on cartesian coordinate
(Fig. 9.2). Maximum rate of flow occurs when Pwf is zero. This maximum rate is
called absolute open flow and referred to as AOF. The following textbooks and
articles where consulted to have the authors idea on the subject: Craft et al. (1991),
Lyons & Plisga (2005), Dake (1978), Tarek (2010), Guo B, Ghalambor A (2005),
Lea et al. (2008), Lee & Wattenbarger (1996), Al-Hussainy (1966), Bendakhlia &
Aziz (1989), Giger et al. (1984) & Golan & Whitson (1986).

9.2 Factors Affecting IPR

Factors influencing the shape of the IPR are the pressure drop, viscosity, formation
volume factor, skin and relative permeability across the reservoir.

There are several existing empirical correlations developed for IPR. This are:

9.3 Straight Line IPR Model

When the flow rate is plotted against the pressure drop, it gives a straight line from
the origin with slope as the productivity index as shown in the figure below.
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Fig. 9.2 Inflow performance relationship
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Qo

P
–
r – Pwf

For a constant productivity index (j), the flow equation is given as:

Qo ¼ J
�
Pr � Pwf

�
The flow rates under different regimes are presented in Chap. 1 above.
When the well flowing pressure is zero, the corresponding rate is the AOF given

as:

Qo ¼ JPr

9.3.1 Steps for Construction of Straight Line IPR

Step 1: Obtain a stabilize flow test data
Step 2: Determine the well productivity
Step 3: Assume different pressure value to zero in a tabular form
Step 4: Calculate the rate corresponding to the assume pressure
Step 5: Make a plot of rate versus pressure

9.4 Wiggins’s Method IPR Model

Wiggins (1993) developed the following generalized empirical three phase IPR
similar to Vogel’s correlation based on his developed analytical model in 1991:

For Oil

Qo ¼ Qo, max 1� 0:519167
Pwf

Pr

� �
� 0:481092

Pwf

Pr

� �2
( )
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For Water

Qw ¼ Qw, max 1� 0:72
Pwf

Pr

� �
� 0:28

Pwf

Pr

� �2
( )

9.5 Klins and Majcher IPR Model

Based on Vogel’s work, Klins and Majcher (1992) developed the following IPR that
takes into account the change in bubble-point pressure and reservoir pressure.

Qo ¼ Qo, max 1� 0:295
Pwf

Pr

� �
� 0:705

Pwf

Pr

� �N
( )

Where N is given as:

N ¼ 0:28þ 0:72
Pr

Pb

� �
1:235þ 0:001Pbð Þ

9.6 Standing’s Method

The model developed by Standing (1970) to predict future inflow performance
relationship of a well as a function of reservoir pressure was an extension of Vogel’s
model (1968).

Qo ¼ Qo, max 1� Pwf

Pr

� �
1� 0:8

Pwf

Pr

� �� �

Standing presented the future IPR as:

Qo ¼
J f

∗ Pr

� 	
f

1:8

( )
1� 0:2

Pwf

Pr

� 	
f

 !
� 0:8

Pwf

Pr

� 	
f

 !2
8<
:

9=
;

Where
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J f
∗ ¼ Jp

∗

kro
μoBo

h i
f

kro
μoBo

h i
p

And

Jp
∗ ¼ 1:8

Qo, max

Pr


 �

9.7 Vogel’s Method

Qo ¼ Qo, max 1� 0:2 Pwf Pr

� �� 0:8 Pwf Pr

� �2n o

9.7.1 Steps for Construction of Vogel’s IPR

The same procedure is applicable to other models

Step 1: Obtain a stabilize flow test data
Step 2: Determine the maximum flow rate

Qo, max ¼
Qo,Test

1� 0:2 Pwf ,Test
Pr

� 

� 0:8 Pwf ,Test

Pr

� 
2
 �

Step 3: Assume different pressure value to zero in a tabular form
Step 4: Calculate the rate corresponding to the assume pressure
Step 5: Make a plot of rate versus pressure

Vogel presented IPR model for undersaturated and saturated oil reservoirs as
depicted in the figure below.
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Qo Qo

Pb
Pwf

Pwf

9.7.2 Undersaturated Oil Reservoir

An undersaturated reservoir is a system whose pressure is greater than the bubble
point pressure of the reservoir fluid. For the fact that the pressure of the reservoir is
greater than the bubble point pressure does not mean that as production increases for
a period of time, the pressure will not go below the bubble point pressure. Hence,
careful evaluation will lead to a right decision and vice versa.

Since the reservoirs are tested regularly, it means that the stabilized test can be
conducted below or above the bubble point pressure. Thus, for:

Case: pressure above bubble point
From stabilized test data point, the productivity index is:

J¼ Qo,Test

Pr � Pwf ,Test

The inflow performance relationship can be generated with at different pressures

Qo ¼ J
�
Pr � Pwf

�
And when the reservoir pressure during production goes below the bubble point

pressure, the IPR is generated as:

Qo ¼ Qob þ
JPb

1:8
1� 0:2

Pwf

Pb

� �
� 0:8

Pwf

Pb

� �2
( )

Where the bubble point oil flow rate is

Qob ¼ J
�
Pr � Pb

�
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The maximum oil flow rate is given

Qo,max ¼ Qob þ
JPb

1:8

Case: pressure below bubble point
From stabilized test data point, the productivity index is:

J¼ Qo,Test�
Pr � Pb

�þ Pb
1:8 1� 0:2 Pwf ,Test

Pb

� 

� 0:8 Pwf ,Test

Pb

� 
2
 �

Then generate the IPR below the bubble point pressure as:

Qo ¼ Qob þ
JPb

1:8
1� 0:2

Pwf

Pb

� �
� 0:8

Pwf

Pb

� �2
( )

OR

Qo ¼ j
�
Pr � Pb

�þ Pb

1:8
1� 0:2

Pwf ,Test

Pb

� �
� 0:8

Pwf ,Test

Pb

� �2
( )" #

9.7.3 Vogel IPR Model for Saturated Oil Reservoirs

This is a reservoir whose pressure is below the bubble point pressure of the fluid. In
this case, we calculate the maximum oil flow rate from the stabilized test and then
generate the IPR model. Mathematically

Qo, max ¼
Qo,Test

1� 0:2 Pwf ,Test
Pr

� 

� 0:8 Pwf ,Test

Pr

� 
2
 �

Qo ¼ Qo, max 1� 0:2
Pwf

Pr

� �
� 0:8

Pwf

Pr

� �2
( )
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9.8 Fetkovich’s Model

According to Tarek (2010), the model developed by Fetkovich in 1973 for under-
saturated and saturated region, was an expansion of Muskat and Evinger (1942)
model derived from pseudosteady-state flow equation to observe the IPR nonlinear
flow behavior.

9.8.1 Undersaturated Fetkovich IPR Model

Qo ¼
0:00708kh

μoBo ln re
rw

� 

� 7:5þ S

n o �Pr � Pwf

�

9.8.2 Saturated Fetkovich IPR Model

Qo ¼
0:00708kh

μoBoð ÞPb
ln re

rw

� 

� 7:5þ S

n o 1
2Pb

� ��
Pr

2 � Pwf
2
�

To account for turbulent flow in oil wells, Fetkovich introduced an exponent (n)
and a performance coefficient (C) calculated graphically in the pressure square
model given by:

Qo ¼ C Pr
�2 � Pwf

2
� �n

While Klins and Clark (1993), derived a mathematical correlation for calculation
the exponent and performance coefficient

9.9 Cheng Horizontal IPR Model

Cheng (1990) presented a form of Vogel’s equation for horizontal wells that is based
on the results of a numerical simulator. The proposed expression has the following
form:

Qo ¼ Qo, max 1þ 0:2055
Pwf

Pr

� �
� 1:1818

Pwf

Pr

� �2
( )
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Example 9.1
An undersaturated oil reservoir at Uqwa with bubble point pressure of 2100 psi was
shut-in for a pressure build up test which was conducted for 18 h and average
pressure obtained was 2750 psi. For a proper production allocation, a flow test was
conducted on well J6. The result shows that it is capable of producing at a stabilized
flow rate of 165 STB/day and a bottom-hole flowing pressure of 2380 psi. Calculate
the following using straight line and Vogel’s method:

• Well J6 productivity index
• The AOF
• Generate the IPR of the well

Solution
Well productivity index j for both methods are:

Straight line method

J¼ Qo,Test

Pr � Pwf ,Test
¼ 165
2750� 2380

¼ 0:4459 STB=day=psi

For Vogel’s method, the same formula is applied when the pressure of the
stabilized test is above the bubble point pressure of the reservoir fluid.

The absolute open flow potential (AOF)
Straight line

Qo,max ¼ AOF ¼ JPr

AOF ¼ 0:4459∗2750 ¼ 1226:23 STB=day

Vogel’s method

AOF ¼ Qo,max ¼ j
�
Pr � Pb

�þ Pb

1:8

� �

AOF ¼ 0:4459 2750� 2100ð Þ þ 2100
1:8

� �
¼ 810:05 STB=day

Generating IPR for both models

Qob ¼ J
�
Pr � Pb

� ¼ 0:4459 2750� 2100ð Þ ¼ 289:84 STB=day

The IPR for the straight line is generated using Qo ¼ J
�
Pr � Pwf

�
while Vogel’s

IPR formulae are designated by the side of the table below.
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Example 9.2
Apply the information given in Example 9.1 for a case where the stabilized rate is
320 STB/day at a pressure of 1950 psi to calculate the IPR using Vogel’s method.

Vogel’s method

J¼ Qo,Test�
Pr � Pb

�þ Pb
1:8 1� 0:2 Pwf ,Test

Pb

� 

� 0:8 Pwf ,Test

Pb

� 
2
 �
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J¼ 320

2750� 2100ð Þ þ 2100
1:8 1� 0:2 1950

2100

� �� 0:8 1950
2100

� �2n o¼0:4024 STB=day=psi

Qob ¼ J
�
Pr � Pb

� ¼ 0:4024 2750� 2100ð Þ ¼ 261:56 STB=day

The IPR is generated for pressure below the bubble point pressure using the
equation below:

Qo ¼ j
�
Pr � Pb

�þ Pb

1:8
1� 0:2

Pwf

Pr

� �
� 0:8

Pwf

Pr

� �2
( )" #

Pressure (psi) Qo (STB/day

2750 0

2475 110.66

2100 261.56

1825 365.78

1550 457.12

1275 535.58

1000 601.15

725 653.85

450 693.66

175 720.59

0 731.03
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9.10 How Do We Improve the Productivity Index?

This can be done by altering the parameters in the flow equation. Thus, for the well
productivity or inflow performance to be improved, we need to carry out any of the
following:

• Acid stimulation to remove skin
• Increasing the effective permeability around the wellbore
• Reduction in fluid viscosity
• Reduction in the formation volume factor
• Increasing the well penetration

A case study of an improvement to IPR curve of a well
Well k35 result for before and after stimulation

Parameter Pre-stimulation Post-stimulation

Rate [stb/d] 1000 1180

total skin ST 31.19 14.14

damage skin 24.3 7.25

other skin 6.89 6.89

ΔP due to damage skin 47.45969262 13.92378842

ΔP due to total skin [psi] 60.9163709 27.15618873

productivity index [stb/d/psi] 16.41594838 43.452342

increase in production [stb] 180

The result from the pressure transient analysis conducted on well k35 indicates
that the well was damage during the drilling operation and as such a stimulation job
which yields a success gave an increase in flow rate of 180stb/d and productivity
index of 27.0364 stb/d/psi. In addition, there was a large reduction in the value of
skin due to damage of this well. We will say at this point that the stimulation job is
justified as a success. The inflow relationship is tabulated and plotted below.

IPR for well k35 before and after stimulation

Before stimulation After stimulation

press [psi] rate[stb/d] press [psi] rate[stb/d]

3251.23 0.00 3251.23 0

3184.42 129.88 3184.42 153.2605

2985.63 502.18 2985.63 592.5703

2786.84 853.28 2786.84 1006.867

2588.05 1183.18 2588.05 1396.151

2389.26 1491.88 2389.26 1760.423

2190.47 1779.39 2190.47 2099.681

1991.68 2045.70 1991.68 2413.927

1792.89 2290.81 1792.89 2703.16

1594.10 2514.73 1594.1 2967.38

(continued)
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Before stimulation After stimulation

press [psi] rate[stb/d] press [psi] rate[stb/d]

1395.31 2717.45 1395.31 3206.588

1196.52 2898.97 1196.52 3420.782

997.73 3059.29 997.73 3609.964

798.94 3198.42 798.94 3774.133

600.15 3316.35 600.15 3913.29

401.36 3413.08 401.36 4027.433

202.57 3488.61 202.57 4116.564

3.78 3542.95 3.78 4180.682

0.00 3543.78 0 4181.658
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Exercises

Ex 9.1 An oil well is flowing at a rate of 420 STB/day under steady state conditions. The
wellbore flowing pressure is 2750 psia. The reservoir thickness is 28 f. and permeability
of 62 mD. The wellbore and reservoir radii are 0.325 f. and 700 f. respectively. A result
from well test conducted on the well shows that it was damaged with skin of 2.87. PVT
report gave the oil FVF as 1.356 bbl/STB and oil viscosity of 2.108 cp. Calculate:

• The reservoir pressure
• The absolute open flow potential
• The productivity index

352 9 Inflow Performance Relationship



Ex 9.2 The following reservoir and flow-test data are available on an oil well:

Average reservoir pressure 3560 psia

Bubble point pressure 2600 psia

Flow bottom hole pressure from flow test 2930 psia

Flow rate from flow test 300 STB/day

Generate the IPR data of the well.

Ex 9.3 An oil well is producing from an undersaturated reservoir that is characterized by a
bubble-point pressure of 2500 psig. The current average reservoir pressure is 3750 psig.
Available flow test data show that the well produced 379 STB/day at a stabilized Pwf of
3050 psig. Construct the current IPR data by using:

• Vogel’s correlation
• Wiggins’ method
• Klins and Majcher method
• Standing method
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Chapter 10
History Matching

Learning Objectives

• Define history matching
• Identify the known parameters to match and the unknown parameters to

tune
• Understand history match plan
• Understand the key variables to consider when conducting history

matching
• Perform simple history matching on pressure and saturation
• Describe some problems associated with history matching
• Describe the types of history matching

10.1 History Matching

The update of a model to fit the actual performance is known as history matching.
Clearly speaking, developing a model that cannot accurately predict the past perfor-
mance of a reservoir within a reasonable engineering tolerance of error is not a good
tool for predicting the future of the same reservoir. To history match a given field
data with material balance equation, we have to state clearly the known parameters to
match and the unknown parameters to tune to get the field historical production data
with minimum tolerance of error and these parameters are given in Table 10.1.

Besides, one of the paramount roles of a reservoir engineer is to forecast the future
production rates from a specific well or a given reservoir. From history, engineers
have formulated several techniques to estimate hydrocarbon reserves and future
performance. The approaches start from volumetric, material balance, decline
curve analysis techniques to sophisticated reservoir simulators. Whatever approach
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taken by the engineers to predict production rates and reservoir performance pre-
dictions whether simple or complex method used relies on the history match.

The general approach by the engineer whose production history is already
available, is to determine the rates for the given period of production. The value
calculated is use to validate the actual rates and if there is an agreement, the rate is
assumed to be correct. Thus, it is then used to predict the future production rates. On
the contrary, if there is no agreement between the calculated and the actual rates, the
calculation is repeated by modifying some of the key parameters. This process of
matching the computed rate with the actual observed rate is called history matching.

It therefore implies that history matching is a process of adjusting key properties
of the reservoir model to fit or match the actual historic data. It helps to identify the
weaknesses in the available data, improves the reservoir description and forms basis
for the future performance predictions. One of these parameters that is vital in history
matching, is the aquifer parameters that are not always known. Hence, modification
of one or several of these parameters to obtain an acceptable match within reasonable
engineering tolerance of error or engineering accuracy is history matching (Donnez
2010). Therefore, to complete this chapter, the following textbooks and articles were
reviewed: Aziz & Settary (1980), Crichlow (1977), Kelkar & Godofredo (2002),
Chavent et al. (1973), Chen et al. (1973), Harris (1975), Hirasaki (1973),
Warner et al. (1979), Watkins et al. (1992).

10.2 History Matching Plan

The validity of a model should be approach in two phases: pressure match and
saturation match (oil, gas and water rates). The pressure and saturation phases
matche, follows different pattern depending on purpose (experience of the individual
carrying out the study). The simulation follows the same basic steps for the two
phases. These steps include:

• Gather data
• Prepare analysis tools
• Identify key wells/tank

Table 10.1 History match and prediction parameters

Known parameters
History matching Parameter Symbol

Production data Np, Gp, Wp and Rp

Hydrocarbon properties Boi, Bo, Bg, Bgi, Rsi, Rs

Reservoir properties Sw, cw, cf, m

Pressure drop ΔP
Unknown parameters
Reserves N

Water influx We

Prediction Reserves, water influx, hydrocarbon properties, reservoir properties
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• Interpret reservoir behavior from observed data
• Run model
• Compare model results to observed data
• Adjust models parameters

10.3 Mechanics of History Matching

There are several parameters that are varied either singly or collectively to minimize
the differences between the observed data and those calculated data by the simulator.
Modifications are usually made on the following areas as presented by Crichlow
(1977):

• Rock data modifications (permeability, porosity, thickness & saturations)
• Fluid data modifications (compressibility, PVT data & viscosity)
• Relative permeability data
• Shift in relative permeability curve (shift in critical saturation data)
• Individual well completion data (skin effect & bottom hole flowing pressure)

The two fundamental processes which are controllable in history matching are as
follows:

1. The quantity of fluid in the system at any time and its distribution within the
reservoir, and

2. The movement of fluid within the system under existing potential gradients
(Crichlow 1977).

The manipulation of these two processes enables the engineer to modify any of
the earlier-mentioned parameters which are criteria to history matching. It is man-
datory that these modifications of the data reflect good engineering judgment and be
within reasonable limits of conditions existing in that area. History matching is
actually an act and time consuming. This implies that the total time spent on history
matching depends largely on the expertise of the engineer and his familiarity with the
particular reservoir. Here are some of the key variables to consider when conducting
history matching:

• Porosity (local)
• Water Saturation (Global)
• Permeability (Local)
• Gross Thickness (Local)
• Net Thickness (Local)
• kv/kh Ratio (Global � � � Local?)
• Transmissibility (x/y/z/) (Local)
• Aquifer Connectivity and Size (Regional)
• Pore Volume (Local)
• Fluid Properties (Global)
• Rock Compressibility (Global)
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• Relative Permeability (Global -regional with Justification)
• Capillary Pressure (Global -regional with justification)
• Mobile Oil Volume (Global or Local?)
• Datum Pressure (Global)
• Original Fluid Contact (Global)
• Well Inflow Parameters (Local)

10.4 Quantification of the Variables Level of Uncertainty

The following variables are often considered to be determinate (low uncertainty):

• Porosity
• Gross thickness
• Net thickness
• Structure (reservoir top/bottom/extent)
• Fluid properties
• Rock compressibility
• Capillary pressure
• Datum pressure
• Original fluid contact
• Production rates

The following variables are often considered to be indeterminate (high
uncertainty):

• Pore volume
• Permeability
• Transmissibility
• Kv/Kh ratio
• Rel. perm. curves
• Aquifer properties
• Mobile oil volumes
• Well inflow parameters

10.5 Pressure Match

Here are two proposed option for pressure match

Option 1

• Run the model under reservoir voidage control
• Examine the overall pressure levels
• Adjust the pore volume/aquifer properties to match overall pressure
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• Match the well pressures
• Modify local PVs/aquifers to match overall pressures
• Modify local transmissibility to match pressure gradient

Key elements Adjusted parameters

Total voidage Rate constraints

Pressure level Total compressibility, thickness, porosity, water influx

Pressure shape Permeability

Individual wells Total compressibility, thickness, porosity, water influx

Option 2

• Check/Initialization
• Run simulation model
• Adjust Kx for well which cannot meet target rates
• Adjust pore volume and compressibility to match pressure change with time
• Adjust Kv and Tz to capture vertical pressure gradient
• Adjust Kv and Tz to meet areal pressure
• Adjust Tx and Ty at the faults
• Adjust PI’s to meet production allocations
• Iterate

10.6 Saturation Match

Option 1

• Normally attempted once pressures matched
• Most important parameters are relative permeability curves and permeabilities
• Try to explain the reasons for the deviations and act accordingly
• Changes to relative permeability tables should affect the model globally
• Changes to permeabilities should have some physical justification
• Consider the use of well pseudos
• Assumed layer KH allocations may be incorrect (check PLTs, etc.)

Option 2

• Check/Initialization Model
• Run simulation model
• Check overall model water/gas movement(process physics)
• Adjust relative permeability
• Introduce and adjust well’s relative permeabilities (Krs) to match individual well

performance
• Adjust PI’s to match production allocation
• Add or delete completion layers to account for channeling, leaking plugs
• Iterate
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10.7 Well PI Match

• Not usually matched until pressures and saturations are matched, unless BHP
affects production rates

• Must be matched before using model in prediction mode
• Match FBHP data by modifying KH, skin or PI directly

10.8 Problems with History Matching

• Non uniqueness of accepted match
• Lack of reliable field data
• Available data may be limited
• Errors in simulator can cause a correct set of parameters to yield incorrect result.

10.9 Review Data Affecting STOIIP

Verify that the value of STOIIP calculated by the model is in line with estimated
values by volumetric calculations and material balance. If the calculated value is too
high/low, this is normally due to errors of the following type:

• High/low porosity values (data entry format error)
• Misplace fluid contacts (gas-oil and/or water-oil)
• Inclusion/exclusion of grid blocks that belong or not to the reservoir model.
• High/low values in the capillary pressure curves.
• Errors in net sand thickness.

10.9.1 Problems and Likely Modifications

• Localised high pressure area and localised low pressure area.

– Remedies:

– Modify k to allow case of flow from high pressure region to low pressure
region

– Reduce oil in high pressure region by changing ϕ or h or So or all of them.
– If rock data are varied, there may be need for redigitizing.

• Generally high pressure in the whole system
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– Remedy:

• Reduce oil in place by reducing porosity in the whole system.

– Discontinuous pressure distribution

Remedy: increase k to smoothen effect

• Model runs out of fluid

Remedy:

– Increase initial fluid saturation. Fluid contacts may be varied.

• No noticeable drawdown in pressure even after considerable withdrawal.

Remedy:

– Error in compressibility entered.

• Sw increase without any injection or influx of water.

Remedy:

– Increase rock compressibility used.

• Problem with matching GOR, WOR

Remedy:

– Modify relative permeability

If simulated GOR > observed GOR, reduce Krg vale in the simulator. The reverse
is true.

If free gas starts flowing early, increase critical gas sat. The reverse is also
the case.
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After everything has been done, observed pressures and production are greater
than the model.

Cause:

• Reservoir getting energy from region not defined for example, fluid influx

Remedy:

• Redefine area and model or include aquifer if observed water cut is increasing.

10.10 Methods of History Matching

The method adopted for matching a field’s historic data depends on the engineer in
question. History matching has been improved from manual turning of some param-
eters to a more sophisticated computer aided tool. Today, some engineers still use
manual turning which work well for them rather than the computer aided history
matching.

10.10.1 Manual History Matching

During manual history matching, changing one or two parameters manually by trial-
and error can be tedious and inconsistent with the geological models. To make the
parameters best fit with the simulated and observed data gives considerable uncer-
tainties and does not have the reliability for a longer period.

10.10.2 Automated History Matching

Automated history matching is much faster and requires fewer simulation runs than
manual history matching. It includes a large number of different parameters and
tackles a large number of wells without problems. In manual history matching, one
or two parameters are varied at a time and it would require preliminary analysis first
for tackling the wells.

Besides, automatic history matching could give more reliable results in the case
of complex lithology conditions with considerable heterogeneity. The basic process
in automatic history matching is to start from an initial parameter guess and then
improve it by integrating field data in an automatic loop. In this case, parameter
changes are done by computer programming to minimize the function to show
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differences between simulated and observed data. This is called objective function
that includes both model mismatch and data mismatch parts.

10.10.3 Classification of Automatic History Matching

• Deterministic Algorithm
• Stochastic Algorithm

10.10.3.1 Deterministic Algorithm

Deterministic algorithms use traditional optimization approaches and obtain one
local optimum reservoir model within the number of simulation iteration constraints.
In implementation, the gradient of the objective function is calculated and the
direction of the optimization search is then determined (Liang 2007). The gradient
based algorithms minimize the difference between the observed and simulated
measurements which is called the minimization of the objective function that
considered the following loop:

• To run the flow simulator for the complete history matching period,
• To evaluate the cost function,
• To update the static parameters and go back to the first step.

The following are the list of several algorithms that are commonly used for the
basis of gradient based algorithms (Landa 1979; Liang 2007):

• Gradient based algorithms:

– Steepest Descent
– Gauss-Newton (GN)
– Levenberg-Marquardt
– Singular Value Decomposition
– Particle Swarm Optimization
– Conjugate Gradient
– Quasi-Newton
– Limited Memory Broyden Fletcher Goldfarb Shanno (LBFGS)
– Gradual Deformation

10.10.3.2 Stochastic Algorithm

The stochastic algorithm takes considerable amounts of computational time com-
pared to a deterministic algorithm, but due to the rapid development of computer
memory and computation speed, stochastic algorithms are receiving more and more
attention.
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Stochastic algorithms have three main direct advantages:

• The stochastic approach generates a number of equal probable reservoir models
and therefore is more suitable to non-unique history matching problems,

• It is straight-forward to quantify the uncertainty of performance forecasting by
using these equal probable model,

• Stochastic algorithms theoretically reach the global optimum.

The following are list of several algorithms that are commonly used on the basis
of non-gradient based stochastic algorithms (Landa 1979; Liang 2007):

• Non-gradient based algorithms:

– Simulated Annealing
– Genetic Algorithm
– Polytope
– Scatter & Tabu Searches
– Neighborhood
– Kalman Filter
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Chapter 11
Reservoir Performance Prediction

Learning Objectives
Upon completion of this chapter, students/readers should be able to:

• Understand the concept of reservoir performance prediction
• Describe the various prediction methods
• Derive instantaneous gas-oil ratio
• Understand the derivatives of some of the methods of prediction
• Describe the step by step approach of the various prediction method
• Perform prediction calculations

Nomenclature
Parameter Symbol Unit

Initial gas formation volume factor βgi cuft/scf

Gas formation volume factor βg cuft/scf

Cumulative water influx We bbl

Cumulative water produced Wp bbll

Cumulative gas produced Gp scf

Cumulative oil produced Np Stb

Stock tank oil initially In place N stb

Stock tank gas initially in place G scf

Initial solution gas-oil ratio Rsi scf/stb

Solution gas-oil ratio Rs scf/stb

Cumulative produced gas-oil ratio Rp Scf/stb

Bottom hole (wellbore) flowing pressure Pwf psia

Initial reservoir pressure Pi psia

Oil formation volume factor βo rb/stb

Initial oil formation volume factor βoi rb/stb

(continued)
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Parameter Symbol Unit

Water formation volume factor βw rb/stb

Gas formation volume factor βg cuft/scf

Initial gas formation volume factor βgi cuft/scf

Reservoir temperature T �R
Total fluid compressibility Ct psia�1

Oil isothermal compressibility Co psia�1

Effective oil isothermal compressibility Coe psia�1

Water & rock compressibility Cw & Cr psia�1

Gas deviation factor at depletion pressure z –

Gas/oil sand volume ratio or gas cap size m –

Connate & initial water saturation Swi & Swc – or %

Residual gas saturation to water displacement Sgrw – or %

Residual oil-water saturation Sorw –

Pore volume of water-invaded zone PVwater ft3

Reservoir pore volume PV ft3

Flow rate q stb/d

Oil & gas viscosity μo & μg cp

Formation permeability k mD

Reservoir thickness h ft

Area of reservoir A acres

Wellbore radius rw ft

Recovery factor RF %

Pressure drop ΔP psi

Initial & current gas expansion factor Ei & E scf/cuft

Oil & gas relative permeability kro & krg –

Oil & gas saturation So & Sg – or %

Pore volume Vp cuft

11.1 Introduction

Some of the roles of Reservoir Engineers are to estimate reserve, field development
planning which requires detailed understanding of the reservoir characteristics and
production operations optimization and more importantly; to develop a mathemat-
ical model that will adequately depict the physical processes occurring in the
reservoir such that the outcome of any action can be predicted within reason-
able engineering tolerance of errors. Muskat (1945) stated that one of the functions
of reservoir engineers is to predict the past performance of a reservoir which is still in
the future. Therefore, whether the concept of the engineer is wrong or right, stupid
or clever, honest or dishonest, the reservoir is always right.

We have to bear in mind that reservoirs rarely perform as predicted and as such,
reservoir engineering model has to be updated in line with the production behaviour.
Thus, an accurate prediction of the future production rates under various operating
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conditions, apply the primary requirement for the oil and gas reservoirs feasibility
evaluation and performance optimization. The conventional method of utilizing
deliverability and material balance equations to predict the production performance
of these reservoirs cannot be utilized often when the complete reservoir data are
lacking.

Reservoir performance prediction is an iterative process. it requires that a con-
vergence criterion must be met after a satisfactory history match is achieved, to be
executed in a short period of time, for a proper optimization of future reservoir
management planning of a field. There are basically four methods of reservoir
performance prediction applying material balance concept and not a numerical
approach where the reservoir is divided into grid blocks. These are:

• Tracy method
• Muskat method
• Tarner method
• Schilthuis method

All the techniques used to predict the future performance of a reservoir are based
on combination of appropriate MBE with the instantaneous GOR using the proper
saturation equation. The calculations are repeated at a series of assumed reservoir
pressure drops. These calculations are usually based on stock-tank barrel of oil-in-
place at the bubble-point pressure. Above the bubble point pressure, the cumulative
oil produced is calculated directly from the material balance equations as presented
in Craft & Hawkins (1991), Dake (1978), Tarek (2010), Cole (1969), Cosse (1993),
Economides et al. (1994) & Hawkins (1955). The MBE for undersaturated reservoir
are expressed below.

11.1.1 For Undersaturated Reservoir (P > Pb) with No Water
Influx

That is above the bubble point; the assumptions made are:

m ¼ 0,We ¼ 0,Rsi ¼ Rs ¼ Rp, Gp ¼ NRp,Winj ¼ Ginj ¼ 0,Krg ¼ 0,Wp ¼ We

¼ 0

(because there is no free gas in the formation); From the general material balance
equation, cancelling out all the assumed parameters gives

It implies that
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N ¼ NpBo

Bo � Boið Þ þ Boi
SwiCwþC f

1�Swi

� �
ΔP

From Hawkin’s equation, the isothermal compressibility of oil Co, can be
expressed as:

Co ¼ � 1
Bo

∂Bo

∂P

� �
T

¼ � 1
Boi

Bo � Boi

Pi � P

� �

Bo � Boi ¼ �CoBoi P� Pið Þ ¼ CoBoi Pi � Pð Þ

Put these two equations into the N equation gives:

N ¼ NpBo

CoBoi Pi � Pð Þ þ Boi
SwiCwþC f

1�Swi

� �
ΔP

N ¼ NpBo

ΔPBoi Co þ SwiCwþC f

1�Swi

� �

N ¼ NpBo

BoiΔP
Co 1�Swið ÞþSwiCwþC f

1�Swi

� �

N ¼ NpBo

BoiΔP
CoSoþSwiCwþC f

1�Swi

� �

Expressing the isothermal compressibility in terms of effective compressibility,
Coe. thus;

Coe ¼ CoSo þ SwiCw þ C f

1� Swi

N ¼ NpBo

BoiΔPCoe
¼ NpBo

BoiCoe Pi � Pð Þ

Therefore, the pressure at any time, is given as

P ¼ Pi � NpBo

BoiCoeN

The cumulative oil produced in the undersaturated region can be calculated
directly from the equation given as:
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Np ¼ NBoiCoe Pi � Pð Þ
Bo

Where

Gp ¼ NpRsi

11.1.2 Undersaturated Reservoir with Water Drive

Assumptions: Winj ¼ Ginj ¼ 0, m ¼ 0

N ¼ NpBo þWpBw �WeBw

Bo � Boið Þ þ Boi
SwiCwþC f

1�Swi

� �
ΔP

In terms of effective oil compressibility

N ¼ NpBo þWpBw �WeBw

BoiCoe Pi � Pð Þ

Np ¼
N BoiCoe Pi � Pð Þ þ WeBw �WpBw

� �
Bo

Where

Gp ¼ NpRsi

In applying the above methods of prediction for saturated reservoirs, we require
some additional information to match the previous field production data in order to
predict the future. Such relations are the instantaneous gas-oil ratio (GOR), equation
relating the cumulative GOR to the instantaneous GOR and the equation that relates
saturation to cumulative oil produced.

On the contrary, despite the fact that the material balance equation is a tool used
by the reservoir engineers, there are some aspects which were not put into consid-
eration when performing prediction performance. These are:

• The contribution of the individual well’s production rate
• The actual number of wells producing from the reservoir
• The positions of these wells in the reservoir are not considered since it is assume

to be a tank model
• The time it will take to deplete the reservoir to an abandonment pressure
• Does not see faults in the reservoir if there is any and the variation in rock and

fluid properties.
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11.1.3 Instantaneous Gas- Oil Ratio

Instantaneous gas-oil ratio at any time, R is defined as the ratio of the standard cubic
feet of gas produced to the stock tank barrel of oil produced at that same instant of
time and reservoir pressure. The gas production comes from solution gas and free
gas in the reservoir which has come out of the solution (Tarek, 2010).

Instantaneous producing GOR is given mathematically as

R ¼ Gas producing rate scf =dayð Þ
oil producing rate stb=dayð Þ

Rp ¼ Cumulative gas produced, SCF

Cumulative oil produced, STB=day

Free gas at surface condition is given as:

¼ qg
Bg

Solution gas is

¼ QoRs

The total gas production rate

Qg ¼
qg
Bg

þ QoRs

Oil production rate is

Qo ¼
qo
Bo

Thus,

R ¼ Qg

Qo
¼

qg
Bg
þ QoRs

qo
Bo

Since Qo ¼ qo
Bo
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R ¼
qg
Bg
þ qo

B0
Rs

qo
Bo

Thus,

R ¼
qg=qg
qo=Bo

þ Rs

qg ¼
2πkrghΔP
μg ln

re
rw

qo ¼
2πkrohΔP
μo ln

re
rw

R ¼
2πkrghΔP
μg ln

re
rw

2πkrohΔP
μo ln

re
rw

þ Rs

R ¼ 5:615
Bokrgμo
Bgkroμg

þ Rs

The instantaneous GOR can be used to history match relative permeability. Thus,
re-arranging the above equation gives:

krg
kro

¼ R� Rsð ÞBgμg
Boμo

11.2 Muskat’s Prediction Method

In 1945, Muskat developed a method for reservoir performance prediction at any
stage of pressure depletion by expressing the material balance equation for a
depletion-drive reservoir in differential form as derived below.

The oil pore volume (original volume of oil in the reservoir) is given as:

VpSoi ¼ NBoi
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N ¼ VpSoi
Boi

where Soi ¼ 1� Swc

At any given pressure, the oil remaining in the reservoir at stock tank barrels is
given as:

Nr ¼ VpSo
Bo

Differentiate this equation with respect to pressure, assuming the pore volume
remains constant. Then, we have

dNr

dP
¼ Vp

1
Bo

dSo
dP

� So
Bo

2

dBo

dP

� 	

The dissolved gas in the reservoir at any pressure is given by:

Gdis ¼ VpSo
Bo

Rso

While the free gas in the reservoir at the same pressure is given by:

Gfree ¼ VpSg
Bg

¼ Vp 1� So � Swð Þ
Bg

Therefore, the total gas remaining in the reservoir at standard cubic feet is the
summation of the free and dissolved gases given as:

Gr ¼ VpSo
Bo

Rso þ Vp 1� So � Swð Þ
Bg

Differentiating the remaining gas volume with respect to pressure gives:

dGr

dP
¼ Vp

So
Bo

dRso

dP
� RsoSo

Bo
2

dBo

dP
þ Rso

Bo

dSo
dP

� 1
Bg

dSo
dP

� 1� So � Swð Þ
Bg

2

dBg

dP

� 	

The current or producing gas-oil ratio is given as

From material balance equation, the producing GOR is given as:
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R ¼ Bokrgμo
Bgkroμg

þ Rso

Therefore,

Bokrgμo
Bgkroμg

þ Rso ¼
So
Bo

dRso
dP � RsoSo

Bo
2

dBo
dP þ Rso

Bo

dSo
dP � 1

Bg

dSo
dP � 1�So�Swð Þ

Bg
2

dBg

dP

1
Bo

dSo
dP � So

Bo
2
dBo
dP

Bokrgμo
Bgkroμg

þ Rso

" #
∗

1
Bo

dSo
dP

� So
Bo

2

dBo

dP


 �

¼ So
Bo

dRso

dP
� RsoSo

Bo
2

dBo

dP
þ Rso

Bo

dSo
dP

� 1
Bg

dSo
dP

� 1� So � Swð Þ
Bg

2

dBg

dP

Expanding gives

Bokrgμo
Bgkroμg

1
Bo

þ Rso

Bo

( )
dSo
dP

� Bokrgμo
Bgkroμg

So
Bo

2

( )
dBo

dP
� RsoSo

Bo
2


 �
dBo

dP

¼ So
Bo


 �
dRso

dP
� RsoSo

Bo
2


 �
dBo

dP
þ Rso

Bo
� 1
Bg


 �
dSo
dP

� 1� So � Swð Þ
Bg

2


 �
dBg

dP

Bokrgμo
Bgkroμg

1
Bo

þ Rso

Bo

( )
dSo
dP

� Rso

Bo
� 1
Bg


 �
dSo
dP

¼ So
Bo


 �
dRso

dP
� RsoSo

Bo
2


 �
dBo

dP
� 1� So � Swð Þ

Bg
2


 �
dBg

dP
þ Bokrgμo

Bgkroμg

So
Bo

2

( )
dBo

dP

þ RsoSo
Bo

2


 �
dBo

dP
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! dSo
dP

¼
So
Bo

n o
dRso
dP � 1�So�Swð Þ

Bg
2

n o
dBg

dP þ Bokrgμo
Bgkroμg

So
Bo

2

n o
dBo
dP

1
Bg
þ krgμo

Bgkroμg

Multiple the above expression by Bg=Bg gives

Craft et al. (1991) simplified this equation above with expressions of group
symbols as a function of as:

X pð Þ ¼ Bg

Bo


 �
dRso

dP

Y pð Þ ¼ 1
Bo

∗
μo
μg

( )
dBo

dP

Z pð Þ ¼ 1
Bg


 �
dBg

dP

The increment saturation form using the pressure group is:

Where

ΔSo ¼ Soð Þi�1 � Soð Þi

ΔP ¼ Pi�1 � Pi

The pressure groups X( p), Y( p) & Z( p) can be determine from reservoir fluid
properties given above. The values of the derivatives (dRso

dP , dBo
dP & dBg

dP

�
attached to

each pressure group is obtained from a graphically plot of Rso, Bo & Bg versus
pressure respectively. To be more accurate, determination of dBg

dP is obtained when 1=Bg

is plotted versus pressure. The expression is given as:
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d 1=Bgð Þ
dP

¼ � 1

Bg
2


 �
dBg

dP

dBg

dP
¼ �Bg

2 d
1=Bgð Þ
dP

Z pð Þ ¼ 1
Bg

�Bg
2 d

1=Bgð Þ
dP


 �
¼ �Bg

d 1=Bgð Þ
dP

Muskat’s Prediction Algorithm
At any given pressure, Craft et al. (1991) developed the following algorithm for
solving Muskat’s equation:

Step 1:Obtain relative permeability data at corresponding saturation values and then
make a plot of krg/kro versus saturation.

Step 2: Make a plot of fluid properties {Rs, Bo and (1/Bg)} versus pressure and
determine the slope of each plot at selected pressures, i.e., dBo/dp, dRs/dp, and d
(1/Bg)/dp.

Step 3: Calculate the pressure dependent terms X(p), Y(p), and Z(p) that correspond
to the selected pressures in Step 2.

X pð Þ ¼ Bg

Bo


 �
dRso

dP

Y pð Þ ¼ 1
Bo

∗
μo
μg

( )
dBo

dP

Z pð Þ ¼ 1
Bg


 �
dBg

dP
¼ �Bg

d 1=Bgð Þ
dP

Step 4: Plot the pressure dependent terms as a function of pressure, as illustrated in
the figure below.
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Pressure

Z(p)

Y(p)

X(p)X
(p

),
 Y

(p
),

 Z
(p

)

Step 5: Graphically determine the values of X(p), Y(p), and Z(p) that correspond to
the pressure P.

Step 6: Solve for (ΔSo /ΔP) by using the oil saturation (So)i � 1 at the beginning of
the pressure drop interval Pi � 1.

ΔSo
ΔP

� �
i�1

¼
Soð Þi�1X Pi�1ð Þ þ krg

kro
Soð Þi�1

n o
Y Pi�1ð Þ � 1� Soð Þi�1 � Swi

� �
Z Pi�1ð Þ

1þ krgμo
kroμg

h i
i�1

Step 7: Determine the oil saturation So at the average reservoir pressure P, from:

Soð Þi ¼ Soð Þi�1 � Pi�1 � Pi½ � ΔSo
ΔP

� �
i�1

Step 8: Using the So from Step 7 and the pressure P, recalculate (ΔSo/ΔP)

ΔSo
ΔP

� �
i

¼
Soð ÞiX Pið Þ þ krg

kro
Soð Þi

n o
Y Pið Þ � 1� Soð Þi � Swi

� �
Z Pið Þ

1þ krgμo
kroμg

h i
i

Step 9: Calculate the average value for (ΔSo/ΔP) from the two values obtained in
Steps 6 and 8.

ΔSo
ΔP

� �
Avg

¼
ΔSo
ΔP

� �
i�1 þ ΔSo

ΔP

� �
i

2

Step 10: Using ΔSo
ΔP

� �
Avg

, solve for the oil saturation So from:
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Soð Þi ¼ Soð Þi�1 � Pi�1 � Pi½ � ΔSo
ΔP

� �
Avg

Note that the value of (So)i becomes (So)i � 1 for the next pressure drop interval.

Step 11: Calculate gas saturation (Sg)i by:

Sg
� �

i
¼ 1� Soð Þi � Swi

Step 12: Using the saturation equation given below

So ¼ 1� Swið Þ 1� Np

N

� 	
Bo

Boi

� �

To solve for the cumulative oil production.

Np ¼ N 1� So
1� Swið Þ


 �
Boi

Bo


 �� 	

Step 13: Calculate krg/kro at the selected pressure, Pi

Step 14: Calculate the instantaneous GOR at the selected pressure, Pi

RNew ¼ Bokrgμo
Bgkroμg

" #
i

þ Rsoð Þi

Step 15: Calculate the average GOR

Ravg ¼ Ri þ RNew

2

Step 16: Calculate the cumulative gas production by using Np from step 12 and
step 15

Gp ¼ RavgNp

Step 17: Repeat Steps 5 through 13 for all pressure drops of interest.

Example 11.1
Given a saturated oil reservoir located at Amassoma oil field in Bayelsa State with no
gas cap; whose initial pressure is 3620 psia and reservoir temperature of 220 �F. The
initial (connate) water saturation is 0.195 and from volumetric analysis, the STOIIP
was estimate as 45 MMSTB. There is no aquifer influx. The PVT data is given in the
table below.
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Pressure (psia) Bo (bbl/STB) Rso (SCF/STB) Bg (bbl/SCF) Oil vis (cp) Gas vis (cp)

3620 1.5235 858 0.001091 0.7564 0.0239

3335 1.4879 796 0.001202 0.8355 0.0233

3045 1.4533 734 0.001332 0.9223 0.0227

2755 1.4187 672 0.001499 1.0199 0.0222

2465 1.3841 610 0.001700 1.1253 0.0216

2175 1.3496 549 0.001961 1.2431 0.0211

1885 1.3140 487 0.002296 1.3749 0.0205

1595 1.2794 425 0.002762 1.5206 0.0199

In this field, there is no relative permeability data available. Hence, the correlation
below is used to generate the relative permeability curve.

krg
kro

¼ 0:000149e12:57Sg

Calculate the cumulative oil and gas production at 3335 psia using the Muskat
method

Solution
Muskat Method

Step 1:Obtain relative permeability data at corresponding saturation values and then
make a plot of krg/kro versus saturation.

Since no relative permeability data was given, the correlation is used to obtain the
relative permeability ratio which is given as:

krg
kro

¼ 0:000149e12:57Sg

Step 2: Make a plot of fluid properties {Rs, Bo and (1/Bg)} versus pressure and
determine the slope of each plot at the selected pressures, i.e., dBo/dp, dRs/dp, and
d(1/Bg)/dp.

The fluid properties are plotted versus pressure in the figures below

y = 0.000149x + 1.088
R² = 1
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y = 0.2134x + 84.49
R² = 1
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Step 3: Calculate the pressure dependent terms X(p), Y(p), and Z(p) that correspond
to the selected pressures in Step 2.

At P ¼ 3620 psia

X pð Þ ¼ Bg

Bo


 �
dRso

dP
¼ 0:001091

1:5235


 �
∗0:2134 ¼ 0:000153

Y pð Þ ¼ 1
Bo

∗
μo
μg

( )
dBo

dP
¼ 1

1:5235
∗
0:7564
0:0239


 �
∗0:000149 ¼ 0:003095

Z pð Þ ¼ 1
Bg


 �
dBg

dP
¼ �Bg

d 1=Bgð Þ
dP

¼ 0:001091∗0:2737 ¼ 0:000298

At P ¼ 3335 psia

X pð Þ ¼ Bg

Bo


 �
dRso

dP
¼ 0:001202

1:4879


 �
∗0:2134 ¼ 0:000172
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Y pð Þ ¼ 1
Bo

∗
μo
μg

( )
dBo

dP
¼ 1

1:4879
∗
0:8355
0:0233


 �
∗0:000149 ¼ 0:003591

Z pð Þ ¼ 1
Bg


 �
dBg

dP
¼ �Bg

d 1=Bgð Þ
dP

¼ 0:001202∗0:2737 ¼ 0:000329

It is represented in a tabular form as:

Pressure (psia) X (p) Y (p) Z (p)

3620 0.000153 0.003095 0.000298

3335 0.000172 0.003591 0.000329

Step 4: Solve for (ΔSo /ΔP) by using the oil saturation (So)i � 1 at 3620 psia

Swi ¼ 0:195

Soð Þ3650 psia ¼ 1� 0:195 ¼ 0:805

ΔSo
ΔP

� �
i

¼
Soð ÞiX Pið Þ þ krg

kro
Soð Þi

n o
Y Pið Þ � 1� Soð Þi � Swi

� �
Z Pið Þ

1þ krgμo
kroμg

h i
i

ΔSo
ΔP

� �
3620

¼

Soð Þ3650X 3650ð Þ þ krg
kro

Soð Þ3650

 �

Y P3650ð Þ
� 1� Soð Þ3650 � Swi
� �

Z P3650ð Þ
1þ krgμo

kroμg

h i
3620

Since no free gas initially in place

krg
kro

¼ 0:000149e12:57Sg

krg
kro

¼ 0

∴
ΔSo
ΔP

� �
3620

¼ 0:805∗ 0:000153ð Þ þ 0þ 0
1þ 0

¼ 0:000123

Step 5: Determine the oil saturation So at 3335 psia

Soð Þi ¼ Soð Þi�1 � Pi�1 � Pi½ � ΔSo
ΔP

� �
i�1
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Soð Þ3335 ¼ Soð Þ3620 � P3620 � P3335½ � ΔSo
ΔP

� �
3620

Soð Þ3335 ¼ 0:805� 3620� 3335½ �∗0:000123 ¼ 0:7699

Sg
� �

i
¼ 1� Soð Þi � Swi

Sg
� �

3335 ¼ 1� 0:7699� 0:195 ¼ 0:0351

Step 6: Using the So from Step 5 and the pressure P, recalculate (ΔSo/ΔP)

ΔSo
ΔP

� �
3335

¼

Soð Þ3335X P3335ð Þ þ krg
kro

Soð Þ3335

 �

Y P3335ð Þ
� 1� Soð Þ3335 � Swi
� �

Z P3335ð Þ
1þ krgμo

kroμg

h i
3335

The relative permeability ratio is

krg
kro

¼ 0:000149e 12:57∗0:0351ð Þ ¼ 0:000232

ΔSo
ΔP

� �
3335

¼
0:7699∗0:000172ð Þ þ 0:000232∗0:7699f g∗0:003591ð Þ

� 1� 0:7699� 0:195ð Þ∗0:000329
1þ 0:000232ð Þ∗0:8355

0:0233

∴
ΔSo
ΔP

� �
3335

¼ 0:0001205

Step 7: Calculate the average value for (ΔSo/ΔP) from the two values obtained in
Steps 4 and 6.

ΔSo
ΔP

� �
Avg

¼
ΔSo
ΔP

� �
i�1 þ ΔSo

ΔP

� �
i

2

ΔSo
ΔP

� �
Avg

¼
ΔSo
ΔP

� �
3620 þ ΔSo

ΔP

� �
3335

2

ΔSo
ΔP

� �
Avg

¼ 0:000123þ 0:0001205
2

¼ 0:0001218

Step 8: Using ΔSo
ΔP

� �
Avg

, solve for the oil saturation So from:
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Soð Þ3335 ¼ Soð Þ3620 � P3620 � P3335½ � ΔSo
ΔP

� �
Avg

Soð Þ3335 ¼ 0:805� 3620� 3335½ �∗0:0001218 ¼ 0:7703

Step 9: Calculate gas saturation (Sg)i by:

Sg
� �

3335 ¼ 1� 0:7703� 0:195 ¼ 0:0347

Step 10: Calculate the cumulative oil production

Np ¼ N 1� So
1� Swið Þ


 �
Boi

Bo


 �� 	

Np ¼ 45� 106 1� 0:7703
1� 0:195ð Þ


 �
1:5235
1:4879


 �� 	
¼ 909477:451 STB

Step 11: Calculate krg/kro at 3335 psia as calculated above

krg
kro

¼ 0:000232

Step 12: Calculate the instantaneous GOR at the 3335 psia

RNew ¼ Bokrgμo
Bgkroμg

" #
i

þ Rsoð Þi

RNew ¼ 0:000232∗
1:4879

0:001202

� �
0:8355
0:0233

� �
þ 796 ¼ 806:2979 scf =STB

Step 13: Calculate the average GOR

Ravg ¼ R3335 þ RNew

2

Ravg ¼ 796þ 806:2979
2

¼ 801:1489 scf =STB

Step 14: Calculate the cumulative gas production by using Np from step 10 and
step 13
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Gp ¼ RavgNp

Gp ¼ 801:1489∗909477:451 ¼ 728626859:4 scf ¼ 728:6269 MMscf

11.3 Tarner’s Prediction Method

Tarner (1944) suggested an iterative technique for predicting cumulative oil produc-
tion Np and cumulative gas production Gp as a function of reservoir pressure. The
method is based on solving the MBE and the instantaneous GOR equation simulta-
neously for a given reservoir pressure drop from a known pressure Pi � 1 to an
assumed (new) pressure Pi. It is accordingly assumed that the cumulative oil and gas
production has increased from known values of (Np)i � 1 and (Gp)i � 1at reservoir
pressure Pi � 1 to future values of (Np)i and (Gp)i at the assumed pressure Pi. To
simplify the description of the proposed iterative procedure, the stepwise calculation
is illustrated for a volumetric saturated oil reservoir; however, this method can be
used to predict the volumetric behavior of reservoirs under different driving
mechanisms.

Tarner’s method was preferred to Tracy and Muskat because of the differential
form of expressing each parameter of the material balance equation by Tracy. Also,
Tarner and Muskat method use iterative approach in the prediction until a conver-
gence is reached.

Furthermore, a first approach of the Cumulative Oil Production is needed before
the calculation is performed; a second value of this variable is calculated through the
equation that defines the Cumulative Gas Production, as an average of two different
moments in the production life of the reservoir; this expression, as we will see, is a
function of the Instantaneous Gas Oil Rate, then we need also to calculate this value
in advance from an equation derived from Darcy’s law, this is a very important
relationship since it is strongly affected by the relative permeability ratio between oil
and gas. Finally, both values are compared, if the difference is within certain
predefined tolerance, our first estimate of the Cumulative Oil Production will be
considered essentially right, otherwise the entire process is repeated until the desire
level of accuracy is reached (Tarner 1944).

Tarner’s Prediction Algorithm

Step 1: Select a future reservoir pressure Pi below the initial (current) reservoir
pressure Pi � 1 and obtain the necessary PVT data. Assume that the cumulative oil
production has increased from (Np)i � 1 to (Np)i. It should be pointed out
that (Np)i � 1 and (Gp)i � 1 are set equal to zero at the bubble-point pressure
(initial reservoir pressure).

Step 2: Estimate or guess the cumulative oil production (Np)i at Pi.
Step 3: Calculate the cumulative gas production (Gp)i by rearranging the MBE to

give:
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Gp

� �
MBE, i

¼ N Rsið Þi�1 � Rsð Þi
� 
� Boið Þi�1 � Boð Þi

Bg
� �

i

( ) !

� Np

� �
i

Bo

Bg
� Rs


 �
i

Step 4: Calculate the oil and gas saturations {(So)i and (Sg)i } at the assumed
cumulative oil production (Np)i and the selected reservoir pressure Pi by applying
Equations

Soð Þi ¼ 1� Swið Þ 1� Np

� �
i

N

" #
Boð Þi

Boið Þi�1

� �

Sg
� �

i
¼ 1� Soð Þi � Sw

Step 5: Using the available relative permeability data, determine the relative per-
meability ratio krg/kro that corresponds to the gas saturation at Pi and compute
the instantaneous GOR (Ri) at Pi as:

Ri ¼ Rsoð Þi þ
Krg

Kro

� �
i

μoBo

μgBg

 !
i

It should be noted that all the PVT data in the expression must be evaluated at the
assumed reservoir pressure Pi.

Step 6: Calculate again the cumulative gas production (Gp)i at Pi given as

Gp

� �
GOR, i

¼ Gp

� �
i�1 þ

Ri�1 þ Ri

2

� 	
Np

� �
i
� Np

� �
i�1

h i

In which Ri � 1 represents the instantaneous GOR at Pi � 1. If Pi � 1 represents the
initial reservoir pressure, then set Ri � 1 ¼ Rsi.

Step 7: The total gas produced (Gp)i during the first prediction period as calculated by
the material balance equation { (Gp)MBE, i} is compared to the total gas produced as
calculated by the GOR equation { (Gp)GOR, i}. These two equations provide the
two independent methods required for determining the total gas produced.

Therefore, if the cumulative gas production { (Gp)MBE, i} as calculated from
Step 3 agrees with the value { (Gp)GOR, i} of Step 6, the assumed value of (Np)i is
correct and a new pressure may be selected and Steps 1 through 6 are repeated.
Otherwise, assume another value of (Np)i and repeat Steps 2 through 6.

Step 8: In order to simplify this iterative process, three values of (Np)i can be
assumed, which yield three different solutions of cumulative gas production for
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each of the equations (i.e., MBE and GOR equation).When the computed values
of (Gp)i are plotted versus the assumed values of (Np)i, the resulting two curves
(one representing results of Step 3 and the one representing Step 5) will intersect.
This intersection indicates the cumulative oil and gas production that will satisfy
both equations.

A workflow of an expansion of Tarner’s method is presented in the flow chart
below

Set pressure value Pi+1 < Pi at time = ti+1

Start 

Get the following data at i-1 to i 

PVT Data 

(μo,μg, Bo, 

Bg, Rs, Rp) 

Rock & fluid Properties 

( )sw, sg, so, sL, krg, kro krw& 
Estimation of oil initially 

in place (STOIIP) 

Draw the past production 

history vs pressure/time 

,

Plot so or sL vs  

Production 

History (Gp, 

Np& Wp)

All available 

reservoir & 

aquifer data

Average 

Reservoir 

pressure 

Data QC/QA 

IPR/VLPPVT vs 
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Pre – Dynamic Simulation Processes

Get (μo, μg, Bo, 

Bg, Rs, Rp)

@ i+1

Well test 

analysis (s, k)

Rock & fluid Properties

(sw, sg, so, sL, krg, kro & 

krw)@i+1

Get Npi+1< Npi
Evaluate sg, 

so, sL at i+1

Determine reservoir drive mechanism

Model initialization (Np* = Gp* = 0)

Dynamic model calibration-history matching

Determine 

from permeability curve/corey 

function

Compute the gas production from material balance equation at i+1

Compute the GOR at i and i+1
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Sensitivities Analysis 

Expected Results 

Report  

Stop 

Determine the average value of GOR at i and i+1 

Determine the gas production from GOR at i and i+1 

Check for convergence/match performance 

Is  

(Gp)MBE = (Gp)GOR

Yes 

Prediction Run 

No  

Example 11.2
A volumetric oil reservoir presents the following characteristics:

Initial reservoir pressure, Pi 3200 psia

Bubble point pressure, Pb 3200 psia

STOIIP, N 9,655,344 stb

Connate water saturation, Swc 23%

Water influx, We 0

Water injection, Winj 0

Reservoir temperature 2200F
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The PVT data is given in the table below

Pressure (psia) Bo (bbl/STB) Rso (SCF/STB) Bg (bbl/SCF) Oil vis (cp) Gas vis (cp)

3200 1.3859 1180 0.001383 0.84239 0.0238

2870 1.3784 1120 0.001618 0.89239 0.0233

2510 1.3603 1030 0.00184 0.9316 0.0231

The relative permeability curve is

0.01

0.1

1

10

100

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9K r
g/
K r

o

Sg

Calculate the cumulative oil and gas production at 2870 psia using the Tarner’s
method with a convergence criteria of absolute relative error less than 5%.

Solution

Step 1: The pressure of interest ¼ 2870 psia
Step 2: Assume the cumulative oil production {(Np)2870} at 2870 psia ¼ 96553.44

STB (i.e 1% of STOIIP).
Step 3: Calculate the cumulative gas production (Gp)2870 by rearranging the MBE to

give:

Gp

� �
MBE, 2870 ¼ N Rsið Þ3200 � Rsð Þ2870

� 
� Boið Þ3200 � Boð Þ2870
Bg
� �

2870

( ) !

� Np

� �
2870

Bo

Bg
� Rs


 �
2870
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Gp

� �
MBE, 2870 ¼ 9655344∗ 1180� 1120f g � 1:3859� 1:3784

0:001618


 �� �

� 96553:44
1:3784

0:001618
� 1120


 �
2870

¼ 5:6045� 108 SCF

Step 4: Calculate the oil and gas saturations at 2870 psia

Soð Þ2870 ¼ 1� Swið Þ 1� Np

� �
i

N

" #
Boð Þi

Boið Þi�1

� �

Soð Þ2870 ¼ 1� 0:23ð Þ 1� 96553:44
9655344

� 	
1:3784
1:3859

� �
¼ 0:7582

Sg
� �

2870 ¼ 1� Soð Þi � Sw ¼ 1� 0:7582� 0:23 ¼ 0:0118

Step 5: Using the available relative permeability plot, the relative permeability ratio
krg/kro that corresponds to the gas saturation (Sg)2870

Krg

Kro

� �
2870

¼ 0:01 from graph above

Compute the instantaneous GOR (Ri) at 2870 psia as:

R2870 ¼ Rsoð Þ2870 þ
Krg

Kro

� �
2870

μoBo

μgBg

 !
2870

R2870 ¼ 1120þ 0:01
0:89239∗1:3784
0:0233∗0:001618

� �
¼ 1446:284 scf =STB

Step 6: Calculate again the cumulative gas production at 2870 psia given as

Gp

� �
GOR, 2870 ¼ Gp

� �
3200 þ

R3200 þ R2870

2

� 	
Np

� �
2870 � Np

� �
3200

h i
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Gp

� �
GOR, 2870 ¼ 0þ 1180þ 1446:284

2

� 	
96553:44� 0½ � ¼ 1:2679� 108 SCF

Step 7: Since the cumulative gas production are not equal, i.e

Gp

� �
MBE, 2870 6¼ Gp

� �
GOR, 2870

We calculate the absolute relative error as

Errorj j ¼
Gp

� �
GOR, 2870 � Gp

� �
MBE, 2870

Gp

� �
GOR, 2870

�����
������ 100%

Errorj j ¼ 1:2679� 108 � 5:6045� 108

1:2679� 108

����
����� 100% ¼ 342:03%

The absolute relative error is far more than the convergence criteria. Hence,
several iteration were carried out (i.e repeat step 1–6) and it converged at:

Step 1: The pressure of interest ¼ 2870 psia
Step 2: Assume the cumulative oil production {(Np)2870} at 2870 psia ¼ 531043.9

STB (i.e 5.5% of STOIIP).
Step 3: Calculate the cumulative gas production (Gp)2870 by rearranging the MBE to

give:

Gp

� �
MBE, 2870 ¼ 9655344∗ 1180� 1120f g � 1:3859� 1:3784

0:001618


 �� �

� 531043:9
1:3784

0:001618
� 1120


 �
2870

¼ 6:7693� 108 SCF

Step 4: Calculate the oil and gas saturations at 2870 psia

Soð Þ2870 ¼ 1� 0:23ð Þ 1� 531043:9
9655344

� 	
1:3784
1:3859

� �
¼ 0:7237

Sg
� �

2870 ¼ 1� Soð Þi � Sw ¼ 1� 0:7582� 0:23 ¼ 0:0463

Step 5: Using the available relative permeability plot, the relative permeability ratio
krg/kro that corresponds to the gas saturation (Sg)2870
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Krg

Kro

� �
2870

¼ 0:01 from graph above

Compute the instantaneous GOR (Ri) at 2870 psia as:

R2870 ¼ 1120þ 0:01
0:89239∗1:3784
0:0233∗0:001618

� �
¼ 1446:284 scf =STB

Step 6: Calculate again the cumulative gas production at 2870 psia given as

Gp

� �
GOR, 2870 ¼ 0þ 1180þ 1446:284

2

� 	
531043:9� 0½ � ¼ 6:9734� 108 SCF

Step 7: Since the cumulative gas production are close, the absolute relative error is
calculated as

Errorj j ¼ 6:9734� 108 � 6:7693� 108

6:9734� 108

����
����� 100% ¼ 2:9268%

Therefore, the cumulative oil production ¼ 531043.9 STB and gas cumulative
production ¼ 6.9734 � 108 SCF.

11.4 Tracy Prediction Method

Tracy (1955) developed a model for reservoir performance prediction that did not
consider oil reservoirs above bubble-point pressure (undersaturated reservoir) but
the computation starts at pressures below or at the bubble-point pressure. To use this
method for predicting future performance, it is pertinent therefore to select future
pressures at desired performance. This means that we need to select the pressure step
to be used. Hence, Tracy’s calculations are performed in series of pressure drops that
proceed from a known reservoir condition at the previous reservoir pressure (Pi � 1)
to the new assumed lower pressure (Pi). The calculated results at the new reservoir
pressure becomes “known” at the next assumed lower pressure. The cumulative gas,
oil, and producing gas-oil ratio are calculated at each selected pressure, so the goal is
to determine a table of Np, Gp, and Rp versus future reservoir static pressure.

Tracy’s Prediction Algorithm

Step 1: Select an average reservoir pressure (Pi) of interest
Step 2: Calculate the values of the PVT functions ɸo, ɸg & ɸw where
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Step 3: Assume (estimate) the GOR (Ri) at the pressure of interest

Step 4: Estimate the average instantaneous GOR (Ravg) at the pressure of interest

The average producing gas-oil ratio for a pressure decrement from Pi � i to the
pressure of interest Pi given as:

Step 5: Calculate the incremental cumulative oil production ΔNp as:

The general material balance equation is given as

N ¼ Npɸo þ Gpɸg � We �Wp

� �
ɸw

For a solution gas drive reservoir (undersaturated reservoir) the equation reduces
to

N ¼ Npɸo þ Gpɸg

At pressure of interest

N ¼ Np

� �
i
ɸoð Þi þ Gp

� �
i
ɸg
� �

i

Note that as the pressure decreases, there is a corresponding incremental produc-
tion of oil and gas designated as ΔNp & ΔGp. There the cumulative oil and gas
production at pressure of interest are given as:

Np

� �
i
¼ Np

� �
i�1 þ ΔNp
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Gp

� �
i
¼ Gp

� �
i�1 þ ΔGp

Substitute into the above equation of N at pressure of interest, we have

N ¼ Np

� �
i�1 þ ΔNp

h i
ɸoð Þi þ Gp

� �
i�1 þ ΔGp

h i
ɸg
� �

i

But

ΔGp ¼ RavgΔNp

Hence

N ¼ Np

� �
i�1 þ ΔNp

h i
ɸoð Þi þ Gp

� �
i�1 þ RavgΔNp

h i
ɸg
� �

i

N ¼ Np

� �
i�1 ɸoð Þi þ ΔNp ɸoð Þi þ Gp

� �
i�1 ɸg
� �

i
þ RavgΔNp ɸg

� �
i

N � Np

� �
i�1 ɸoð Þi � Gp

� �
i�1 ɸg
� �

i
¼ ΔNp ɸoð Þi þ Ravg ɸg

� �
i

h i

Step 6: Calculate total or cumulative oil production from

Step 7: Calculate the oil and gas saturations at pressure Pi when the cumulative oil
production (Np)i is given as (see derivation in Chap. 5):

Step 8: Obtain the relative permeability ratio krg/kro at time i as a function
of So or Sg or SL ¼ (So + Swi).
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Step 9: Make a plot of krg
kro Versus So or SL on a semi log graph

Step 10: Calculate the new instantaneous GOR at time, i given as

Step 11: Compare the assumed or estimated GOR in Step 3 with the calculated GOR
in Step 10. If the values are within acceptable tolerance, the incremental cumu-
lative oil produced is correct (step 5), then proceed to the next step. If not within
the tolerance, set the assumed GOR equal to the calculated new GOR and repeat
the calculations from Step 3.

Step 12: Calculate the cumulative gas production.

Step 13:Make a final check on the accuracy of the prediction which should be made
on the MBE as:

Npɸo þ Gpɸg ¼ N � Tolerance

If the STOIIP is based on 1 STB in step 5, the final check equation reduces to

Npɸo þ Gpɸg ¼ 1� Tolerance

Step 14: Repeat from Step 1 for a new (lower) pressure value.

As the calculation progresses, a plot of GOR versus pressure can be maintained
and extrapolated as an aid in estimating GOR at each new pressure.

Example 11.3
Apply the data in Example 11.1 to calculate the cumulative oil and gas production at
2870 psia using Tracy’s method.

Tracy Method

Step 1: The average reservoir pressure of interest ¼ 2870 psia
Step 2: Calculate the values of the PVT functions ɸo, ɸg & ɸw where

The is no gas cap, hence m ¼ 0
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ɸo ¼
Bo � RsBg

Bo � Boið Þ þ Rsi � Rsð ÞBg þ mBoi
Bg

Bgi
� 1

h i

ɸo ¼
1:3784� 1120∗0:001618f g

1:3784� 1:3859ð Þ þ 1180� 1120ð Þ∗0:001618f g ¼ �4:84215

ɸg ¼
Bg

Bo � Boið Þ þ Rsi � Rsð ÞBg þ mBoi
Bg

Bgi
� 1

h i

ɸg ¼
0:001772

1:3859� 1:3784ð Þ þ 1180� 1120ð Þ∗0:001618f g ¼ 0:018062

Step 3: Assume Rassume ¼ 1447 SCF/STB at 2870 psia

Step 4: Estimate the average instantaneous GOR (Ravg) at 2870 psia

Ravg ¼ Ri�1 þ Ri

2
¼ 1180þ 1447

2
¼ 1313:5

Step 5: Calculate the incremental cumulative oil production ΔNp as:

ΔNp ¼
N � Np

� �
i�1 ɸoð Þi � Gp

� �
i�1 ɸg
� �

i

ɸoð Þi þ Ravg ɸg
� �

i

Note

Np

� �
i�1 ¼ Gp

� �
i�1 ¼ 0

ΔNp ¼ 9655344� 0∗� 4:84215ð Þ � 0∗0:018062ð Þ
�4:84215þ 0:018062∗1313:5ð Þ ¼ 511343:99 STB

Step 6: Calculate total or cumulative oil production from

Np

� �
2870 ¼ Np

� �
i�1 þ ΔNp ¼ 0þ 511343:99 ¼ 511343:99 STB

Step 7: Calculate the oil and gas saturations at 2870 psia
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So ¼ 1� Np

� �
i

N

" #
Boð Þi
Boi

� 	
1� Swi½ �

So ¼ 1� 511343:99
9655344

� 	
1:3784
1:3859

� 	
1� 0:23½ � ¼ 0:7253

Sg ¼ 1� 0:7253� 0:23 ¼ 0:0447

Step 8: Obtain the relative permeability ratio krg/kro at 2870 psia.

From the relative permeability curve given in Example 11.2,

krg
kro

¼ 0:010

Step 9: Calculate the new instantaneous GOR at time, i given as

R2870 ¼ Rsoð Þ2870 þ
Krg

Kro

� �
2870

μoBo

μgBg

 !
2870

R2870 ¼ 1120þ 0:01
0:89239∗1:3784
0:0233∗0:001618

� �
¼ 1446:284 scf =STB

Step 10: Compare the assumed GOR in Step 3 with the calculated GOR in Step 9.

Rassume ¼ 1447 SCF=STB

R2870 ¼ 1446:28

Since these values are closed, thus the cumulative oil production is:

Np

� �
3335 ¼ 511343:99 STB

Step 12: Calculate the cumulative gas production.

Gp

� �
2870 ¼ Gp

� �
3200 þ ΔGp ¼ Gp

� �
3200 þ RavgΔNp

� �
2870
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Gp

� �
2870 ¼ 0þ 511343:99∗1313:5 ¼ 671650330:9 SCF

Comparing Results of Tarner and Tracy Method
Parameter Tarner method Tracy method

Cum oil production (STB) 531043.9 511343.99

Cum gas production (SCF) 6.9734 � 108 6.7165 � 108

11.4.1 Schilthuis Prediction Method

Schilthuis develop a method of reservoir performance prediction using the total
produced or instantaneous gas-oil ratio which was defined mathematical as:

R ¼ Rso þ Krg

Kro

μoBo

μgBg

Schilthuis method requires a trail-and-error approach to achieve an appropriate
result of incremental oil recovery. Schilthuis rearranged the material balance equa-
tion to initiate a convergence criteria with minimum tolerance of error. This equation
is expressed as:

In a scenario where this criteria is not achieved, a new increment oil recovery
should be guessed and the procedure repeated until the criteria is satisfied. To help
reduce the number of interaction process, it is advisable to make two initial guesses
of the incremental oil recovery for the first pressure drop. Therefore, to determine the
next guess value for the incremental oil recovery, secant method is employed which
is given as:

xiþ1 ¼ xi � f xið Þ xi � xi�1f g
f xið Þ � f xi�1ð Þ
� 	

Where

xiþ1 ¼ New guess

xi & xi�1 ¼ the initial guesses
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f xið Þ & f xi�1ð Þ ¼ functions of the initial guesses

To employ the secant method into the Schilthuis method, we rearrange the
convergence criteria to the equation; the function of the initial guesses as a function
of incremental oil recovery. Thus,

f xið Þ ¼
Np

N

� �
xi
Bo þ Rp � Rs

� �
Bg

� �
Bo � Boið Þ þ Rsi � Rsð ÞBg

� 1 ¼ Tolerance

f xi�1ð Þ ¼
Np

N

� �
xi�1

Bo þ Rp � Rs
� �

Bg
� �

Bo � Boið Þ þ Rsi � Rsð ÞBg
� 1 ¼ Tolerance

Where

xi ¼ Np

N

� �
xi

& xi�1 ¼ Np

N

� �
xi�1

That is

Np

N

� �
xiþ1

¼ Np

N

� �
xi

�
f xið Þ Np

N

� �
xi
� Np

N

� �
xi�1


 �
f xið Þ � f xi�1ð Þ

2
664

3
775

Schilthuis’s Prediction Algorithm

Step 1: Assume value for the incremental oil recovery at the current pressure of
interest given as:

ΔNp

N

� �
1

&
ΔNp

N

� �
2

Step 2: Determine the cumulative oil produced to the current pressure of interest by
adding all the previous incremental oil produced.

Np

N

� �
1

¼
X ΔNp

N

� �
1

&
Np

N

� �
2

¼
X ΔNp

N

� �
2

Step 3: Determine the oil saturation from material balance equation given as:
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So ¼ 1� Swið Þ 1� Np

N

� 	
Bo

Boi

� �

The total fluid saturation can be calculated as:

SL ¼ So þ Sw

The gas saturation is calculated as:

Sg ¼ 1� So � Swi

Step 4: Determine the relative permeability ratio

krg
kro

or
krw
kro

Step 5: Calculate the instantaneous gas-oil ratio at the current pressure of interest

R ¼ Rso þ Krg

Kro

μoBo

μgBg

Step 6: Calculate the average gas-oil ratio over the current pressure drop

Ravg ¼ Ri�1 þ Ri

2

Step 7: Calculate the incremental gas production

ΔGp

N

� �
1

¼ ΔNp

N

� �
1

∗Ravg &
ΔGp

N

� �
2

¼ ΔNp

N

� �
2

∗Ravg

Step 8: Determine the cumulative gas produced to the current pressure of interest by
adding all the previous incremental gas produced.

Gp

N

� �
1

¼
X ΔGp

N

� �
1

&
Gp

N

� �
2

¼
X ΔGp

N

� �
2

Step 9: Determine the cumulative produced gas-oil ratio given as:
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Rp

� �
1 ¼

Gp

N

� �
1

ΔNp

N

� �
1

& Rp

� �
2 ¼

Gp

N

� �
2

ΔNp

N

� �
2

Step 10: Check for convergence

f xið Þ ¼
Np

N

� �
xi
Bo þ Rp

� �
1 � Rs

� �
Bg

� �
Bo � Boið Þ þ Rsi � Rsð ÞBg

� 1 ¼ Tolerance

f xi�1ð Þ ¼
Np

N

� �
xi�1

Bo þ Rp

� �
2 � Rs

� �
Bg

� �
Bo � Boið Þ þ Rsi � Rsð ÞBg

� 1 ¼ Tolerance

Step 11: If convergence is satisfied, then stop the iteration process, else calculate the
new incremental oil recovery using the equation below and repeat the entire
process.

Np

N

� �
xiþ1

¼ Np

N

� �
xi

�
f xið Þ Np

N

� �
xi
� Np

N

� �
xi�1


 �
f xið Þ � f xi�1ð Þ

2
664

3
775

Example 11.4
Apply the data in Example 11.2 to calculate the cumulative oil and gas production at
2870 psia using Schilthuis’s method with a convergence criteria of absolute relative
error less than 2%.

Solution

Step 1: Assume value for the incremental oil recovery at the current pressure of
interest given as:

ΔNp

N

� �
1

¼ 0:05 &
ΔNp

N

� �
2

¼ 0:055

Step 2: The cumulative oil produced to the current pressure of interest

Np

N

� �
1

¼
X ΔNp

N

� �
1

¼ 0:05 &
Np

N

� �
2

¼
X ΔNp

N

� �
2

¼ 0:055

Step 3: The oil saturation from material balance equation given as:
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So ¼ 1� Swið Þ 1� Np

N

� 	
Bo

Boi

� �

So1 ¼ 1� 0:23ð Þ 1� 0:05½ � 1:3784
1:3859

� �
¼ 0:7275

So2 ¼ 1� 0:23ð Þ 1� 0:055½ � 1:3784
1:3859

� �
¼ 0:7237

The gas saturation is calculated as:

Sg ¼ 1� So � Swi

Sg1 ¼ 1� 0:7275� 0:23 ¼ 0:0425

Sg2 ¼ 1� 0:7237� 0:23 ¼ 0:0463

Step 4: The relative permeability ratio

krg
kro

� �
1

@Sg1 ¼ krg
kro

� �
2

@Sg2 ¼ 0:01

Step 5: The instantaneous gas-oil ratio at the current pressure of interest

R ¼ Rso þ Krg

Kro

μoBo

μgBg

R1 ¼ R2 ¼ 1120þ 0:01
0:89239∗1:3784
0:0233∗0:001618

� �
¼ 1446:284 scf =STB

Step 6: The average gas-oil ratio over the current pressure drop

Ravg1 ¼ Ravg2 ¼ Ri�1 þ Ri

2
¼ 1180þ 1446:284

2
¼ 1313:142 scf =STB

Step 7: The incremental gas production

ΔGp

N

� �
1

¼ ΔNp

N

� �
1

∗Ravg ¼ 0:05∗1313:142 ¼ 65:6571
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ΔGp

N

� �
2

¼ ΔNp

N

� �
2

∗Ravg ¼ 0:055∗1313:142 ¼ 72:2228

Step 8: The cumulative gas produced to the current pressure of interest

Gp

N

� �
1

¼
X ΔGp

N

� �
1

¼ 65:6571 &
Gp

N

� �
2

¼
X ΔGp

N

� �
2

¼ 72:2228

Step 9: The cumulative produced gas-oil ratio given as:

Rp

� �
1 ¼

Gp

N

� �
1

ΔNp

N

� �
1

¼ 65:6571
0:05

¼ 1313:142 & Rp

� �
2 ¼

Gp

N

� �
2

ΔNp

N

� �
2

¼ 72:2228
0:055

¼ 1313:142

Step 10: Check for convergence

Tolerance ¼ �2%

f xið Þ ¼
Np

N

� �
xi
Bo þ Rp

� �
1 � Rs

� �
Bg

� �
Bo � Boið Þ þ Rsi � Rsð ÞBg

� 1 ¼ Tolerance

f xið Þ ¼ 0:05 1:3784þ 1313:142� 1120ð Þ0:001618½ �
1:3784� 1:3859ð Þ þ 1180� 1120ð Þ0:001618� 1 ¼ �0:0562

f xi�1ð Þ ¼
Np

N

� �
xi�1

Bo þ Rp

� �
2 � Rs

� �
Bg

� �
Bo � Boið Þ þ Rsi � Rsð ÞBg

� 1 ¼ Tolerance

f xi�1ð Þ ¼ 0:05 1:3784þ 1313:142� 1120ð Þ0:001618½ �
1:3784� 1:3859ð Þ þ 1180� 1120ð Þ0:001618� 1 ¼ 0:0382

Step 11: The convergence criteria is not satisfied because neither assumed values are
within the chosen tolerance value of �2%. Else the new incremental oil recovery
is calculated using the equation below and the entire process is repeated.
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Np

N

� �
xiþ1

¼ Np

N

� �
xi

�
f xið Þ Np

N

� �
xi
� Np

N

� �
xi�1


 �
f xið Þ � f xi�1ð Þ

2
664

3
775

Np

N

� �
xiþ1

¼ 0:055� 0:0382 0:055� 0:05f g
0:0382� �0:0562ð Þ

� 	
¼ 0:0529

Step 1: New guess

ΔNp

N
¼ 0:0529

Step 2: The cumulative oil produced to the current pressure

Np

N
¼
XΔNp

N
¼ 0:0529

Step 3: Oil saturation from material balance equation given as:

So ¼ 1� 0:23ð Þ 1� 0:0529½ � 1:3784
1:3859

� �
¼ 0:7253

The gas saturation is calculated as:

Sg ¼ 1� 0:7253� 0:23 ¼ 0:0447

Step 4: The relative permeability ratio

krg
kro

@Sg ¼ 0:01

Step 5: Instantaneous gas-oil ratio at the current pressure of interest

R ¼ 1120þ 0:01
0:89239∗1:3784
0:0233∗0:001618

� �
¼ 1446:284 scf =STB

Step 6: The average gas-oil ratio over the current pressure drop
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Ravg ¼ Ri�1 þ Ri

2
¼ 1180þ 1446:284

2
¼ 1313:142 scf =STB

Step 7: Calculate the incremental gas production

ΔGp

N
¼ ΔNp

N
∗Ravg ¼ 0:0529∗1313:142 ¼ 69:4652

Step 8: The cumulative gas produced to the current pressure of interest

Gp

N
¼
XΔGp

N
¼ 69:4652

Step 9: The cumulative produced gas-oil ratio given as:

Rp ¼
Gp

N
ΔNp

N

¼ 69:4652
0:0529

¼ 1313:142

Step 10: Check for convergence

Tolerance ¼ �2%

f
Np

N

� �
¼

Np

N Bo þ Rp

� �
1 � Rs

� �
Bg

� �
Bo � Boið Þ þ Rsi � Rsð ÞBg

� 1 ¼ Tolerance

Step 11: If convergence is satisfied, thus the iteration process is stopped.

Therefore, the incremental oil recovery at 2870 psia is 0.0529. Given the
STOIIP ¼ 9,655,344. It implies that the cumulative oil produced at 2870 psia is:

Np ¼ 0:0529∗N ¼ 0:0529∗9655344 ¼ 510767:69 STB

The cumulative gas produced at 2870 psia:
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Gp

N
¼ 69:4652

Gp ¼ 69:4652∗N ¼ 69:4652∗9655344 ¼ 670710402 SCF ¼ 6:7071� 108 SCF

Comparing Results with Tarner and Tracy Method
Parameter Tarner method Tracy method Schilthuis method

Cum oil production (STB) 531043.9 511343.99 510767.69

Cum gas production (SCF) 6.9734 * 108 6.7165 * 108 6.7071 * 108

Exercises

Ex 11.1 Given the data below of a volumetric oil reservoir

Bubble point pressure, Pb 1700 psia

STOIIP, N 77.89 MMstb

Connate water saturation, Swc 25%

Water influx, We 0

Water injection, Winj 0

Reservoir temperature 2000F

Fluid properties

P
(psi) Bo (bb//STB) Rs (scf/STB) Bg (cuft/SCF) μo (cp) μg (cp)
1700 1.265 962 0.00741 1.19 0.0294

1500 1.241 873 0.00842 1.22 0.0270

1300 1.214 784 0.00983 1.25 0.0251

1099 1.191 689 0.01179 1.3 0.0235

900 1.161 595 0.01471 1.35 0.0232

700 1.147 495 0.011931 1.5 0.0230

501 1.117 392 0.02779 1.8 0.0226

300 1.093 282 0.04828 2.28 0.0223

100 1.058 150 0.15272 3.22 0.0209
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Using the Tarner method and adopting the following criteria for the maximum
allowable error:

Errorj j ¼
Gp

� �
GOR, 2870 � Gp

� �
MBE, 2870

Gp

� �
GOR, 2870

�����
������ 100% � 1%

Calculate the following:

• The oil cumulative production for (P ¼ 1500, 1300, 1099)
• The instantaneous gas-oil production ratio
• The gas cumulative production

Ex 11.2 Repeat Ex 11.1 using Muskat method

Ex 11.3 Given the following data of Level GT oil reservoir in Ugbomro:

Bubble point pressure, Pb 2650 psia

STOIIP, N 12.89 MMstb

Connate water saturation, Swc 23%

Water influx, We 0

Water injection, Winj 0

Reservoir temperature 2000F
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Pressure (psia) Bo (rb/STB Bg (rb/STB) Rs (scf/STB) Uo (cp) Uo (cp

2650 1.3814 0.000895 680 0.956 0.018

2180 1.3791 0.000947 574 1.236 0.0165

1825 1.3572 0.000988 528 1.492 0.0152

The relative permeability ratio is calculated as

krg
kro

¼ 0:000128e17:257Sg

Predict the performance (oil and gas production) of the reservoir at 2180 psia and
1825 psia

Ex 11.4 The following data are obtained from a depletion drive reservoir:

P.psia 2600 2400 2100 1800 1500 1200 1000 700 400

Rsi, SCF/STB 1340 1340 1340 1280 1150 985 860 662 465

ΒO, bbl/STB 1.45 1.46 1.480 1.468 1.440 1.339 1.360 1.287 1.202

Βg, B/SCF � 10�3 . . . . . . 1.283 1.518 1.853 2.365 2.885 4.250 7.680

μO/μg . . . . . . 34.1 38.3 42.4 48.8 53.6 62.5 79.0

Additional Data:
Initial reservoir pressure, Pi 2925 psia

Bubble point pressure, Pb 2100 psia

STOIIP, N 100 MMstb

Connate water saturation, Swc 15%

Initial oil formation volume factor, βoi 1.429 bbl/stb

Kg/Ko 26 12.5 3.3 0.8 0.19 0.022 0.01

So,% 30 40 50 60 70 80 84

Predict the reservoir performance, using Tarner method, effective from the time
when the pressure is 2400 psia up to the time when the pressure becomes 400 psia.
The productivity index was determined as 0.5 bbl/day/psi when the reservoir
pressure was 2400 psia. Assume Pwf ¼ 200 psia and J2 ¼ J1 (βO1/ βO2) to plot P,
Np, Gp, Rp & qo Vs. time.

Ex 11.5 Given the following data for a depletion drive reservoir, calculate the cumulative oil and
gas production and the average GOR when the pressure reaches 700 psi using Tarner
method.

Oil viscosity, μo 1.987 cp

Gas viscosity, μg 0.01426 cp

STOIIP, N 90.45 MMstb

Connate water saturation, Swc 20.5%
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P, psi
ΒO,

bbl/STB
Rs

SCF/STB
Βg,
bbl/SCF

Np,
MMSTB

Gp,
MMSCF

Ri.
SCF/STB

1125 1.1236 230 -------- 0.0 0.0 ------

900 ------- -------- -------- 6.76 -------- -------

800 1.0965 150 -------- 9.41 4708 850

700 1.0925 132 0.003748 ? ? ?

Kg/Ko 0.018 0.02 0.025 0.028 0.033 0.038 0.044 0.050

Sg,% 10 10.5 11 11.5 12 12.5 13 13.5

Ex 11.6 The following data are obtained from a gas cap drive reservoir:

P.psia 1710 1400 1200 1000 800 600 400 200

Rsi,
SCF/STB

462 399 359 316 272 225 176 122

ΒO,
bbl/STB

1.205 1.18 1.164 1.148 1.131 1.115 1.097 1.075

Βg,
bbl/SCF

0.00129 0.00164 0.00197 0.00245 0.00316 0.00436 0.0068 0.0143

μO/μg . . . 113.5 122 137.5 163 197 239 284

Additional Data:
Initial reservoir pressure, Pi 1710 psia

Current point pressure, P 1400 psia

STOIIP, N 40 MMstb

Gas initially in place, G 790*N

Cumulative oil produced, Np @1400 psia 0.176*N stb

Solution GOR, Rs 8490 scf/stb

Gas cap size, m 4.0

Connate water saturation, Swc 15%

Reservoir, βoi 1.429 bbl/stb

Kg/Ko 0.9 0.4 0.18 0.075 0.034 0.02 0.01 0.0028

SL,% 70 75 80 85 90 92.5 95 97.5

(a) Predict the reservoir performance, using Tarner method, effective from the time
when the pressure is 1400 psia up to the time when the pressure becomes
200 psia.

(b) Plot the predicted reservoir performance (Np Vs. P. & GOR)
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Ex 11.7 Given the following data for a saturated depletion drive reservoir. Calculate the cumu-
lative oil and gas production and the average GOR, when the pressure reaches 2100 psi
using Schilthuis method. μO / μg ¼ 41.645 at 2100 psi, Initial reservoir pres-
sure ¼ 2500 psi, and connate water saturation ¼ 0.20.

P, psi ΒO, bbl/STB Rs SCF/STB Βg � 10�3, bbl/SCF Np/N Gp/N Ri. SCF/STB

2500 1.498 721 1.048 0.0 0.0 721

2300 1.463 669 1.155 0.0168 11.67 669

2100 1.429 617 1.280 ? ? ?

Kg/Ko 27.0 7.5 0.3 0.55 0.2 0.05 0.01 0.001

SL,% 30 40 50 60 70 80 90 93

Ex 11.8 Given the following data for a depletion drive reservoir, calculate the cumulative oil and
gas production and the average GOR when the pressure reaches 1200 psi using
Schilthuis method. N ¼ 10.025 MM STB, Sw ¼ 0.22. μo / μg ¼ 108.96 at 1200 psi.
Pi ¼ 3013 psi, Pb ¼2496 psi.

P, psi ΒO, bbl/STB Rs SCF/STB Βg bbl/SCF Np/N Gp/N Ri. SCF/STB

3013 1.315 650 -------- 0.0 0.0 650

2496 1.325 650 ------- ------- -------- 650

1302 1.233 450 --------- 1.179 1.123 2080

1200 1.224 431 0.001807 ? ? ?

Kg/Ko 0.71 0.255 0.095 0.03 0.01

SL,% 70 75 80 85 89

Ex 11.9 Given the following data for a saturated depletion drive reservoir. Calculate the cumu-
lative oil and gas production and the average GOR, when the pressure reaches 1900 psi
using Schilthuis method. μO / μg ¼ 41. 645 at 1900 psi, Initial reservoir pres-
sure ¼ 2500 psi, and connate water saturation ¼ 0.20.

P, psi ΒO, bbl/STB Rs SCF/STB Βg � 10�3, bbl/SCF Np/N Gp/N Ri. SCF/STB

2500 1.498 721 1.048 0.0 0.0 721

2300 1.463 669 1.155 0.0168 11.67 669

2100 1.429 617 1.280 0.0427 28.87 658

1900 1.395 565 1.440 ? ? ?

Kg/Ko 0.012 0.018 0.02 0.025 0.033 0.044 0.057 0.074

Sg,% 9 10 10.5 11 12 13 14 15
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Index

A
Abandonment time, 289, 295, 307, 318
Absolute open flow (AOF), 341, 342,

348, 352
Al-Marhouns, 179–180
Aquifer influx, 221, 232, 242, 276

classification, 132, 133
Aquifer models

Carter-Tracy model, 157–162
Fetkovich aquifer model, 162, 164–169
heterogeneous, 133
Hurst modified steady-state model, 137
pot aquifer model, 133
Schilthuis model, 134–137
Van Everdingen & Hurst model, 138–140,

144, 147, 148, 150–155
Automatic history matching, 362
Average pressure, 331, 332

B
Black oil, 11, 13–16, 68, 69
Bottom hole pressure (BHP), 292, 320
Bottom water, 162, 163
Bottomhole flowing pressure, 340, 341
Bubble point pressure, 367

productivity index, 348
undersaturated oil reservoir, 345, 346, 348

Bulk volume, 90, 92, 94, 99–104, 129

C
Campbell plot, 249, 253, 255
Carter-Tracy model, 157–162
Cheng Horizontal IPR Model, 347–349

Condensate reserve
consideration, 121
data, 122
and gas, 121
requirements, 122–124, 126, 127

Condensate reservoir, 16
Contingent resources

commercial development, 79
data acquisitions, 79
recovering, 78

Contouring
contour line, 94
direct method, 95, 96
elevation of, 94
indirect method, 95
Isopach map, 94
planimeter unit to field unit, 96
structure contour map, 94

Cumulative bulk volume (CBV), 100, 102,
129, 235

D
Dake plot, 247, 248
Decline curve analysis

advantages, 291
application, 291
causes, 292
definition, 291
exponential decline, 293, 295, 296, 298, 299
harmonic decline, 294, 299–301
hydrocarbon, 290
hyperbolic decline, 294, 302–312, 314–318
operating conditions, 292
reservoir factors, 292
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Decline curve analysis (cont.)
theoretical production curve, 290
types of, 292, 293
water-drive and gas-cap drive reservoirs, 290

Decline rate, 307–310, 313, 315, 318, 320
nominal and effective, 296, 297
operating conditions, 292
reservoir factors, 292

Depletion drive reservoir
gas drive reservoir, 216–217
oil saturation, 215
saturated reservoir

without water influx, 214–215
undersaturated reservoir

pseudo steady, 212–214
with no water influx, 211, 212

Deterministic
algorithms, 363
vs. probabilistic volumetric reserves

estimation, 118–120
Diagnostic plot

cumulative oil production, 248
J2 reservoir, 281
STOIIP, 248

Diffusivity equation, 138, 157
Dimensionless pressure

flow rate and bottom flowing pressure,
59–68

flow regime, 67
log approximation, 67
pseudo steady state flow, 61
rectangular reservoir, 65
shape factors, 60
square reservoir, 63–65

Drainage process, 7, 8
Drill stem test, 327, 328
Drive mechanisms, 176, 201, 247, 276

MBE (seeMaterial balance equation (MBE))
Dry gas reservoir, 18–19

E
Edge water, 157, 162, 163, 170
Exponential decline, 293

F
Fetkovich’s model, 162, 164–169

IPR model
saturated, 347
undersaturated, 347

Field development, 118
Finite aquifer, 139

Flow regimes
additional information, 33–35
compressibility factor, 35, 37
density of gas, 38
effect of skin, 24
high pressure approximation, 31
linear flow equation, 21–22
low pressure approximation, 31
radial flow equation, 22–31
real gas potential, 32
steady-state fluids flow, 21
viscosity of gas, 36

Flow test data, 342, 344, 353
Fluid contacts, 84

conventional and sidewall cores, 327
drill stem tests, 328
fluid sampling methods, 327
pressure methods, 328
repeat formation tester, 328
reservoir and production tests, 328
RFT tests, 327–329
saturation estimation, wireline logs, 327
volumetric estimation, 326

Fluid data, 357
Fluid gradient, 329, 337
Fluid properties, 84, 369

vs. pressure, 375, 378

G
Gas-cap drive, 203, 210
Gas initially in place (GIIP), 185

material balance estimation, 185, 186
volumetric estimation, 185

Gas-oil contact (GOC), 99, 203, 219, 235, 326,
327, 330, 335, 337

Gas-oil ratio (GOR), 292, 320
cumulative, 402, 404
instantaneous, 367, 369–371, 383, 384, 389,

391, 392, 394–397, 399, 401, 403
pressure, 392

Gas production
cumulative, 377, 382–384, 389–391, 394
GOR, 370
and oil, 378
rate, 370

Gas reservoir, 8, 12, 16–18, 57, 68, 69
Gas reservoir MBE

with water influx, 189–192
without water influx, 181–189
water invaded zone, 192–193

Glaso correlations, 179
Gross rock volume (GRV), 83
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H
Harmonic decline, 294, 299–301
History matching

aquifer parameters, 356
automated, 362
deterministic algorithms, 363
manual, 362
material balance equation, 355
mechanics, 357, 358
phases, 356
and prediction parameters, 356
pressure match, 358
problems, 360
saturation match, 359
stochastic algorithm, 363, 364
STOIIP (see STOIIP)
uncertainty, 358
well PI match, 360

Hurst modified steady-state model, 137
Hydrocarbon, 324–326, 328
Hydrocarbon reserves, 88, 118
Hydrocarbon resources

accumulations, 77
classification, resources, 78
contingent resources, 78
quantities, 77
resources, 77

Hydrocarbon voidage, 222, 225, 237
Hyperbolic decline, 294, 302–312, 314–318

I
Imbibition process, 7–8, 68
Infinite aquifer, 140
Inflow performance relationship (IPR)

affecting factors, 341
Cheng horizontal model, 347–349
definition, 340
Fetkovich’s model (see Fetkovich’s model)
Klins and Majcher model, 343
needs, 340
productivity index, 351–353
Standing’s method, 343–344
straight line model, 341, 342
Vogel’s method (see Vogel’s method)
Wiggins's method model, 342

Isopach map, 90, 94

L
Linear aquifer, 157, 162
Linear equation, 247

M
Manual history matching, 362
Material balance equation (MBE)

aquifer models, 230–235, 237–240
assumptions, 175
combination drive reservoir, 262
conservation of mass, 175
data use, 177
depletion drive reservoir (see Depletion

drive reservoir)
diagnostic plot, 247–249
gas cap drive reservoir, 257–261
gas production, 262–266
gas reservoir (see Gas reservoir MBE)
GOC and OWC, 219, 220, 222–225,

227–229
GOR, 372
hydraulic communication check, 277
limitation, 176
linear form, 249–253, 255
oil (see Oil MBE)
oil saturation, 398, 403
production and pressure data, 175
production data, 176
PVT input, 177–181
PVT properties, 176
REPAT, 272, 273, 275–277
reservoir drive mechanisms (see Reservoir

drive mechanisms)
reservoir engineers, 369
reservoir performance prediction, 367
reservoir properties, 176
STOIIP, 271
straight line form, 247
time function model, 266–268
Ugua J2 and J3 reservoir PVT data,

278–286
uses of, 177
volume and quality of data, 175
water drive, 269, 270 (see also Water drive

reservoir)
water influx, 256–257

Migration, 3–5, 58
Model parameter, 295, 305, 306, 320
Monte-Carlo technique, 119
Muskat’s prediction method, 371, 372,

374–382

N
Net water influx, 222, 229
Non-gradient based stochastic algorithms, 364
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O
Oil compressibility, 223, 232
Oil MBE

connate water and decrease in pore
volume, 197, 198

free/liberated gas, 196
initially in reservoir, 195
injection gas and water, 199
net water influx, 196
oil zone, 196
primary gas cap, 195–196
remaining in reservoir, 195
reservoir with original gas, 193
setup, 194
TUW, 198, 199

Oil production
cumulative, 377, 382–384, 388, 390,

392, 393, 395, 396
rate, 370

Oil reservoirs
reservoir, 13
undersaturated and saturated reservoir,

13–14
Oil-water contact (OWC), 99, 102, 103,

129, 219, 235, 326, 330, 331,
334, 335, 337

P
Papay’s Correlation, 112
Permeability, 3, 8, 24, 35, 57, 58
Petrosky and Farshad correlations, 180–181
Phase envelope

bubble-point curve, 12
cricondenbar, 12
cricondentherm, 12
critical point, 12, 13
dew-point curve, 12
pressure-temperature, 11
quality lines, 13
reservoirs, 12
two-phase region, 11, 13

Planimeter units, 92
Play concept, 79
Possible reserves, 82
Pot aquifer model, 133
Predictions

history match, 356
Pressure matching

option, 358
and saturation match, 356

Pressure regimes
abnormal pressure, 326

different fluids, 325
and fluid contacts (see Fluid contacts)
hydrocarbon reservoirs, 324
long-term buildup pressure, 331
normal pressure zone, 325
pressure-depth survey data, 332–335
reservoir systems, 324

Pressure-temperature (PT), 11, 69
Probabilistic

vs. deterministic volumetric reserves
estimation, 118–120

Probable reserves, 82
Production characteristics, 202–205, 207, 208
Production data, 176

matching pressure, 247
material balance equation, 248
PVT, 252, 253, 272

Production forecast, 316
Production rate, 289, 290, 296–298, 305, 310,

312, 315, 319–321
Productivity index (PI), 292

factors, 57
FUPRE field, 58, 59
oil formation volume factor, 58
oil viscosity behaviour, 57
permeability behaviour, 57
phase behaviour, 57
skin, 58–59
straight line IPR, 341
Vogel’s method, 345, 346, 348

Prospect, 80
original resources, 77

Prospective resources
classification, 79, 80
movement, 79
quantities, 79

Proved reserve, 81
Pseudo-steady state (PSS), 53, 55, 56
PVT data, 176, 177

and historic production, 286
Ugua J2 and J3 reservoir, 279

R
Radial aquifer, 171
Recovery factor (RF), 84
Relative permeability data, 357
Repeat formation tester (RFT) tests,

327–329, 336
Reserves, 366

estimation, 75, 76 (see also Volumetric
reserves estimation)

hydrocarbon, 78, 80, 81
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oil and gas, 76, 81
petroleum, 79
possible, 82
probable, 81
proved, 81
and resources, 76, 77
uncertainty (see Uncertainty)
value of, 75

Reservoir, 85
and aquifer properties, 153
Carter-Tracy aquifer model, 162
deterministic algorithms, 363
Fetkovich aquifer model, 162
history matching, 355
homogeneous, 133
hydrocarbon, 132–134, 137, 355
pore space, 132
water production in shallow wells, 133

Reservoir drive mechanisms
combination drive reservoirs, 209, 210
connate water expansion drive, 207
data, 201
gas cap expansion (segregation) drive,

203, 204
gravity drainage reservoirs, 208
primary recovery, 201
production characteristics, 202–207
rock compressibility, 207
solution gas (depletion) drive, 201
water drive, 205

Reservoir fluids
black oil reservoir, 14
condensate, 16–17
dry gas reservoir, 18–19
gas reservoirs, 17
volatile oil reservoir, 14–16
wet-gas reservoirs, 17–18

Reservoir geometry
linear flow, 20
petroleum, 20
radial flow, 20

Reservoir performance analysis tool (REPAT),
272, 273, 276, 277

Reservoir performance prediction
instantaneous gas-oil ratio, 370, 371
MBE, 367
Muskat’s prediction method, 371, 372,

374–382
oil and gas reservoirs, 367
physical processes, 366
Schilthuis prediction method, 397–400,

402–404
Tarner’s prediction method, 383–385, 387,

388, 390, 391

Tracy prediction method, 391–405
undersaturated reservoir with no water

influx, 367, 368
undersaturated reservoir with water

drive, 369
Resources

contingent (see Contingent resources)
hydrocarbon (see Hydrocarbon resources)
prospective (see Prospective resources)
and reserves, 76, 77

Rock data, 357, 360
Rock properties, 369

S
Saturated reservoirs, 207, 214–215,

217–218, 346
with water influx, 251, 256–257
without water influx, 251–256

Saturation matching
options, 359
and pressure match, 356

Schilthuis model, 134–137
Schilthuis prediction method, 397–400,

402, 404
Segregation drive, 203
Semi-steady state (SSS), 53
Simulator

reservoir, 355
Skin, 341, 351, 352
Source rock, 3–5, 7
Standing correlations, 178
Stochastic algorithm, 363
STOIIP, 105, 128, 221, 224, 228, 232, 235,

240, 242, 248, 257–261, 271, 274,
276, 277

modifications, 360–362
volumetric calculations, 360

Straight line IPR model, 341, 342

T
Tarner’s prediction method, 383–385, 387,

389–391
Total underground withdrawal (TUW),

198, 199
Tracy prediction method, 391–405
Transient-state flow

Ei function, 39
PD vs tD, 43–45
pseudo-steady, skin, 40–53
unsteady-state flow, 38
values of exponential integral, 41

Trap, 3, 6, 68
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U
Ugbomro gas field data, 115
Ugua J2-J3 reservoirs

analysis, 280
analytical plot, 282, 284
aquifer model and transmissibility, 280
diagnostic plot, 281
energy plot, 281, 283
graphical plot, 283
material balance, 286
pressure history match plot, 282
pressure plot with transmissibility, 285
properties, 279
PVT data, 279

Uncertainty
economic significant, 85
in geologic data, 82
in reserves estimation, 82
seismic predictions, 83
volumetric estimate, 83, 84

Undersaturated reservoir, 211–214, 217, 223,
250, 269, 345, 346

with no water influx, 367, 368
with water drive, 369

V
Van Everdingen & Hurst model, 138–140,

144, 147, 148, 150–155
Vogel’s method

construction steps, 344
saturated oil reservoir, 346
undersaturated oil reservoir, 345

Volatile oil, 11, 13, 14, 16
Volumetric reserves estimation

analogy method, 89
application, 90–92
bulk volume, 92–94

condensate reserve (see Condensate reserve)
contour lines, 94
delineation and development of field, 89
deterministic vs. probabilistic, 118, 119
direct method, 95, 96
error, 89
fixed value, 119
indirect method, 95
log normal distribution, 120
normal distribution, 120
oil and gas reserves, 88
planimeter to field units, 96, 97, 99,

101–103, 105, 107–115, 117, 118
and resources, 88
sources, 92
triangular distribution, 119
uniform distribution, 119

W
Water drive reservoir, 191, 209, 210, 218, 227

combination drive reservoir, 218–219
oil saturation, 218
saturated water drive reservoir, 217–218
undersaturated reservoir with water drive, 217

Water influx, 222, 224, 229, 237
aquifer influx, 132, 133 (see also Aquifer

influx)
aquifer models (see Aquifer models)
reservoir structure, 132

Water saturation, 91, 97, 102, 104, 122,
129, 130

Water-oil ratio (WOR), 292, 320
Well stimulation

k35, IPR curve, 351
Well-reservoir-fluid gravity, 124, 125
Wet-gas reservoirs, 17–18
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