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CHAPTER ONE

ORDINARY DIFFERENTIAL EQUATIONS

INTRODUCTION

finition: An ordinary differential equation is an equation which
resses a 'relatlonshlp between the derivatives of an unknown
ction, the independent variable and the unknown function itself.

et D ARG i

amples: (1) y' =sinx
)y +5y=¢”
@)y -y=0

he differential equation is called ordinary because the dependent
riable depends only on a single variable (x). But if it depends on
lore than one variable, it is called partial differential equation. |
)efinition: A partial differential equation 1s an equation involving
ne or more partial derivatives of an (unknown) function of two or
nore independent variables.

. %u d2%u

“xamples: (1)—a-t-2— = ¢? Te

One — dimensional Wave equation)

ou 2 0%u
(2) at ¢ x?

(One — dimensional Heat equation) e

0%u 0%u
lace equation)

(Two — dimensional Lap
(4 02u+62u -'f(x )
) ax2  0y? Y
_ dimensional Poisson equation)
0%u 2 (62u+ 621‘:)
ot? x> ay

(Two — dimensional Wave equation)
9%u 0%u %u _ 0

o 4 —
(6 (-)xz + ('))'“ DZZ

(Two

1

J
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I"tm(hl(‘tio"

(Three — dimensional Laplace equation)

1.1

1.2

1.3

Order of a differential equation

The order of a differential equation is given by g high
derivative involved in the equation. st

Examples:
xdy : : st
O oy = 0 is an equation of the I*' order
2
(2) gx—)zl + % +y = 0 is an equation of the 2™ order.
Solution

A solution of an ordinary differential equation (ODE) is a
function which satisfies the equation at all points in the
domain of the function.
For example:
y = Ae* + Be™ is the solution to the equation y" —y = 0.
Verify. |
Note: (1) A differential equation together with an initial
condition is called an initial value problem (IVP). With x as,
the independent variable, it is of the form:

Y =Fy), y(x) = Y,
Where x, and y, are given values
(2)The initial condition defines the situation at some fixed

instant and the solution of the initial value problem describes
what happens later.

Formation of Differential Equations

 Differential equation may be formed in practice from

consideration of the physical problems to which they ref;
Mathematically, they can occur when arbitrary constants
eliminated from a given function.
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Ordinary Differential Equations: A programmed Approacl,
1

3
Examples:

(1) Form a differential equation from the function, 7=zt A
Solution x
Given:y = 'er-;1 ‘ 0
Required: To form diff/?rential equation from (1)

Proof: Fromy = X+~
y! = 1 —Ax~?* {Differentiating equation (1)} )
From the given function:

A

riab AN
or A=x(y—x) 3)
Substituting A in equation (2), we have

yh=1-x(y—xx*

— (y—x) xX—y+x

=1 - = —.

2%—y *

y ==
xy! = 2x —y (This is an equation of the first ordcfzr)._
(2) Form a differential equation from the function:
y = Asinx + Bcosx where A and B are arbitrary constants.
Solution
Given: y = Asinx + Bcos X _ ' (1
Required: To form a differential equation from equation (1)
Proof: Differentiating Equation (1), we have o

y! = Acos x — Bsin X
And y'! = —Asinx — Bcos X 3)
yll = —(Asinx + Bcos x)

But y = Asinx+ Bcos X
2yl = —y

h . .- equation.
Ory" +y =0 Thisisa second order €ats
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Note: (1) A 1 order differential equation is derived from , funeg

: | b
: itrar t.

having one arbitrary constant. N _

0 g A 2" order differential equation 1S derived from 4 funcgi,

having two arbitrary constants. )
(2)  An nth order differential equation is derived from g functigy

having n-arbitrary constants.

4 Forms of First Order Differential Equations ;
Separable differential equations
Exact differential equations
Homogeneous equations
Non Homogeneous equations
Linear equations
Bernoulli equation.

R

SEPARABLE DIFFERENTTXE"E"QUAT IONS
Any differential equation in the form:

gy)dy = f(x)dx B
is called a separable equation, because the variablesx and y are

separated so that x appears only on the right and y appears only on the
left. .
To solve (1), we integrate on both sides wrt x, obtaining

[ Z g= [ f)dx +C o

This reducesto -~ =

Jg»dy= [fx)dx+C - 0)
tegrals in

If we a$sume that f and g are continuous functions, the integra’
equation (3) will exist, and by evaluating these integrals, We obtain

the general solution of (1).

Solved examples
(1) Solve the initial value problem (IVP):

yh==2,y(1) =1

Scanned by CamScanner



Ordinary Differential Lquations: A programmed Approac 5

Solution

|
y = —

X
Separating the variables, we have
J‘EX_:: dx

— | —

y x
Iny = —lnx + In4d

Iny = In -

ts

A

C XY 1 :

or

o y

o1 Ny
bz n o

(2) Solve the differential equation: yl = ﬁ;+ x%%-t'z + xy %/

Solution | -

yl =1+x ﬂi/yz-\-k xy?

% = 1(1+ x) +y2(1 +x)

T @A +YH)

Separating varoiables, we obtain

fc-—?—y— = [(t+x)dx

1+y?
fﬂ i x24_C
Arctd y—gg+ 7

(3) Solve the initial value problem (IVP): )
[sin(x +y) + sin (x —y)] dx + secy dy = }
y(0) = /4
Solution _ Adip =0 |
[sin(x + y) + sin(x — y)]cix + secy @) J

Scanned by CamScanner



Introduclion
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[sinx cosYy 4+ cosxsiny 4 sinx cosy — Cos/x/s{n }’]dx +

secy dy =0
2sinx cosy dx + secy dy =0

—2sinxcosydx

secy dy =

Dividing through with cosy, we have
1 o ocinrd
— dy = —2sinxax

cos*y

secty dy = —2sinx dx

Integrating both sides wrt x, we have
[secty dy = =2 [ sinx dx
tany = 2cosx+C

I
&
<

Il

L

Applying the initial condition, i.e.,x =

= tan (7—:) = 2 cos(é) +C

\ff I
(N
=1 7 1 ' /2 -
OI‘(,“;—F-—-Z _\'__.__2.__.._.(\/E 4)
\/5—4)
2

i o .« o N I: P 1 +
(4) Solve the differential equation {;(O)C_OS(" y)+cos(x+y)

Solution
e ——

| ‘ A
y' = (,(,)},(,\ — y) -+ CQS(X -+ }’)

dy

dy - LOSXCosy -+ sinxsiny + cosx cosy — sinx siny
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Ordinary Differential Equations: A programmed Approach ‘ 7

dy

—— = 2C0S8X Ccos
dx 0 y

Separating variables, we have .

dy

—— = 2cosx dx
cosy .

Integrating both sides wrt x gives

d
—_ = Jcosxdx + ¢
cos'y

In |secy + tany| = 2sinx + ¢
- Applying the given condition, i.e.,y(0) = 0 i.e., x = 0,y =0

= In | sec(0) + tany(0)| = 2sin(0) + ¢
In|1] =0+ ¢
orC = (

= In | Secy + tany| = 2 sin

(5) Solve the IVP; yl = —2xy, y(0) =1
Solution

Given y' = —2xy

(1
Required: To solve equation (1)
Y
Procedure: T = T2xy

Separating variables,

d
—yZ= —2x dx

Integrating both sides wrt x, we have

dy
—=—2fxd
fy x
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2ty
ny= "~ 2
240
= —X
Iny = ) | :O,y—:l
Applying (he condition, L€+ X

2
— In(1) = -(0)" i

-X

(6) Solve y! 4+ Cosecy = 0
y'+€SCy =0
Y 1 csCy =0

dx

L= _cscy

dx
Separating variables, we have

dy _ -1

dx siny

Siny dy = —dx

Integrating both sides wrt x gives
[sinydy = — [dx

—coSy = —=x+(C

x—cosy=0(
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Ordinary Differential Equations: A programmed Approach

Practice problems 1

© (1) ¥ Solve the IVP; y’ — y1/3 ) ,y(O) — 0
V)Y  Solve the IVP; y! = y2, y(0) =1
(3) Solve the IVP;

x (a) dy _ VCOS X y(O) —1

dx 1+2y2 '

Ly x(x?+1) _ -1
5(b) Cdx R 0= 7
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CHAPTER TWO
EXACT DIFFERENTIAL EQUATIONS

Any first order differential equation of the form:

M (x,y)dx + N(xy)dy = 0 0
)

is called an exact differential equation if the differential form:

M(x,y)dx + N(x, y)dy is exact. That is, the form is the differengiy
ou au

du= o dx+7-dy Y

of some function U(X, y). Then the differential equation (1) can be

written; du =0

The only necessary but also sufficient condition for equation (1) to be

an exact differential equation is that

om _ on q
dy ~ ox (3)
ie, My, = Ny

Solved examples

(1)  Show that the following equations are exact

(@  (3xZy—2y®+3)dx+ (x*—6xy*+2y)dy = 0

(b)  2xsiny —ysinx + (x*cosy + cosx)y' =0

)  (2y sinxcosx + y*sinx)dx + (sin®x — 2ycosx)dy =0

Solution
(a). Given:(3x%y — 2y% +3)dx + (x3 — 6xy® + 2y)dy = o ()
Required: To show that equation (1) is exact.

10
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Ordinary Differential Equations: A programmed Approacl 11

Procedure: Comparing equation (1) with the equation below
M(x,y)dx + N(x,y)dy = 0
= M =3xy-2y3+3; N=x3—6xy2+2y

Testing for exactness;

aM ON

— = 3x% — 6y?; — = 3x2 — 6y?2
oy Vi gy T 9X°— 6y
; . dM _ 9N
[herefore, since — = — = 3x2% — 6y?
ay 0x
The given equation is exact.
L\'T s

(b) Given: (2xsiny — y sinx) + (x? co‘sy + cos x) —dd% =0 (1)
Required: To show that equation (1) is exact.

Procedure: Comparing equation with the standard exact equation:

M = 2xsin .y — ysin x

N = x?cosy + cosx

Testing for exactness;

M _ 2xcosy — sinx
a)l -
4N _ 2xcosy — sinx
dx
oM ON .
. Qi — = — = 2XC0S VY — SInx,
- Since 2y o Yy

The given equation is exact.

—-—" e P - () (I)
( ] 1' ‘. Z} (-()S-l-)({}
bl’ o

(c) Given: (2ysinxcosx + y2sinx)dx +

-— ot d T el ot aannfion (l) 1S C"\.n('t'
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: 1 ith the standard ;
ing equation Wi aiidard equatig
- Comparing 1
Procedure:
-
y = 2ysinx cosx + yS

oM _ 9 sinx cosx + 2y sin X

ay ~
W _ 5 sinxcosx + 2y SinA
ox
‘. Since 2= = ‘;N = 2sinx cosx + 2y sin x,
dy X

The given equation is exact.

(2) Solve the initial value problem (IVP):

{Zxcosy+3x2y)dx +(x3=x?%siny—y)dy = 0
y (0)=2

Solution

(2xcosy + 3x2y)dx + (x3 — x2 siny —y)dy = 0 (1)
M.=2x cosy + 3x2y = Dy ()

— .3 .
N=2x°— x%siny —y = By (x,7)

Testing for exactness;
am

3y = —2xsiny + 3x2 -g% = 3x? — 2xsiny
--Smceaal;: —2x siny + 3x2 = %i—f
The equation is exact.
D, = J M, y)dx + h()’)
=J (2%cosy + 32 Y) dx + h(y)
By = x2 cosy+xy+h(y) .
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Ordinary Differential Equations: A programmed Approach 13

Differentiating (2) with y, we have

N = % [x%cosy + x3y + h'(y)]

N = —x%siny + x* + h(y)

But N(x, y) N x3 — x% siny -y

= N‘= —x*siny +x3 + h'(y) =’x3 —x*siny —y

Comparing terms, we have

hy)=—-y-
 Integrating the above wit Y,
f'h'(y = — [ydy+k

h(y) = — y—:+ k

Substituting h(y) in equation (2), we have
O,y = x*cosy+x3y — %%—k

Let@, —k=A

= A =x*cosy + x3y — %

Applying the initial condition,
ie,aty(0) =2, i.e. x=0,y =2
= A=0+0- (—22)—2
A=-2

2
x4 cosy + x3y—y7——2

I

OR  2x%cosy + 2x3y —y? +4 =0
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£ b for which the differential equatiyy,

- Tind the value of : g
3)F ind .
is exact

2% _
(ye* + x)dx + (bxe Ny = 0
Hence or otherwise, find its solution.
~ Solution
2xXy dx = 0
Given: (ye? 4+ x)dx + (bxe“*) ;

Required: To find (i) value of b given that equation (1) is exq
(i1) the solution of equation (1)

Procedure: Comparing equation (1) with the standard equation, e
have

M(x,y)dx + N(x,y)dy =0

e, M(x,y) =ye“ +x = Dy (x,y)

N(x,y) = bxe*™ = Dy (X, ¥)

oM - , )
5= e?XY 4 2xye?™ = (e® + 2xye“™)
oN , ’ 2
== be*™ + 2bxye®¥ = b (e®* + 2xye”™Y)
But equation (1) is given as an exact equation. That is
am _ o
dy  ox
am _ ow
dy  ox
= (e* + 2xye®) = b (2 + 2xye®™)
2xy 2xy
h = e +2xye —1
e2XyY 4 2xye2xy

| ~ Equation(1) is given as
l Ye® + x) dx + (xe®¥)dy = 0
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Ordinary Differential Equations: A programmed Approacl .

From M(x,y) = ye?¥ + x = 0,,,(x,y)
N(x,y) = xe® = ¢,.(x,y)

Dy = [ye* + x + h(y)

=y [(e® + x)dx + h(y)

|+ %+

e2XYy

2y

2xy 2
Dx = ez T %l“'h()’)

:y[

2xy 2
B = ——+ 5 +h()

2

Differentiating equation (2) wrt y, we have

NGy = 3 [+ 5+ hO)

dy 2

N(x,y) = 2xe” | pi(y) = xe¥Y + K (¥)

2
But N(x, y) = erxy

.y xe?Y + 0 (y) = xe™

h(y)=70
Integrating
[H ()= ]0%

h(y) =k
Substituting h(y)

2

2XY X
€ ,—.+-k

+ 5

O = "2
2xy x?

e 4L =
= 2

'@x — k="
LCtA:"@x'k

both sides, we have

in Equation (2), we obtain

2

e
T
(2)
———SERR

Scanned by CamScanner



Exm”DUﬁnmmdm

Hatig,
16 |

2
2X X
e Z y

et
—_—

:-—’>A:2+2

1, axy )
A== (eT X
A 2(

(4). Solve the equation: (2y 'S"”x COS X + y2siny)gy
(sin®x — 2ycos x)dy =0
given that y(0) =3

© (2y sinx cos x + y*sinx)dx + (sinx — 2ycos x)dy =0 ()
M(x,y) = 2y sinx cosx +y*sinx = Dyy (X, y) )
N(x,y) = sin®x — 2ycos x = @y (x,¥) (3)

aM . ~
=== 2sinx cos x + 2y sinx = M,
y

N . :
5= 2sinx cosx + 2y sinx = N,

~Since My, = N, = 2sinx cosx + 2 sinx cos X, it implies that the
given equation is exact.

= [(2ysinx cosx + y2 sinx)dx + h(y)

=2y [ sinx d(cos x) + y? [ sinx dx + h(y)

> ol
Sin“ x
=2y

—+ y? (—cosx) + h(v)

Dx =y sin?x — y2cosx + h(y) @

Differentiating equation (2)wrt. y, we have

N(x,y) = L [ysin? ' '
(x,9) = = lysin®x — 12 cos x + h(y)]

N(x,y) = sin2y — 2y cosx + h'(y)

- |
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BUtN(x N 9
,y) Sln x‘zyCOSx

= siny —
X =2y cosy +h'(y) = Sin’y — 2y cosx

M) =o

Integrating both side wrt. ¥, we have
SR ) = [oay

h(y) =k |

Substituting h(y)in equation (4) , we have
Dy =y sin?y — y2cosx + k

Let @, — K =4

= A =ysin’x — y2cosy

At y(0) = 3, le, x=0,y=3

= A = 3[sin(0)]? — (3)? cos(0)
A=3(00)-9 (1)

A= -9

~ —9 = ysin“x — y? cos x

OR y sin“x —y%cosx +9 =0

(5). Determine the constants p and q if the equation:

(3xy + qy* +e*)dx + (px* + 6gxy)dy = 0 is an exact equation

Solution |
(3xy + qy* +eP)dx + (px? + 6qxy)dy = 0 (1)

M(x,y) = 3xy + qyz +e" = 0ry (%))
N(x,y) = px? + 6qxy = Dy (x,y)

e G

ﬁ ot
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) Exact Differentiq) (uations

M, =3x + 2qy 2)
Ny = 2px + 6qy (3)
But My, = N, (Given).

This implies that: equation (2) = equation (3)
Le. 3x + 2qy = 2px + 6qy

(8 = 2p)x + (29 -6q)y =0

(3 =2p)x —4qy = ¢

Comparing terms, we have

= [x]; 3-2p =

1):3/2
And [y] — 4q = Q
a 23/2»61 =0

(6) Solve the Initi

al value problem (IVP):
{smx Coshy) dx — (cosx sinh

y)dy =0
¥(0) =3
.:< Solution

{sin xXcoshyldy

(1)
~ {cos x sin hy, }dy =0 o)
M(x,y) = sin Xcoshy 5
N(x,y) = —cos x sip hy
L Sinx sinhy
Ay
N , :
Te = hsinx sinhy

- since My, = sinx Sinhy =

vk ; - ’Jr(lct'
Ny, the equation is €
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Ordinary Differential Equations: A programmed Approach
D, =
®x :

19
[{sinx coshy }dx + h(y)
— COS x coshy +i;ﬂh(y)

Di!fferentiating equati'on (4)with y, we have

(4)

N (x,y) = % [— cosx coshy + h(y)]

N(x,y) = —cosx sinhy + h'(y) (5)
Equating (3)and (5), we have

T COsx sinhy = —cosx sinhy + h'(y)
=Srm=0

JR'(y)= [ody

Ch(y) =k

Substituting h(y) in equation (4), we obtain

@, = —cosx cosh + k

Let®d, —k=A

— A = —cosx coshy

Aty(0) =3 i.e.,x =0,y = 3,we obtain
A= —cos (0) cosh(3)

A= —(1) cosh(3) = —cosh(3)

~ —cosx coshy = —cosh3 =10.07

OR  cosh3 — coéx cosh'y =0

HOW TO FIND INTEGRATING FACTORS .
‘ _0
Suppose the equation: M (x, y)dx + N(x,y)dy
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is non-exact. To make it exact, we multiply it by 5 funcg
On g

which in general will be a function of both x and y. This resy o
St

equation 0 the

uMdx + puNdy =0, i

2)

This is exact. The exactness condition is:
) o
E(MM) = = (uN)

By the product rule, with subscripts denoting partial derivatiyeg This

gives
HyM + uM,, = HxN 4 U, | (3)
case (1): Taking u as a function of x.

l.e. u = f(x)
Thenp, = 0and p, = u* = % , S0 that equation (3) becomes
uM, = u*N + uN,
Dividing through by uN, we have

UM, _ ulN_l_ UN
1N UN UN

My W Ny

N i N
Integrating both sides, we have
pt My —Ny
=175
My — Ny

Inu = [
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Ordinary Differential Equations: A programmed Approaci 21
. abamit
.e /_/[ (x) = e N

Case (2): Taking u as a function of y.
e p=f(y)

Then u,, = 0 and wy = pt = i—f,so that equation (3)becomes
HyM + pM,, = uN,

Dividing throu'gh_ﬁby uM, we have

= o (e )bt

Rearranging, we have

By _ NemMy

" M
Integrating both sides, we have
Ny —My,

flr gt

7

Nx—'My
Inp = [ —
Nx—My
M

“He) T ¢

Example (7) Determine the integrating factor of the equation:
(3x2y + 2xy + y*)dx + (x2 +y3)dx =0

Hence or otherwise, solve the equation.

Solution 2 2 B .
Given: (3x%y + 2xy + y>)dx + (x2 + y?)dx =
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Exact Differential Equations
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4 (i) the integrating factor of equation (1)
Required: TO fin (i) The solution of equation (1)

. ion (1) with the standard exact Squatioy
: aring equation (
Procedure: comp
we have

M(x,y)dx + N(x,y)dy = 0
M = 3x%*y + 2xy + y3
N = x2 + y?

Testing for exactness:
oM

7, = 3x% 4+ 2x + 3y2
dy
ON
reie 2x

- Since M, #N

x equation (1)is not exact,

(1) We now determine 1ts integrat'mg factor, y;
Taking the integrating factor as afactor'of x| we have

2, 2N

3x% 42 -

[Uy=Ny eI( x’;:i}'-‘; )=2%
— X _

.ux — e N

Tty dy =0 0
+~y3re3x)dx 1 (:x2;é3x 3 y2€3X) dy =0
T 2xyedx + y3€§x = Dyy(x,y)
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pifferen tial Equations: A programmed A Pproach

Ordinary 23
Y= e 4 YT = By (%,7)
M, = 323 + 2xe3% + 3y2ed” 5
Nx. _ 32203 + 2xe3% + 3y2e* @
- since My = Ny, the equation is now exact. -
g, = [(BxPye’* +.,2;..¥.€3x +y3e3%) dx + h(y) 03}:’/7
g, = x3ye3* ] |

— 24 3%
b= e 5

Differentiating the above equation wrt y, we have

V) = % [xzye3x y3€3x+ h(y)] 5 2Tl
5

323\7 , )
== R (y) ‘ Qxﬁ*

ButN x283X+y2 3x . | [
— 22,3 2 3 | /ﬁ
x-e +y“e x+h_(y):xze3x+y2€3xhr(y)zo

TR = [ody - 22
h(y) =k

Substituting h(y) in equation (5), we have

@-—- 2 3 3,3x
x = Xyesx 4 Y7e
Y +T+k

—_ x2€3x

Lel@x *k:A

T A= x2yesx g e
3

(8) T'ing qp, :
an Integrat;
Ung factor ar
and solve the TVp
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T
= 2) = \F
92si (y-’-)dx+xycos(y2)dy 0, y( .
Sin

Solution 2 o
Given: 2sin(y”) dx + xy cos(y“) dx = 0

()
Required: To find

(a) the integrating factor of equation (1)
(b) the solution of equation (1)
Procedure: From equation.(1);

M = 2sin(y?)

N = xycos(y?)

My = 4y cos(y?)

Ne=ycos(y?)

“since My, # N_ the equation is not exact.

(1) To find the integrating factor (IF)

Taking IF ag g function of X, we have

My—N, 1y cos(y?)-ycos(y?) -

- = o7 el eon

Le iy =e! T = e xycos(y dx
3y-6os(y 2y .

= ef Xycosty2y

3

3
elnx = %3

Ty = X3 = The ntegrating factor.

Multiplying equ

ation (1) with the I (x3), we have
(0) 2x35in(y

2)
Z)dx -+ x4ycos(y2)dy =0 |
The new M and N noyy become: |
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Ordinary Dtﬁ’erelmal Equations: 4 programmed Approuch

M = Zx Sln(yz) — @xy(xiy)

N=x%ycos(y?) = g, (x,y)
" M\ = 4xy cos(y?)
Ny = 4x3y cos(y?) |
'Iherefore since My, = N, = 4,3 Yy cos(y?),
the equation is now exact.

= [ 2x3 sin(y?) dx + h(y)
Ox = Zosin(y?) + hy)

By = ~; sin(y*) + h(y)
Differentiating equation (5) wrt y, we h

NGoy) = 35 [Fsin?) + ey

ave

= 2 cos(y2) + h'(y)

NG y) = yx*cos(y?) + '(y)
Equating cquation (**) and (6), we have

X ycos(yz) = yx*cos(y?) + h'(y)

h'(y) =0
| o= | oay
h(y) =k

Substituting h(y) in equation , we have
Dy = %tsin(yz) + I
Letg, — k=4

25

(*)
(+)
(3)

(4)

()

(6)
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Xact D([ferential LEquy;
Ong

_ X 2
= A = —sin(y*)

Substituting the boundary condition, we have

2 n( /2) o

= 8 sin (”2/4)

x* .
* o sin (y?) = 8sin (n2/4)

OR x*sin(y?) = 16 sin (n2/4)

I;Tlote:‘ We find the integrating factor (IF) using trial and error method.
hat 1s, you kept testing the Integrating factor as a function of x and

tl?en as a function of y. Whichever one simplifies the computation
gives the answer. ’ §s 4

PRACTICE PROBLEMS 2

(1) Solve the equation:

[y® cos (xy) + 2xy]dx + [xy? cos(xy) — y sin(xy) ~
2x%]dy =0

, . . o 4 irv
(2)  Find an integrating factor by inspection or by USIis the

formula and hence solve:

{

¥ (a) 2xtan y dx + sec?y dy =0
(b)  2coshxcosy dx = sinhx siny dy
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(c)
(3)

(4)
()

()
(b)
(c)
(6)
(1)

(i1)
(iid)

27
x"tcoshy dx + sinhydy =0
Find the condition under which the equation:
(ax® + bxy + cy®)dx + (dx? + exy + fy?) dy =0is an
exact equation.

Solve (6xy + 2y* — 5)dx + (3x% + 4xy — 6)dy = 0

Show that the given function is an integrating factor and
hence, solve

2cosy dx = tan 2x siny dy, (cos 2x)
2y +xy)dx+2xdy =0, (1)

xy
ydx + [y +tan(x + y)]dy =0, cos(x + y)

Solve the initial value problems:

2 sin(xy)dx + xcos(xy)dy =0, y(0) = (E;)
(2xy dx + dy)e*” = 0,y(0) =
ye*dx + 2y + eX)dy =0,y(0) = —
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CHAPTER THREE

HOMOGENEOUS EQUATIONS

This is determined by the fact that the totq] degree in x g
of the terms involved is the same, The k o ey
homogeneous equation is to substitute y = o ey

of x. This converts the equation into
separating variables.
l.e. y=uvx
d dv
Then =2 =y 4 x &
dx dx

Solved Examples

| 2
(1) Solve the differential equation, 4y _ 2xy+3y?

dx X2+2xy
Solution
. d 2xy+3y2
Given: =% = 2XY*3y"

dx x2%+2xy M)
Required: To solve equation (1)

Procedure: From equation (1), it can be seen that the power of each of

the terms is two. That is, they have equal degree of terms. Therefore
the equation is homogenous.
Lety = vx
dy dv
= =v+x —
Then ™ == =

Substituting y and y' in equation (1), we have
dv _ 2x (vx)+3(vx)?2

vV x-c-i_;; T x242x (vx)
dv _ 2x%v+3x%v?  x2 (2v+3v7)
VX dx  x2+2x2v  x2(1+2v)

n dv _ 2v+3v?
K xdx_ 142V

28
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Ordinary Diffe 29

xdv  2v+ 3v°
dx 1+ 2v

xdv 2v+3v2-v (1+27)

-_—
—

adx 14+2v

xdv _ 2v+3v2-v-2v2

dx 14+2v

dv vé4 v

—

dx 1+2v

Rearranging the above by separating variables, we have
14+2v dx
( 2) dv =
v+v X
Integrating the above equation, we obtain
1+42v dx
E P
v+ v X

(v + v%) = Inx +1n4
v+ v3) =1nay

OR v 412 4 4
But v = y/

This implies,

2
-+ (3) =1
OR xy + ¥¢ = Ayx3

@) Solve the 1yp {(r y=2y%)dx+(y3i-2x*)dy = 0

Gi 70)=1

11V

Re M AGTy ~ 2y 4 4 (y3x — 2x)}dy = 0 W
Cquire =
Quired: Tq solve equation (1) given the initial condition y(0) =1
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30

Procedure: From equation (1)

(x3y = 2y*) dx — 2x* —y3x)dy = g
OR  (Py—2y"dx= (2x* —y3x)dy

dy x3y—2y*

Ok dx  2x*—y3x 0
The above equation (2) is homogeneous since the Powers of |
the individual term involved is same. Cach of
Lety = vx

dy dv
Then,—=v 4+ x —

dx t dx

Substituting y and y' in equation , we have

dv x3(vx)—=2 (vx)*

dx 2x*—(vx)3x

dv x*v—2x%p?
V+Xx —=

dx 2x%— x4p3

dv x*(w—-2v%
v+ xZ = LS )

dx x* (2-v3)

dv v—2p*
V+x—=

dx 2—p3

. dv v—2p*
= — v

dx 2— 13

v—2v*—v (2-v3)

2—p3

v—2v%=2p +p¢

2—v3

v—2v* -2y +v*
2—v3

-
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Ordinary Differential Equations: A programmed Approach 3
_ v—v*t
- 2—v3
dv (v+v4)
X —= — (
dx 2-v3
Rearranging equation (3) above, we have:
2— 13 dx
(%) dv=— &
v+vt X

Integrating the above equation, we have;

J(EE) dv= - & (

v+vt

X
2-v3  2-v3 2—v3
vivt v(1+v3) v(1+v ))(1-v+ v2)
2—v3 A B Cv+D
: =S4+ —+ :
v(14+v )(1-v+ v2) v 1+v 1—v +v?

Multiplying through by v(1 + v)(1 — v + v2)lcm, we have;
2-vP=A0+v)QA -v+v?)+Bv (1=v+ v2) + (Cv + D)) +v
Solving the above identity gives I
A=2,B= -1,C= —2,and D =1

9 13 2 q ( —2v+1 )
: = —-— _ 2
v(1+v)(1-v+v?) 1% 1+ 1-v+v
2 1 2v —1
Ty 14w 1-v+v?
ax
2""1)3) d — PR
vV = i
But f (v-%v“‘ X
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32
1 2v—1 — Ef
= f[—z_—— e 1——v+v2] dv X
. v 1+v
21nv=1n(1+17)—1n(1“v+172)= —Inx+1n4

@nv? —In(L+v) ~ In(1—v+v?) = In (%)

s l=m(5)
In [(1+v)(1—v+v2) X

Cancelling [n, we have;

v? _ 4
1+v(1-v+v?) X )
But v = y/x
Substituting v in equation (5) above gives

(/)" _ 4

(1+¥/)(1-2+C/02)

y? % 4

o X

R

y? /
xZ

A
(x+y (FX—xy+y?) x
x3
2 3
Yy x
OR ==

®I>

x? (x+y)(x2—xy+y2) =

(x+Y)(x2—xy+y?) —

xy? A
X

x2y2 _
- ety ) (xZ2—xy+ y?)
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Ordinary Differential Equations: A programmed Approach 33

Substituting the initial condition, i.e. y(0) =1
l.e.x=0y=1

(02> _ A
(0+1)(0-0+1)

0
I—A

x2y2
(x+y)(x2—xy+y2)

(3) Solve (x% + xy) dx = (xy —y?) dx
Solution |

(%2 +xy)dy = (xy —y?) dx
Rearranging the above equation, we have

— a72
2= )

dx x24+xy

The above equation is homo

genous since the powers of the individual

terms involved are same.

Lety = vXx
dy _ dv
Then, = v+X

Substituting y and y’ in equation (1), W€ have;
dv x(wc)—(vx)2

VA X T T rzexw)

x?vy — x*v°
_ - T
x% 4 x?v
_‘
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xdx 1+v

A —p2—p—p2
xdx - 14+v

dv 2V
X—= — ——

dx 1+v

Separating the variables and integrating, we get

f(l—HJ) dz = —Zfdy
[(v2+ J)dv=~2 [

—;l--f-lnv: —2Inx+C
BUtv: y/x
— —PT- n(y/x)— —2Inx+C

In(Y/y) = =ma2 +C
OR= = +1In(yx) + Inx? = C

—x
7 -+ ln(yx) =

Ho;
no 8eneoyg Er[u
(i
I
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Ordinary Differential Equations: A programmed Approach 35

Homogenous equations of the form:

Gatbiyte,  dy

—

az+byy+c; dx

Forms

] a, by _ 0
a, by

i.e. a;by—azby =0

a4 b4
a, by

" ie. a.b, —axby =0

+ 0

. d a|x+biy+c
Example (1) Given that — = — S )
ax a,x+byy+C2

where a,b,; #2 b1,

that the equation can be reduced to homogeneous equation.

show

Solution

. dy a;x+bi1y+c1

Given: — = = (1)
dx azx+bzy+cz

Where a;b; # A2b1

Required: To show that eq

uation (1) can be reduced to homogeneous
equation.
Proof: letx = Xo T h

andy =Yy T k

dy dYo
Then— = -5
ax dXo

Qubstituting x, Y and y' in equation (1), we have
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b
al(}(0+h)+ 1
4lo — ) +C2

— 'C"""’ - az()(0+h)+bz(Yo

dY() (a1X0+D1Y0)+ (a1h+b1K+ Cl)
k+Cz)

e

dXo - (a2X0+b2Yo)+(a2h+b2

Let alh + blk + Cq1 =0
and azh + bk +C2 = 0

This implies
dYo _ a1X0+b1YQ

—

dXo a2X0+b2YO

The above equation is now homogeneous and of the form:

)
dXD X
dy a,x+b1y+cy

Example (2) Given that— =
ax A, Xx+bay+C2

Where a;b; = azb1, show that the equation is separable.

Solution

. dy a1 xX+byy+tc
Given, — = AX 01yl ()
dx azxX+bay+C2

Where a;by = azb1

Required: To show that equation (1) 1s separable

Proof: from a1b; = Qgby coeeeeaeiinrre e (given)
We have
az _ b2 ?)
a; b1
Let equation (2) be equal to K.
a2 — 2 =k
a; b1

Scanned by CamScanner



Ordinary Differential Equations: A programmed Approach 37

OR a, = ka, and by = kb,
Substituting a, and b, in equation (1), we have

dy a;x+biy+cy

dx k_a1x+kb2‘y+cz

ay a;x+byy+cy

dx - k(aix+biy)+ ¢y @ 3)
Letu =a{x + by

du ay

dx a1 + bl dx

du _ Q_

dx L b-l dx

Dividing through by b.l' we get
1 du a _c_i_j_/ '

b, dx b,  dx
d 1 du a

ORE = =2
dx - by dx by

Substituting (a;x + bly) and dy/dx in equation (3),we have

1 du a __ u+ cq1
bl dx b]_ - ku+c2
1 du : u+ cq1 n a;
b1 dx ku+c, b
1 du _ b1(u+C1)+a1(ku+Cz) (4>
by dx by (ku+cz)
Multiplying equation (4) by by, we have
I it biniaing
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du by (u+cq)+ag (ku+tcy)

—

ax ku+co

Separating variables, we obtain

f ku+c, du — fdx

bl(u+cl)+a1(ku+cz)

The above is the form required.

Example (3) Solve the differential equation; & _ xy=3

dx  x-y-1
Solution
dy _ «x+y-3
dx x—=y-1 (1)
1 1) _ .
1 1= 1-1=-2+0

L.e.,the equation is of the form a,b, + a,b,

Letx = Xo+h,y= Yo+ kand 2=
. dx dXO

Substituting x,y and y* in equation (1), we have
d¥y _ Xo+hYo+k—3

dXo X0+}1—(Y0+k) -1

)
aYy _ (Xo+Yp)+(h+k-3) Y
dX, (Xo=Yo)+(h-k-1)

Let h+k—=3=0 orh+k=3 (4
and h—k—-1=0 orh—-k=1 |
Solving equations (2) and (3) simultaneously, we 001"
h=2, and k = 1.

Equation (2) now becomes
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Ordinary Differential Equations: A programmed Approach 39

dYe  Xo+Yo

= ()

dX,  Xo—Yo

Equation (5) above is homogeneous and can be used making the
substituting;

Y, = VX,

and Yy, = v+ X, fxio
Substituting Y, and Yy in equation (5)gives

dv X0+VX0
v+ XO = —
dX,  Xo—VXo

X+t V)
T X,(1=v)

dv 1+v
U+XOdX0:

1-v -~

XOE;}Ez 1—-V
B 1+V =V +V?
B 1-V
‘ dv 14V?
Xodxo_ 1-V

: et t x we, have
Separating the variables and 1niegl ating Wr

1=V dXo
f( )dv=
1+ V2 Xo
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I
1 . ()lnogeneouY
f l'_“ - } dv = dX, : E(Ill%\
A+ V2 142 TO .
1
ar - = 2y _
arctan V Z]n(1+V)_lnXO+C

| _ Y
But V = /Xo

Y, 1 2
= ~ct 0 1 Y,
a1ctan< /X0> zln(1+(x~‘;)>:1nxo+c

Butx = Xg4+h and y = Yy + k
= Xo=x~handYy=y—k
or X0=x—2andYO::y_1

Substituting Xy and Y, in equation (6), we have

arctan [y—_%] —% In fl + (g)z] =in(x-2)+C

X

Example (4) Solve the differential equation

{dy _ x+y-3 ’ y(—Z) _ 1}

dx 3x+3y+1 2

Solution 0

dy _ (x+y)-3

e

dx 3(x+y)+1

|1 1’: 3-3=0
3 3 b = ah

A

[ ] ™m q
i.e. the equationis of the fo

Letu = x +y whereiw = f(x)

p dy
Gl 14 -
dx dx
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rdinary 74,

dut - _‘_‘Z

—— vt | e

dx dx

Substituting for y' and (x + y) inequation (1),we get

du u-3

JE———
— S— —_—

du -3
— = + 1
dx 3u+1

du u=-3+3u+l

e
e

dx 3u+1

{ Au-=2

— = 2)
dx 3u+1

The above equation is now separable

3u+l
(———) du = dx

-2

Integrating both sides, we have

f(:hwf) du = [dx

Au-—2

3u

—+ = ln(f}u—Z) =x+C

Butu=x+y,

3xty) 5
"—4—}-+ . m[4(x +y)—2]=x+C

=
Applying the initial condition, ie y(=2) = 1/2
H24 1)) 12 mfa(-2 4 1) =7 = 2+ C
ZL‘MFN~—MF

M(M|z-*(
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5 7
;3—111(—-8) + 3 G

i’%_—y—)+§-ln(4x+4y—2)=x+§

PRACTICE PROBLEM 3
(1) Solve the following differential equations
dy 2y—x+5
(a) dx - 2x—-y—4
ay xX+3y—>5
(b) dx = x—y—1
y
dy  2x+3y+3
(C) dx X—=2y—5

(2) Solve the differential equations
(a) 2x =2y +1)dx—(2x+y—2)dx=0
(b) (2x — 5y + 3 )dx — (2x + 4y — 6)dy =0

dy  2x+2y-2
(c) EE T x+y'=5

dy = —4x+3Yy +15
(d ;i_;c‘ - 2x+y—f7“

(3) Show that the equations in prob

and hence, find their solutions.
2 105 =0
(a) (x? + 3xy + y?)dx— X dy

dy xX+3Y
(b) dx  x=y

A
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dy _ 4y—38%

(c) ax | 2x=Y
dy 4x+3Y

(d) dx T x4y

Il

dy  xX+xy+y?

(e) E; = 52
sy xX+y
(f) dx b

(g)2ydx—xdy =0

d x%+3y?
2 = =22
dx 2xy
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CHAPTER FOUR

LINEAR EQUATIONS
Any differential equation in the form
% + p)y =g (x) (1)
is said to be linear. Examples include:
@ Yy +2y=e™”
() A+ ) Lisry= (14 222
(i) yl —2xy = x etc
Linear equation are solved by multiplying the given equation with the

integrating factor (u).

Derivation of the formula for integrating factor.

The linear differential equation is of the form
Y +p)y = g(x) (1)

Multiplying both sides of equation (1) by the integrating factor y, we
have

uly' +p(y] = wlg 1 )
From the left hand side (LHS) of equation (2), we obtain

uly' +pCyl = [yl

uy' +up(y = My' +ply

Cancelling py' since its common, we have

44
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>

Ordinary Diffe

up()y =Y
Cancelling ¥, W€ have

up(x) = H’
»
p(x) = i

Integrating both sides, we have

fp(x)":f-‘ii

[p(x) =Inp

or U= efp(x)dx

S /,L(x) — gfp(x)dx

SOLVED EXAMPLES

(1) Find the solution of the initial value problem (IVP):
y(0) =0

Soluti

olution (1)
Given: y! — 2xy = x
Required: To solve .equation (1) = ft.he’form
Pl-ocedure; (a) Equaﬁon (1) 1s a linear equ
Y +p(@)y = g(x)
Where p(x) = —2x,g(x) =X

ation since 1t is

A
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Li
neqr Equation

(b) We now determine the integrating factor of the equation which i
given by

2
d [ —2xdx -2 2
u — efp x = e = e

2 = e X

(c) We now multiply equation (1) with the integrating factor to give
e [y — 2xy] = e (x)

1
(e’xzy) = xe "
Integrating both sides, we have
[(e®y)L = [xe ™ dx
e Xy = — % e 4 (
Dividing through with e~ gives
y= - %-%— Ce*’

Applying the initial condition gives
i.e. y(0)=0,we have

0=—=+C()
= F
2
or C = 1/2
1 1 2

Ly = ——E+Eex

= L [ax%e
ory-z[e 1]
fxe’xz cx

This is evaluated using substitution

Scanned by CamScanner



©

‘.,
N A
e/ (\/

yedinary Dif] erential Equations: A progr(nnmed Approach

— = 2X
X
du
% ==
= [ex¥dx= [xe™ =
2%
Cancelling x, we have
1, - 1 _
fetdu= —se "+l
2 2
Butu = x*
Y 1 _,2
a [xe™dx= —3e X4 C

v

(2) Solve the initial value problem
yl =2y = e*, y(0)=2
Solution

yl _ 2}] — er

p(x) = =2, gx) = e*

N = efpdx — ef—?.dx — 2

Multiplying equation (1) with the integrating factor (e™*)

e~2x(y! — 2y) = e"*(e*¥)
(e™y)' =1
Integrating both sides with x, we have
Jle™y)t = [dx
ey =x+C

Dividing through with e ~2¥, we obtain
= xe?X 4 Ce?x

1 . ]
Applying the initial condition, i.e.y(0) = 2, e X 0,

47

(1)

2)
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Line,, E{l'laﬁ
= 2=0 + C(l) O
C=2

Substituting ¢ in equation (2) we have
Y = xe?* 4 2p2x

= e** (x +2)

(3) Solve the initial value problem

xyl+2y = 4x2,  y(1) =2

Solution

xy! + 2y = 442

Dividing through with x, we havg

vl + 273’ = 4x (1)
The above equation is now linear since it is of the form;

y' +p()y =g

Where p(x)‘ = % g (x) = 4x

The integrating factor is giveﬁ by

= 2
— efpdx — efgdx — p2lnx — plnx? — 42

U | | ,
Multiplying equation (1) with the integrating factor, We obtain

2 [yl +3y] = x? (4x)

(f( y)l = 4x
Integrating both sides, we have

fay)t = [ dx
4x*
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x2y=x"+C |
Dividing through by X 2 we have
y= x>+ Cx"" N
Applying the initial condition
iex =1,y =2, we have %6({&:
_ (1)2 " | 1 \}r\'\?‘:":
2—1=c AD Neog
=1 N

Substituting C in equation (2) we have
y = x*+x7?

or y=x2+ L

x2

(4) Solve the initial value problem (IVP)
Y'+2y = g(x), y(0) = 0

Where g(x) = {é: OXS>XOS 1

leen y! +2y = g(x) - )
Iﬁmg(i\f)“10<x<1
y! +2y._1

)
p(X) = Z)Q(x) =1 (

W= ofPdx _

f2dx
o er

eex [y! 4+
(Gny)z

e
S CQuation (2) with the integrating factor(e*), we have
= er
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Integrating both sides wrt x, gives et
[(e?*y)! = [ e?* dx
ety = £ +C
i’ 2
Dividing through by, e?*, we hqve
Y1 = %‘l" Ce"zx
3
Applying the initial condition .
L.e. y (0) = 0,we obtain
0= >+C(1)
C=-1
2
Substituting C in equation (3), we get
- _1__ l 2x
y=373¢
y=2[1- e ¢
for0 <x <1
For g(x) =0 x>1
The linear equation now becomes; ;
y' +2y=0 |
u= e [The same as in previous case).

Multiplying equation (5) by the IF (e2*), we have
e [y! +2y] = e*[0]

(BZx)I =0

Integrating both sides wrt x, gives

[(e*y) = ] Ody

e?*y = (,

A
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vy = Gy e2* | (6)
Applying the initial condition
i.e. y=0,x=0, weobtain .

= (,(1) -
let Cz =1 ‘
= y = 62x (7)
Equating equations (4) and (7)at x = 1, we have
%_ l1-e?] = ke2
Dividing through by e=2, we get s o
EZGZ_EZI(‘ .-:-v«"' ~

= L2

k= 5 le 1]
Yy =ke 2x

—_ 1 -
y=s5lef —1e fory o
(5) Solve the initig] value problem o

1
Y rpy =0, y0)=1
Where .
Pe) = { 2, 0<x < 1} n

L x>1 e

Solution A
Givepe 1 (D)

(.;\’;n, yh 4 p(x)y = (

) o

Subm PW=2 0 <xen

Stituting
e ple) = g iy equation (1), we have
Yoy <y
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Lineg, g,
M= pf2dx = p2x

Multiplying cquation (2) by [ (e*¥), we get

O b2y = o (g

(e**.3)" =

Integrating both sides, we have

f(ezxy)’ = [ 0dx

ery = Cl

Y= Crem g
Applying the initig) condition, we have

Le. x = 0,y =1

= 1= ¢ (D

C=1

Ly = p-2x (4)
for0 < <1

(ii) For p(x) =1 x> 1

Equation (1) now becomes _
yi+y=0p 2
U= el pdx — efldx: ex

Multiplying equatiop (5) by the I
e* [y +yl = ex[o]

(e¥) =0

Integrating both sides wrt X, we have

[(e*y) = [0dx

ey =1=C (6)
nye=C e >

(e™), we have
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Ordinary 53

Applying the initial condition, i.e. x =0,y = 1, we get

1=C(1)

c=1

wy= e )
Equating (4) and (7) we have

e~ = ke™*

TFor x = 1,we have

e l=ke?

k= e_l
Buty, =ke™
y,= e e *= e (¥ forx>1

COS X

(6) Solve y! 4 = -y = ,

Solution

(1)

COSX
x2

P =2, g(x) =

2
y +sy =

cos X

n= edex — e_f;c—= ezlnx — elnxz — xz

Multiplying equation (1) by the IF (x?),we have

x* \yl424) =
o

Gyt = COS X

h“egratmg both sides wrt gives
f(xz y )I

xz.y

= fcosx dx
=sinx 4 ¢
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Liy
“Heqr |
, E(/mm‘o”
— sinx ¢

x?2 x2

PRACTICE PROBLEMS 4
2 1

(1)  Solvey'+ (ﬂy = =
1

2)  Solvey'+ (3)y= =2

(3) Solve y! — 2y = x?e®*

e(4)  Solve (1+ x*)y' +4xy = (1+ x%)
(3) Solve the following IVDPs
) y' —y=2xe*, y(0)=1

«(b) xy! + 2y =sinxy (T—D =1

| 2 _COSX
() y' DY =

x2

i
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CHAPTER FIVE

' BERNOULLI’S EQUATIONS

Any differential equation in the form

%-\' p(x) = Q) ¥"

" .
s known as a Bernoulll’s equation.

Steps involved in solving Bernoulli’s eqqations

Given: 2% +p(0)y = Q(y™ (1)
Divide equation (1) by y™ to give
y " Laply =000 ©
LetV = y1 " where v = {(X)
Then & = (1 — ny ™ = dy

Mu\hplymg equation (2) by (1 —n),we have

sy~

3
A=n)y™ Z+ A -mply*™ =0 -n) Q) 3
Putting
yl_n =Vand (1 - n)y‘“-oEZ W i1 equation (3),we have
'\ dx dx (4)

+ A =-mpx)V=>1-n)Q (x) o
ed 0y
The above equation is now a linear equation and can be solv
using the | ntegrating factor method.

Solveq examples

(1) Solve the intig] value probiem
55
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C y(0) = 1/10 j

Solution

Dividing through by 3, we have

I _ 2 —y*
—_— = — Sx
4 3 3 ©
Dividing i '
o T 4
g Cquation (2) with y*, we have

o = - — 2 p3x
Y dx 3 - 33 (

LetV = y=3 where v = £ (x)

dv

The —_ = 24 .C_l_:)i
dx oY

dx
Multiplying equation (3) by —3,we obtain

—4 dy _
"'3}7 4d_x+ 2)’ 3:€3x (-l)

Substituting
- ‘ —4 dy av . e "
y~° =V and putting — 3y™" —== — in equation (4), we have

()

dv
Z42v= e

ax s given
. . . o. M . : i ls -
The above equation is now linear in V. Its integrating factor1s 8

by

l,[ =
Multiplying equ
er [VI g ZV] — GZx (eax)

| . p5X
(2. V) =¢" )
2 both sides wit

ol 20% = p 2%
ation (5) with the IF (e 2x) we have

. h x, we get
ntegratin
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atial Equations: A programmed Approach

Ordinary Differe >7

{(GZ.\‘.\/)' — J (35x dx

1
)2'1‘ / -_— 85x+C
(c -‘) 5

Dividing through by e?*, we have

1 3x —2x
V==-e*4+ Ce

5 (6)
|
y?

BuV =y3 =

Substituting V in equation (6) gives
1 1

y3 g e’ 4+ Ce=2x

1%0“1+%c
1w»sc::5000
S

°L = 49000

LC‘ S{: e K
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= k = 49000

‘ y3::

58236

e>* 4 49000

(2) Solve the equation; x2y — x3 <

Solution

d
x%y — x3

=2 = y4cosx
dex y

Bemoulli’s 1

N}
- = Y cosx

Rearranging equation (1), we have

3 dy

20 — a4
X° = —x — -
™ y y*cosx

Dividing equation (2) by x3, we have

LetV = y—?’ whereV = f(x)

dv

Then e

_a ay
- =3 4 22
dx

Multiplying equation (4) by —3, we have

—4 &Y
—3y dx

Qubstituting ¥ B

3 -3_ 3
2 = —(COSX
+ -V =

dx X
Equaﬁon (

integrating

.[pPdx g

x3

6) above is now linear in V and can

factor (). The !

3and — 3y " —= in equation (5),we have

4 4y
dx

(6)

be solVCd QSiﬂg

F is given by

3 3
fg—dx o eBlnx = ¥ = x
% =

el
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Multiplying equation (6) by the IF (x3), we obtain

dv 3 3
3=+ Z vl = x3 |2
* [dx+ X ] * [x3 cosx]
(x3 V) =3cosx

Integrating equation (7) wrt x, we have

J(x3V)’ = BJcosx dx

x3v=3sinx+C

Substituting V in equation (8) gives
1 3sinx C
+

y3 x3 ;C—g
3 X’

Y = Zsinx+C ;

8 = O/ X > '

i xy— Y

(3) Solve the equation; oy )
Solution 2)
x?y!l + 2xy — y’ =0

have
Rewriting equation (1), we

3
x2y! +2xy = y

2 we get
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- Bernoulli’s Equatigyy

dy , 2, = ¥

dx = x x> 3)
Dividing through by y3, we obtain
-3 d_y 2 o, 1

Y dx H ; Y B -;’- (4)
LetV = y™* whereV = f(x)

Lo gy 3 Y
Then = 2y ™

Multiplying through by —2 , we have

oy 3 E 2 2

Zy dx x y o= x2 (5)

L _ 3 dy . .
Substituting y =2 and — 2y~3 d% in equation (5), we obtain
v a 2 '
= VT T a ()
The above equation is now linear in V and its integrating factor is
given by
-4

= elPix — 5 _ eHnx — olnx™t _ -4 1

x4

ation (6) by the integrating factor (1 / x"') , we have

1 dv 4 1 [-=2
S[g- )= 213
xt |ldx b x4

xz
1\ =2
(W) =%

Integrating both sides wrt x, we hqupe

1y 1
J(Gv) = -2 Fans -2 [xe ax

Multiplying equ

—2x75
LT +C
x*t =5
st
y4 5
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; jons: A programmed Approach
' eeorential Equations A prog
Ordinary Diff

..2___1__
ButV=17Y "= Jz

_, substituting V in (7)gives

LA —2-35‘14—(3xAr
y: oo
or %z 32;+ Cx*
1 2+45Cx
o 5/—5: 5x
- 5x
o VT 45k’

5x }1/2
A [2+5Cx5

(4) Solve y — 2x % = x(x + 1)y?

Solution
y—=2x %zx(x+1)y3
Rearranging equation (1) gives US

dy -
2x=—y= —x (x+1)y°
Dividing through by 2x, we have;
& - _ (x+1)y3
dx 2x s 2
Dlviding through by y3 gives;
yIE 1, (k4D

dx oy -

2

61

(7)

(2)

(3)

(4)

I
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) Bernouljjs Equaﬁom
LetV = y™ where V = f (x)

dv -3 dy
Then — = -2 —
en dx y dx

Multiplying equation (4) by (—2)gives

2y 3 12

2y STy = +1) (5)
Substituting y~2 and (—231‘3 %) in equaton (5) gives
dv 1
iz V=(x+1 | (6)
The above is now linear and can be solved using integrating factor
which is given by

1dx
_[_

Y= el Pdx _ el Tx = plnx

=X

Multiplying equation (6) by the IF (x),we have
dv 1

x[a-+ p V] =x(x+1)

(xv) = x2 + x

Integrating equation (7) gives

f(xv)’ = f(x2 + x) dx

x3  x?

XU = ?-{— 7+C

Dividing through by x leads to
x? f -1
V= —; + > + Cx
(8)

-2 1
ButV=y°“=

2
Substituting V in equation (8) gives

ot
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Ordinary Diffe,-ential Equations: A programmed Approach
rdi

1« x G
3 2%
1 2x° 3x% + 6¢
y2 - 6x

i = 6x

2x3 + 3x2% + 6¢

6x
V= {2x2+3x2+6

(5) Solve the differential equation; xy! — y — y2e

Solution

Given: xy! —y — y2e2% =
Required: To solve equation (1)

Procedure: Rearranging equation (1) gives us:

Xyl =y = yle?x
Dividing equation (2) by x gives
Eil_ l y _ y282x

X

D1V1dmg equation (3) by y? gives

y_zdy~_1_ 1__ezx
ax YT

LetV = Y whereV is a function of x.

Then & — -2 dy
dx y dx

Multiplying equatlon by (—1)gives us

=2 dy
Y + y

63

=0

(1)

(2)

(3)

4)

()
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64 ‘ Be"'l()"”i)s

'q"‘”l'ons
: - —2 dyy . _
Substituting y L and (—y d—x-) n (5),We Obtam
dv 1 .. _ ﬂ
atyV=-7

(6)

The above equation is linear and can be solved using integraﬁng
factor.

L= el Pdx _ ef%dx = elnx —
Multiplying equation (6) by x gives us

dv 1 (—ezx)
X [~ + —V] =X
dx «x X

(xv)l - _ er

Integrating both sides of equation (7) gives

f(xv)’ = fezx dx

2x

= ¢ + C
=TT
—e?*
V = —
2X € X
—e?* 4 2¢
V =
2Xx
V = -1 - 1
But y v
1 —e2x 9.
= —_—=
y 2x
2X
oY= —e2x 4 )¢

: d
(6) Solve the equation dT}c} +ytanx = y3sectx
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65
Zi+ytanx—y sectx "
Dividing both sides of equation (1) by y° gives

y 3 % + y~2 tanx = sec*x )
LetV = y 2whereV = £ ()

fhe — = — y“3 2 (implicit dlfferenuatwn)

Multlplymg both sides of equation (2) by (— 1) gives;

—y~3 = 4y — _y~2tanx = —Sec *x (3)

Qubstituting y % and -y y) in equation (3)gives;

dv
Y _ Vtanx = sec’x 4)
dx

The above equation is NOW linear and can be S
factor (IF).

olved using integrating

sinx
u= o Pdx = pf tanx dx = oJcos
d(cosx) ‘ 1
M= e—f cosx = e—lncosx — e[lncosx]

o, 1
M:(cosx) — —— =S8€eCcX

coS X
integrating factor (

[ves
Multiplying equation (4) by the 1 secx) 9t

dv 4
SECX [EE — IV tan x] — secx (—secC X)

(Vsecx) = —sec®x
Integrating the above gives
JWsecx) = — fsecsx dx

Vsecy =
cx = — [secx dx

‘_‘
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PRACTICE PROBLEMS 35
(1) Solve the differential equation
ﬂ‘*’)’ = y? (cosx — sinx)
dx |

. 2dy .3 B
(2) Solve —C-I? + y =y (x 1)
(3) Solve y + (x? — 4@% _

(4) Solve 2y — 3 % = yte3x

C’ - -
Bernoulli’s Equatioy
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SECTION B

This section deals with the following:
o Second Order Differential Equations

v hltroductiont
Second Order Differential Equations

/ Methods of solving

which include
Method of undetermined coefficients.

Method of Variation of parameters
Method of Reduction of Order and
Use of Laplace transforms.

TS w

_-‘

Scanned by CamScanner



CHAPTER $IX

SECOND ORDER DIFFERENTIAL EQUATIONS
The second order differential equation is of the form:
dy
a—= — 4 b -ty =g(x)

Wher'e a, b, and c are constant coefficie
function of «x.

(1)

nts and g(x) is a given

It is important that when solving equation (1)

(a) The homogeneous part of the equation which is

dZ
a—+b ~+cy=0 Q)

1s first solved. This is solved by making the substitutions;

d?y o dy
— T m — hommmad
dxz— ,dx-—mandy—l

Implementing the substitutions give us

am?+bm+c=0 (3)

Equation (3) above is called the auxiliary equation and it is solved
using factorization, completion of squares methods or any other

method used in solving quadratic equations.

The nature of solution of equation (3) 18

mqaX
are the 100t

mqiXx + kze

y = ke
and k, are arbitrary const

Where k1 @
of the quadratic equation:

ants and my and 2

gm? +bm+¢=0

(b) After solving the homoger
second part W which is the partic

explained shortly. 8 ‘
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ordinary Differential Equations: A programme Approach

Nature of solution (s)

(1) For real and distinct roots,

m = my and m = my, the solution is given by,
y = kl e 4 kzemzx

(2) For real and equal roots,

i.e., my = my,the solution is given by;

y= e™ (A + Bx)
(3) For complex roots, iem = a + jf

Then, y = e®* {k, cos fx + k, sin fx}
(4)

The solution is y = k, cosnx + k, sinnx

Y

d? 2
n‘y =20
dx? T Y

o A2y
(D) d_’cz. — 712}/ = k)

69

Then, the solution is; y = k, coshnx + k; sinhnx

Notes
o ————

(1)y = kye™* + kye™* is called the complementary function:

; ' A
(2) ¥ = x (a function of x) is called the particular integral (P.1)

(2)  The complete general solution is given by

General Solution = {Complementary function

{Particular Integral}

Le. yp_ Yer + Ypi

Solved examples
(1) Sh]v:: 4+l 1e A~

}+
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70

E(Ill(uio"s
av) 4 5y +4y =0

y , —

y(0) =0, y'(0) = 1, y1©Q) =3, y"(0) =0

Solution

Given: y@) + 5y +4y =0

' ()
Required: To solve equation (1)

Procedure: Rewriting equation (1) to get its auxiliary CQuation, e
have

m*+ 5m* +4=0 )
m* + m* + 4m? + 4 = 0 (factorizing)
m*(m?>+1D)+4(mM?+1)=0

(m* + 1D(m?* +4) =0

m*4+1=0 or m*+4=0
m* = —1 or m?= —4
~m= -1 or m= -4
m= +jl

or m= xj2
The roots of the equation are complex.

For complex roots, we have
y =;e% {ky cos fx + k,sinfx)
But in the given case, a = 0, this implies

y = kqcosfx+ k,sinpx
Therefore, we have

y = kqcosx + k, sinx + kg cos 2x + ks sin 2% .
Substituting the given conditions in equation (3), We ha
fory(0) =0 i.e, x=0,y=0; 0
0 = kycos(0) + k,sin(0) + ks cos(0) + ks S\

-
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Ordinary Differential Equations: A programmey Approach

71
0= ks (1) + ks (1)
vk +k3=0 @
Differentiating equation (3), we have
yl = —kysinx + k, cosx — 2k3 sin 2x + 2k, cos-Zx (32)
Substituting y. (0) = 1, in equation (3a), we have
1= =k sin(0) + k, cos(0) — 2k3 sin(0) + k4 cos(0)
L= ky(1) + 2k, (1) |
or k;+2k, =1 5)
Differentiating equation (3a), we have ‘
yl=—k, COSx — ke sinx — 4k3 Cos 2x — 4k, sin 2x (3b)
Substituting
Y (0)=3ie, x=0, y"'' = 3, in equation (3b), we have
3 =—kycos(0) — k, sin(0) — 4k cos(0) — 4k, sin(0)
3= —f; — 4k
or  —ly — 4k, = ’ (6)
Differentiating €quation (3b), we have
y' = kysinx — k, cos x + 8k3 sin 2x — 8k4cos G
Substituting

VH©=0, e, x =0,y = 0, in equation (3¢) we hav®
0=k, sin(0) — k, cos(0) + 8k4 sin(0) — 8k cos(0)
0= —k, — 8k,
o —ky -8k, =0 .
2 4 r, we obtail

Bringing €quations (4), (5), (6) and (7) togethe ()

0
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72 Second Or gy Diffe"@nn‘nl
Mgy,
ky + 2k, =1
—ky—4ks; =3 (y
—ky,—8k, =0 ()
Solving equation (4) and (6) simultaneously, we have ()
ki + ks =0 (4
—ky — 4ky =3 (6)
—3kg =3 (4) + (6)
kg = -3 /3
ky = —1
Substituting k4 in equation (4), results
ki +(-1)=0
ky—1 =0
ki =1

oo kl - 1, k3 = —1
Adding equations (5) and (7) gives

—k, —8ks =0 D
"'61{4 = 1
wky = _1/6

Qubstituting k4 in equation (5) gives

"2"‘2("1/6)=1
ko — 1/3::1

k, =1+ 1/3

)
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ram

73
4
ko= 3
4 —
=Lk =5 k= =1 k= T/
Buty = kycosx + k,sinx + k3 cos2x + k, sin 2y
4 . 1,
=y = C0sX + -Sinx — cos 2x — ZSin 2x
(2) For what values of the constant k is y = e** 3 solution of the
equation:
yI— 291 —yl 4 2y = @
Solution
ylil— 2yl I 2y = 0 M
Buty = ekx
y! = kekx
y” — kzekx

I
yHl = |3 ekx

Substituting y, y!, y! gnd vyl in equation (1), we have
kiekx _ pp2gkx _ ke* 4 2ekx =

(k3_2k2_k+2)ekx:0

Butek* 4 g LK&, \;D (o 2

s
Hence k3 — 21;2 —k+2=0 KQ[\Q‘" DZU; 1\
(e = 1)k = 2) =0 "~ (factorizing)
o k=1 +1) (k= 2) =0
“ho= 1,-1 or 2
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Ordinar, ‘

73
4

kz - g ;

4 ——
k1:1rk2=_3-’ k3= _1’ k4‘_ /6
Buty = kqcosx + k,sinx + k3 cos2x + k, sin 2x

4 . 1 .
=y =COSX + 5 sinx — cos 2X — Estx
(2) For what values of the constant k is y = e** a solution of the
equation:
yH — 2yl —yl 42y =0
Solution
Buty = ekx
y' = kekx
y” — kzekx

Substituting y, y!, vy and yH

in equation (1), we have
k3ekx _ 22 okx

— kek* + 2ek* =0
(k% = 2Kk2 — k4 2) ek =

2
But ek 4 Ll/\ VD (s # \
P E
Hence k3 — 2'}(2‘. —k+2=0 KQL\
(*—Dk-2) =0 " (factorizing)

or (k-l)(k+1)(k—_2)=0
,-_kzl,_lor 2
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Secor . . |
1d Order Diff erentjq| E |
Haty,

(3) Solve % - 124y | 36y = 0

dx
Solution
d?y _ 12dy _
e ax + 36y = 0

o> m2-12m+36=0

| m? —6é6m—6m+36=0
| (m—6)(m—6) =0
| m = 6 twice
| The roots are equal and real.
<l For real and equal roots;
’S'i y = e™ (A + Bx)
| y = e {A+ Bx}

- . d? 4d
(4) Solve the equation —d—x{- + di +3y=0

Solution

2
_d_'._z_‘.ﬂ_}-gyzo

dx? dx

| m?+am+3=0

| 2+m+3m+3—-0
m(m+1)+3(m+1)—0
(m+1)(‘m+3)-0

—1or —3
and different roots,

l"“ e
\‘ | For real
X ke ™M + ke

-3x
X 4 kze

=y = k€
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Ordinary Difft

Where k1 and k, are arbitrary constants.

d? 4dy _
(5) Solvegx—};-k —d;'l' 5y =0
!\) .
Solution \ ‘\‘o
Py My o
E.Z'-F . + 5}/ =0

m® +4m +5 = 0 (Auxilary equation)
_ —4/(®)? -4()(5)

2(1)
— —41v16-20
2
m= 2E¥-t 442
2 2
_',m = _2 ijl

For complex roots, y =

(6) Solve the initig] value

gyl ] problem;
Y+ 6y +y .=

Y(0) =4, yigg) -13;
SO]UtiOn
9)’” + 63’1 + y =
9m?2 +6 -
m _
9m?2 Tl= (Auxiliary equation)
; 3m + 3m 41 — 0

\

prential Equations: A programmed Approacly

75

e {ky cospx + k, sinfix)

(1)
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37n+1:0 or 3m+1==

For real and equal roots;

e™* {ky T %3]

or y=
Qubstituting

0

Second Order Differential Eq
Uay

}I(O) = 4 i.e., X = 0 y =4 in equatl,on, (2) we have

4= kg (€t k,(0)(e )
4=k, )+ k, (0)(1)

2

4= kq

kl — 4
Differentiating equation (2) wrt x,We have .
}’1"-—~k83x'kz{03x—-§xe3x§ /w
y‘* ——-ékle T 4 ke T3 %kzx(ﬁx '

— ; ' obtait
Substituting y! (0) = 13/, in equation (3
1 0

—;3 = -3 NG I, (7))~ e (0)(e”)

2=y ey (1) F (1) — 5k OO
:-l?‘ = - }‘ kl + kz

3 3
But ki 4‘
This 1mphes

R Ol ko

y
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77

Ordinary Differ
4
3o ot \%
3
—13+4 —9
3 3 3

-1 -1
puty = ki€ 4 ke ¥

-1 -1
>y=4¢e w— 3xe ¥

ory = e 3% (4 —3X)
PRACTICE PROBLEMS 6
(1) Find a gg;gr\eﬂiolution of the following differential equations

Q(aw ' - 3y=0  ®y"+ 9y + 20y =0
(c) 9" f@“—k’” ZS/y/; 0 (Dy'"+ 2kyt + k?‘y =0
(2) Solve the initial problems given below.

Y@y + 4y +4y =0, y(0) =1, y(0) =1

YOy -y =0, gy =3, y'@=-3

4yl —dyl —3y =0, y(=2=¢ S (~2) = - e/,

Ly - Ky =0,KE0) y@=1 YO oo

B2
ta':&
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CHAPTER SEVEN

METHODS OF SOLVING SECOND ORDER DIFFERENTI AL

EQUATIONS

v" Method of undetermined coefficients
v" Method of reduction of order

V" Method of variation of parameters

v" Use of Laplace Transforms.

v" Method of D — operator

But in this book, we shall treat only the first four methods. Tpe
student should consult other books to see how to apply the D-operator

method.

7.1 Method of undetermined coefficients

This method of solving second order differential equations applies to
equations of the form
ay'l + by! + cy = g(x)
with constant coefficients and special right sides g(x), nameli,

- exponential functions, polynomial, cosines, sines or products of 5?;)
functions. These g(x) have derivatives of a form similar 0 g
itself. This gives the key idea: choose for y, (particular S'On
form similar to that of g(x) and involving unknown coefficie
determined by substituting that choice for ¥, into (1)

(1)

Jution) &
ts {0 be

nts g
L Oﬂdjﬂs

ol esp

koo BN/ N

: fficie
7.2 Rules for the method of undetermined €0

) ‘ Of the
(1)  Basic Rule: If r (x) in equation (1) 18 one

e the C
the first column in Table (A), choo®

|
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i jons: # srammed Approach 79
; - ce,vential Equations: A progra
Ordinary Differe

: ' ~ gecond column and  determine it
functionyp 1N the s | ¢ | nine  its
undetermined  coefficients by substituting y, and its

derivatives into equation (1).

(2)  Modification rule: If a term in your choice of y,, happens to be
solution of the homogeneous equation corresponding to
equation (1), then multiply your choice of y,, by x (or by x? if
this solution corresponds to a double root of the characteristic

equation of the homogeneous equation).
3)  Sum Rule: If g(x) is a sum of functions in several lines of

Table (A), first column, then choose for y, the sum of the

functions in the corresponding lines of the second column.
Table A
LTerm in g(x) \ Choice for y,,
\ Le*
\ keyx® + kox® 4 kax + ks
\ k, cosfx + k,sinfx
\ k, cos Bx + ko sinfx
e® [k, cosfx + k sinfix]
o Ty cosfx + e sinB]
\ kix? + kox + k3

Solye EXampl 5

(1) Solye the equation ©2 — 3% 4 gy = 2 sin4X
> ,
% dx dx

Irst .
> Solve for the Homogeneous part of the equatlo
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20 Methods Of Sol ving Second Order Dl'ﬂerenti IE
ark Uatj,
hg

. d?y 5dy
L.e, —— —4+6y=

dx2  dx

m?*—5m+6=(
m*—2m—3m+6=0

(m—Z)(m—B) =
em=2o0rm=23
For real and different roots,
Yn = kie™* 4 k,eM2x o
= Yh = kie** + k,e3% AN
Second: solv.éfor the particular integral, Vp- |
Assume y,, = k5 cos4x + k4 sin4x
| yé = —4k3sin4x + 4k, cos 4x
Vy' = —16k; cos 4x — 16k, sin 4x
Substituting y,, y' and y!! in the given equation, we have
{(—16k3 cos4x — 16k, sin4x) — 5 (—4 kysindx + 4k4 cos 4x)
+ 6 (k3 cos4x + k,sin4dx)} = 2sin4x
{—16ks cos 4x — 16k, sin 4x + 20k, sin 4x — 20k, cos4x .
+ 6k5 cos 4x + 6k, sin4x} = 2sin4x i)
{(—16k3 — 20k4 + 6k3) cos 4x + (—16k, + 20k; + 6ks)
{Z(S—lrig/fs — 20k,) cos 4x + (=10k, + 20k3) sin 4} = 25m‘4.x

Comparing the coefficients of terms, we obtain e

[cos 4x]; —10k; — 20ks =0 2)
20k3 - 10](4 = 2

[sin 4x]; | |
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81
—20k; — 40k, =0 (3)
] -2 -1
“= 50~ 25

Substituting k, in equation (1), we have

10k; +20 () =0

10k + = =0
—4
10/(3 = 'g“'o"'
'—4' —'2 \\\‘1"
] = — = —
T T - X%ﬁﬂ’

_ _ ”
“ka = "%p5 ke = "1/s &
Buty, = ks cos4x + k,sin4x

-2 S
= —Co0Ss4x — —sin4dx
25 25

But y

Total = Yhomogeneous T Yparticular

1
— 2x 3x _ 2 — —sin4x
kie** + kye -~ COS Ly amber

[

lye® + kye3* — ;15- (2 cos 4x + sin 4x)

(2) Solve the equation
Y43y = x2 4 cosx
Solution M)

yl” -*_ 3 ’i] — .2 A
Y© = x“+4cosx

First calom ¢ + nf uation.
VISL solve for the homogeneous part ol the ¢q

I , .
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m3 +3m* =0
m2(m+3)=0
m2=00rm+3=0

Metlods Of SoIving Secong Uracr Lyjereniial lyyqy
T ttior

m = 0 twice orm = -3

= y=0, 0or—3

> yh=A+BX+C€—3

X

Where A, B and C are arbitrary constants.

Second, solve for the particular integral.

For x2, Yp, = Dx* + Ex+F

For COS X ,Yp, = G COSX + H sinx

Yp = Yp. T Vp2
Yp
yh =2Dx +E - Gsin

il

Dx? +Ex+F+Gcosx+Hsinx

x + HcoS X

yil = 2D — Gcos X — Hsin x

1l — (i _
Vp — Gsinx — COSX

Substituting ¥p' Land y’ I in equation (1),we have

Gsin x — Hcos X +3 (ZD Gcos X — Hsinx) =
Gsin X — Hcos x T 6D — 3Gcosx — 3Hsinx = X

(G — 3H) sinx + (—H
Comparing coefficie
Csinx; G~ 3H =0
COS X ;

CT; 6D =0
or D = 0/6 =

nts of terms, We obtain ( |

2 4 coS¥

_3G)cosx+06D= x? + 0S¥

_g-36=1 :

0
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Ordinary Diﬂ‘erenﬁal Equations: A programmed Approach
1

Solving equation (2) and (3) simultaneously, we have

“3G—H=1. it s (3)
3G-9H=0 (4)
—~10H=1 (3)+(4)

~H= —1/10

Substituting H in equation (3), gives
1 an o
—(TH1p) 36 =1

Li3g=1
10
G =1- =
. 10
(=2=3
30 10
3 -1 .
“6==H==D=0,E=0,F=0
10 10

3 1 1 :
= —cosx — —sinx = — (3 cosx — sinx)
Yp = 75€08x — —sinx 10(

But yrotar Yn + ¥y

1 .
=A+Bx+Ce™3* + 1 (3 cos x — sinx)

. . -
(3) Find the general solution of y'! + 4y =1+% + Sl

Solution

Y"'+4y =14 x + sinx

irst tion.
First, solve for the homogeneous part of the equd

This implies;
yi 4 Ay =0

83

(1)

2)
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Metliads Of Solving Second Orde; p
! (er Diffe,
Chtiq] f;,

Turning this into auxiliary equation, we have
m?+4=0

mé = —4

m= +j2

sm= Ej2

For complex roots, we obtain

y = e™ {A cos fx + B sin fx}

= y = Acos 2x + B sin2x

Where A and B are arbitrary constants.

Second, solve for the particular integral.

For (1 +x); Yp, =Cx+D

For sin x; Vp, = [ cosx + Fsinx

Vp = Yp, t Voo T Cx +D + Ecos x + I'sinx
yl=C—Esinx+[cosx

ypl = —Ecos X = F sin x

Substituting ¥4/ and y, in equation (1), we have
_ Ecosx — ['sinx 4+ 4(Cx+D + E cosx + Fsin |
(— EcosX — Fsinx + 4Cx +4D + AE cosx T 4 Fsin X}

X) = 1 x +sind
= {12t

sin x} -
4Cx + 4D + (-E + AE) cosx + (=F + AT) sin
D+ 3E cosx + 3Fsinx = 1 4 x +sinx

c=14x s

o J btain
Comparing coefficients of terms, we obte
X 4C =1

1= |

& 6=

(i

.

i Ony

A
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Ordinary Differential Equations: A programmed Approach

Constant term (CT); 4D = 1

1
3 .'.D:—'

4
cosx; 3L =0

sinx; 3F=

Buty, =Cx+ D+ Ecos x + I'sin x

1 11,
= Yp = Zx+;}-+ gsmx

But ygeneral = Yp t Yp

Ygeneral = A cos 2x + Bsin 2x + %sinx % (x+1)

(4) Find the general solution of the differential equation
Y =3yl — 4y = 3xe2x
Solution

| First, solve for the Homogeneous part of the equation.
= y”_3y1__4y____0

m? —3m — 4
(m+1)(m —

o e

=0 (Auxiliary equation)

4) =0 (Factorization)

"™M=-=10r4(The roots are real and distinct)- 2)
Yh = Ae™ 4. pptx |

Scecond, g f
nd, solve for the particular integral.
Yo = (Cx + D)e2x

l
= LM 4 20xex o pp e

y'" - 3yl — 4y = 3xe?x (1

85
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86 Methods Of Solving Second Order Differentia] Equatigpg
~ yp = (C+2Cx + 2D)e?*

Yo = 2Ce?* + 2Ce?* + 4Cxe?* 4 4De2x
Vo = 4Ce? + 4Cxe?* + 4De2x
Yp = (4C + 4Cx + 4D)e?

Substituting y,, yil in equation (1), we have

(4C + 4Cx + 4D)e?* -3 (C+2Cx + 2D)e?* — 4 (Cx + D)e?* = 3yp2x
(C — 6D — 6Cx)e?* L 3xe2*

Cancelling e?*, we ge
C—6D —6Cx =

Comparing coefficients of terms, we have
X; —6C =3

Constant term; C — 6D =

But y, = (Cx + D)e?*

But Ygenerat = Ycr + Y

= Ae™ + Be** — % (x + -16-) e®*

T
(5) Solve the equation y! —4y' 43y =ze
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87
Solution
yll = 4y! +3y = 2e3% (1)
First, solve for the Homogeneous part of equation (1), we have
y! —4y' +3y =0 )
m? —4m + 3 = 0 (Auxiliar equation) '
m—-1(m-=-3)=0
~m=1or3 (The roots are real and distinct). E
y = Ae* + Be3¥ (3

Second, solve for the particular integral.

But we see that e3* is a solution of the homogeneous equation

corresponding to a simple root. Hence, the modification rule -applies-
in this case.

Assume y, = Cx e3*

vy = 3Ce3* 4+ 3Ce3* + 9Cxe3*

~ Yl = 6ce3* 4+ 9cxe3”

Substituting y,, y; and y}' in equation (1), we have )

ICxe3 + 6CeI — 4 (Ce® + 3Cxe )+ 3Cxe™ =267

(9C = 12C + 3C)xe3* + (6C — 4C)e>* = 2€7
2Ce3* = 3%

Cancelling e3*, we get

2C =2
o C ] 1
. yp — xe3x

But Ytotar = yp + Yp
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28 Methods Of Solving Second Order Differentiq E
Juati s

= Ae* + Be3* + xe3*

(6) Find a general solution of the equation

y!T +10y! + 25y = 7%

Solution

YT+ 10y! + 25y = =%

First, solve for the homogeneous part of the equation.
y! +10y" + 25y =0

= mi+ 10m +25 =0

m? +5m+5m+25=0

(m+5)(m)5) =0

~m= —5twice

For real and equal roots;

vy, = e™ [ky + kox]

= Yh = e~ [kq + kox] 0)
yn = ke + kyxe >*

Second, solve for the particular integral. —
Notice that e™>* appears twice on the solution of the hor

akes effect:
part of the equation. Hence, the modification rule take

—5x
. yp —_ k3x e

5 —X

y[ - ___5k3x e '—2’(39(:@

-5x _ xe
Vo = 25kyx2e ™ — 10k;xe™™ 10ks

~5X

) 0 — 2Sk?)xze—Sx — 20k3x e 5% + 2kse i

“ Vp Il tion (1), W@
ting Yp )’p and yp 1 equd

Cahef1tu ’

-5%
—-5% L 2](39
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Diffcrenﬁal Equations: A programmed Approach
Ordinary VUJ*

{25]( X e—Sx 20](3xe—5x # 2]{38_5x + 10 (_5]C3x2€_5x +
3 _ -5 .
dkpxe”) + 25 pxle )= €

((25ks — 50ks + 25ks)x2e % + (=20kz + 20kz)xe™>

+ Zkge—-SX} — e—Sx

—5X — —-5x
2ke”" = €

Cancelling e ~>*, we obtain

2](3 = 1
1
e k3 - >
1 2 -5x
. _ - e
. yp > X

But Ygenerat = Yn + Wp

1,
= ke 4 kyxe ™™ +§xze Sx

1
= (kl + kox + 5x2> e >

Practice problems 7

(1) Find the general solution of the differential equation
y! = 3y! + 2y = 3 + 28

(2) Find the general solution of the following equations
(@) y" + 6y + 9y = 2sin 2x

(©) y'"' + 8y! + 16y = 64 cosh 4x

©y" +2y! + 10y = 25x2 + 3

@3y + 10y + 3y = 9x + 5 cos x

(3) Solve the Initial value problems

(@) y +y1:2+2x+x y(O)"Byl(O)/—’i
(b) yH +9y = 6cos3x  y(0) = 1, ! (0) =
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CHAPTER EIGHT

METHOD OF VARIATION OF PARAMETERS

.- The general form of a second order differential equation is:

YT+ p@y' + q(x)y = gx) (1)
Where the functions p,q and g are continuous on the interval of
interest. To use this method, known as the method of variation of

parameters, it is necessary to know a fundamental set of solutlons of
the corresponding homogeneous equation.

Y +p)y' +q(x)y =0 O
‘Suppose y; and y, are linearly  independent solutions of the

homo,g’"eneous equation (2). Then the general solution of equation (2)
is .= g“ y

ye(x) = Ciy1(x) + CRy,(x)

The method of variation of parameters involves the replacement of
the constants C; and C, by functions U; and U,. We then seek 10
determine the two functions U; and U, so that

() = u ()y1 () + up ()2 (x)

satisfies the non—h(ﬂlogéneous differential equation (1).

3)

leferentlatmg equation (3) gwes
Yy = Wyl uly+ wya + Y2

] = (1‘1}’1 +ugys) + (uyyi + Uyy3)

phfymg this required, that u, and u, satisfy 0

Slm ‘/,_.

‘ulyl + upy, =0
With this cond1t10n we now have

I — + uz)’z
yp - ul)’1 K. QO
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_ ceorential EqQHA
Ordinary Diff

,ntiating the above equation gives

Differe ! o
yll = ulyl +u1d1 + Uzy2 T Y2
p

qubstituting Yp» y} and yi! in equation (1) gives

((uly! +upyl! + upyh +uzy2) T P() (WY} + upyl) +
1
q(x) Uy + Uy} = 9(x) < (5)

Simplifying the above equation (5) gives =
ry 7+ GOyl + g0y +up 7 +p@)yz +a(x)y2) -
+ujy; +uzyz} = g (%)

The terms in parentheses are zero since Yy
homogeneous equation (2); hence the condition that %y

equation (1) leads to the requirement

and yz are-solutions of the
satisfy

(6)

- two
Rewriting equations (4) and (6), we have the followIng system of
equations. »
I I Y : (4)

Lol |
Uiy +uy; = g(x)

i nknown
We can solve the above systems of equations 111 twe
functiong using crammer’s rule.

Equations (4) and (6) can be rewritten as

Y1y, ;
G ()= (%)

A0= yl yZ
Yoyl = Viys — yoy1 =W (ys,Y2)
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92
Where W (y4,y2) is called the wronskian.
0 v
A= \ 2l = 0 — ) )
= g ol TOTRIE =
w D= =y g(x) o ] (
b= |2 '=ylg(X)— 0= y19(%)
yi gx) | !
Hence, Uy = CER— 9() _ =¥29()
Y yiyi-y2yi W (1y2)
g b n g(x) _ 19 '
2 — - I T
AN ‘J’1J’2—J’23’1 W(1.Y2)
From ul = —Y29(x)
W(1,Y2)
Integrating both sides wrt x, we have
o (TY29(x) y29()
ul ——f W(yl’yz) fW(y1 }’2)

3 ylg(x)
Also yl = —=—-=
> Y2 T w(ynya)

Integrating both sides wrt X, We obtain

__ f Y1900
W (¥1,Y2) o
Y29 %) _ [ L
UL & T fm and Uy fW(yl.}’z)

i e. equatlon 3)

@, [ 2
=1 W(}’1:)’2) Wz

1ng(x)
a4y, [0 |
V'r) = yl f W (yl y l"‘,(_‘ll, 2
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,,(:)q(r) - y1(g(y)
Ly, [P gy, [

Wy, }’z) W(}’x ¥2) (7)
When solving problems using the method of variation of paramet

it is usually better to start from the first principle instead of t trying to
memorize equation (7). xamples will help us to know how g apply
equation (7) in solving problems and also on how to start from fi
principles. Don’t bother yourself, you will soon be okay

Yp

E:-lt

rst

SOLVED EXAMPLES

(1) Determine the general solution of the equation;

T T | e’
y -2y +y=1+ 2
Solution
) e~ 1
I — Z))I + }’ — l+t2 ( )

First, we solve for the Homogenous part of equation (1)t

m*=2m+1=0 (Auxiliaryequation)
m=-1)(m-1)=0

Lm= ] rwice (17(37'if}')-

For real and equations;

= kye™ [k, + k,x]
TN, e

-'t:
Y = e* (ka + k‘_)X) X C’U“g X¢

Wtion dre €

Hene . prhe equattont s
Hence, the two independent solutions of the € ‘,
Qe g equation: v
7eeond, solve for the non -homogeneots 5
&
ASBUme ™ 4

ey, = uyet 4 uxe”
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S

Where u; and u, are functions of x.

The Wronskian, W (y;, y2), is given by

W ,y2) = ix ex(1+x)‘ = e* (verifY)

Using the formulae for finding u, and uz, we have

_ Y2 g(x) (xex CeX X
U = — = — = —
. fW()’l v2) f e2x i 1+x2) f1+x2
Uy = — —ln(l + x%) |
And Gl
nd Uz = fW(yl va) J‘(-e—ﬁ * 1+x2) B f1+x2 = argtan
Uy = — E In(1 + x?) and u, = arctanx
, — 1 2 w A
LY = ——Eex (1-{—x ) + xe* arctanx

But Yrotar = YcF T Yp

1
= Je* + kpxe® — Eex In(1 + x?) + xe* arctanx

() Determine fhe general solution of the equation
y”+y=secx, O<x<ﬂ/2»
Solution

y! +y = secX | |
homogeneous par of equation (1), we get

Method Of Variation Of Parameters

1)
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Zor complex roots, ¥ = A cos fx + B sin fx
= y,=Acosx + Bsinx |
Where A and B are arbitrary constants.
Second, solve for the particular integral. We obtain
yp = Up ()y1 (%) + up(x)y, (x)

Yp = Uy COSX + Uy SINX

J‘ }’29(?6) — J‘ ylg(x)
Wiy 27 Wiy

_ cosx sinx
AndW(yl,yZ). - \}’{ )’z\ \smx cosx\

W (y1,y2) = cos?x + sin*x =1

Butuy =

g(x) =secx =

COS X sinx dx 0

1 IR i
(Secx) dx = —fsmx:o—s-;dX— -[cosx.

. "U.1= J‘ sin x
U = In (cos x) o

W, = [S08x —
2= [ x——dx= [dx =x

. 1L2 —_ x.
But y, = Uy (%) cos x + uy(x) sinx
~Incos x (cos x) + xsinx

'= = cosx In (cos x) + xsinX
But ly
general = Yp +yp,

C

(3) Fing . i1+ 97

. ‘ !
4 Beneral solution of the equatiot Y .

[ S o
‘ i < Py
a2
Fa L $
d

i P
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Solution
| v+ 9y = Csc3x

First, solve for the homogeneous part of equation (1), we h
y” +9y =0

ave

im= £79

m= +j3

For complex roots, we have

Yn A cos fx + B sinfix

= yp = Acos fx + B sinfix

Second, solve for the particular integral, we obtain

Vp = U ()1 () + up(x)y2(x)

Yp = Up COS3X + Uy sin 3x (
_ [ Y29X) Y19(x)
Butu, = f W (y1,52)’ f W(1.Y2)

1 I cos 3x sin 3x

—3sin3x 3cos3¥

Where W (v, V2) =

y 3’2
2
W(}’LJ’z) — 3c0s23x 4 3 sin?3x = 3 (cos*3% + sin®3%)
W(y,y2) =3(1) =3
g(x) = Csc3x = = | )
_____f(Si"l“lBX*__l__)dx:__f Liax= 3
e 3 sin3x n3x)
cosS3x d = = feosBxdx ]n(SI
Uz = f( g sm3x) (SH;'DW I
= (x) + Uz (x)yz x
ButYp ~ uy (s ‘
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nary

— E x cos 3x + sin 3x In (sin 3x)

_ _ Yy cos3x +sin3xIn (sin3x)
- 3

0, Yrotal = Yh T Yp

= Acos3x + B sin3x — 3 x cos 3x + sin 3x In(sin 3x)

4) Solve y!! — 2yl +y = %
Solution

Y= 2yl 4y = e” (1)

x3

First, solve for the homogeneous part of equation (1), we get

y' =2y +y =0
mé—2m+1 =0 (Axiliary equation)
m-1(m-1)
m=1twice
For reql aﬁd distinct roots,
Y= e™ (A + Byx)
" Yh=e* (A4 Bx) = Ae* + Bxe*
\gie:e Aand B gre arbitrary constants: '
0d, solve for the particular integral, W€ obtait

= W05, + (1), ()

yp =
1 +u2xex
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e Y1 Y2
Where g(x) = =5 and W(yL,y2) = |1 I

e* xe*
w (YL)’Z) e*  e*(1+x)
e2X (14 x) — xe?* = e** + xe?* — xe?*
W (}’1»}’2) — er

Y29(x) _ y1 9(x)
Bty = = f W(y1.Y2) and u; f W(1,Y2)

xe* e* _ _2

ui=—f(§* ;;)dx—- [x72 dx
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Solution

yll + 4y = 3 Csc 2

First, solve for the homogeneous part of the equation, ¥
yll +4y =20

m2+4=0 (Auxiliary equation)

sm= £j2

For complex roots, y, = A cos fx + B sin fx

= yp =Acos2x + Bsin2x

Second, solve for the particular integral

(2)

Yp = Uq COS2X + U, Sin2x
y;é = uj cos 2x — 2u, sin 2x + ub sin 2x + 2u;, cos 2x

Let  ujcos2x + ulsin2x =0 G)

)’é = —2uy sin2x + 2u, cos 2x

Yo = ~2ul sin 2x — 4, cos 2x + 2ub cos 2x — 4z SN 2%
Substituting Yp' and y,, in equation (1), we have
t=2u; sin 2x — 4uy cos 2x + 2ub cos 2x — 4z sin 2%

+4(uy cos 2 + U, sin 2x)} = 3 Csc 2x

I cin 2X
Wty 4 4uy) cos 2x + (—4u, + 4uy) Sin2X 2Us
"2 c05 2x) = 3 Cc 21 ®
> - .
4 sin2x + 2u} cos 2x = 3 Csc 2% |
e have

olvi .
¥178 equation (3) and (4) simultaneously> ¥
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ers

ul cos 2x + uj sin2x = 0

(3)
(4)

—2ul sin 2x + 2u) cos 2x = 3 Csc 2x

( COS2X sin2Zx ) uj _ ( 0 )
—2sin2x  2cos2x/ \ub/  \3Csc2x
Using crammer’s rule, we obtain

Ao = COS2X sin2x
0 —28in2x ZCOSZX'

~ Ao =2 cos? 2x + 2 sin?2x = 2(cos?2x + sin?2x) =2(1) =

0 sin2x l

A1= 3Csc2x 2cos2x

~ Ay ==0—3Csc2x(sin2x) =-3

| cosZ2x 0 3 " -
A2 = | _2sin2x 3Csc2x| mga COS dxmopas - 0= (dCacas
1
sian)
~ A, = 3cotlx
] A1 _ 3
But uj = el
] _ _A_Z___ 3cot2x= 3
Also, Uy L 2 cot 2x
3
U = —fé—dxz —=x
cos2x _3 2y
And Uy = = fcoth— —fsm2x x =~ In(sin )
Buty, = W (x)y1 () + uz(¥)y2(x)

3 3 in 2x In(sin 2x)
_ Z xcos2xt 481

—
—

The general solution is given by -
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tions: A programmed Approach <M

3
— Acos2x + BsinZx — 7 X COS 2x + Zsin 2x In(sin 2x)

ermine the general
f parameters

PRACTICE PROBLEMS 8
(1)  Determine the general solutlon of the differential equation:
y!l +y = secx, O<x< -
using the method of variation of parameters.
(2)  Determine a particular solution of the equation
T
yT+9y =9sec?3xr, 0<x<jg
In each of problems (3) through (6), det
solution using the method of Varlatlon 0
3) y"+y=tanx
(4) y” + 4y1 + 4y — x——ze——Zx} x > O
5)  y'+2y'+y=3e”"
(6) I e
y + Zy + y COSX
M- W
M)
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CHAPTER NINE

L . :
Dividing equation (2) by X, we have | @)
T

()
Equation (3) ; . _
inq Solv(?n (Df) 1S NOW linear in x and can be solved by the method used
w INg hirst order linear equations. The integrating factor, is §V¢"

M;ﬂtiplying both sides of equation (3) by the integratfe a
(X )) Wwe haVe

— elnx 2

102 |
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2 ,
% {u’ +——u] = x* (4x*)
. L
(ux?®)' = 4x"

Integrating both sides wrt x, we obtain

J(xzu)’ = J(4~x4) dx

, 4x°
Y'u= —+C
5
+ =
5 2

u=

But U= (—IX ;
- (i.e.
dy 4 .

dx 5

11 lcorat ) . .
fegrating both sides wrt x, we obtain

- 4 C
y = f(;x3 +—=) dx
5 x?2

V= =~y

i

1
Ei\

(5

{1 ©

. Olve the equation yll —2yy' =0
1] ) {
2yl = g and ¥
H!:hj

. { \\,’ilh
= RMNCe

- 2}
. e, replace s
"y does not appear explicitly rel

ity 1 55}.) not appear ¢Xj

ae) 1O get

ty 4

Y o

(hs ‘{}“u = ()
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Metliod Of Reductimx 0

Fiey

Dividing through by
du

(ly = &5

U, we have

Suparalmg variables gives

du = 2ydy

Intemn:: :
ntegrating both sides wrt Y, we have

U= y*4

_ dy
But =2 <o this implies

dv
(lr y Te
_dy
or
y2 +C = dx

Integrating both sides of this equation wrt x. The result of®
integration depends on the sign of the arbitrary constant C.

[f C>0,weget

1 -1 (l) =
= tan™ (E)=x+ k
If C=0,we get

1
_.._:,\‘+k

‘P

Andif € <0,we get

5 } ’\ |
,—— h™ -1 ( ) = X + »
- 2 ‘ » On LS
[n cach case, we can solve for y asa functl
i v 1

| e 0)
(VT tan[¥C (x+ ) /
-1 if €7

ATh o)) L=
kJﬁﬁum“\¢4&k+A” (f “
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(3) Solve the equation xy'! — 241 _ 4
Solution
xy” — Zyl = 1.
_ ol I _ . 1
Letu = y'and u! = y” and substltutlng these in equation(l)giv(e)
S
xul —2u=1
' . . . (2)
Equation 1s now a first order linear equation.
Dividing through by x gives
1
gt — & == (3)
X X

The integrating factor is given by

u= elPix = ef—%dx = A = x7% (verify).

] " tain
Multiplying equation (3) by the integrating factor, We obtai

_ 2 _ 1
X 2(u’——u)= x 2 (—)
x X

e (3

Integrating both sides gives

1
2 — — —+ C1
ux 5 %2
‘ u -1 + C
—_— = — 1
LI e-, xz zxz
1
u= — =+ (1
2
: d
dx
= dy 1
dx —E+ C1

il
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er

. 1
dy = (—E-‘r Cl) dx
Integrating both sides wrt x gives

y= "%X‘i‘ C1x+ C2

(4) Given that: ¥1 (X) is one of the solution of :
ay'' +by! + Cy = 0

Solution

Given: ay!” 4 py! 4 cy =0 (1)

Required: To find the second solution of equation (1) given that
¥1(x) is a first solution of equation (1).
Procedure: Let Y2 = u(X)y, (x)
Y2 = uly, + Uy yy
vy (%) = ui' yy A+ ul! y1+uiyl +ugyl!
Y2 () = ully, 4 2ulyl 4o y0

Substituting y;', y and y, in equation (2)gives us;
11

] =
alurys + 2uly! 4y 4 bluly, +ugyl] +¢ s}
| =
- auyyy’ + 2auly! 4 buly, + aully, + buyyi + cta)s

=0
Ua(ays’ + byg + ey, + ul ayl + by) + @ ol
The expression in U, is equal to zero since it contains @

equation.

e, ayt' + byl 4+ ¢y, =0

Hence. we have Scanned by CamScanner
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Ul (2ay; + by,) + wy' (ay;) =0

! —
ui (Zayi + by;) = — aully,
-‘Lill . _(Zay{+by1)
ul ay,

Integrating both sides wrt x, we have

w' f (2ay; + by,)
ul a

V1
2ay!
lnuiz_j y1+by1+6‘1
ayq
_ 2ay’ + by
u= e T G e
Let e = kl

Zayl + b
I — 1 Y1
= Uy = k1@ I ayq

Integrating again wrt x gives

. ] _f2ay{ + by,
1= ¢q1€ ay; + k,

C Y, = _fzay{'*‘blﬁ
2= Y1 | kqe ay: 4+ k,

(5) Show
one

1-,2

( X )Y” = nyl + 2y =0,

And | .
enee, fing o second linearly in

: f
-~ equation ©
1at y = x is a solution of the Legendle o

_1<x<l

dependent sol

107
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Solution |
_ 2y =0 N
Given: (1 — x*)y" 2xy + &Y . _ )
a solution o f equation (1), |

Required: To show fhaty = X 1S

Proof: | |
(i) To show fhaty = X 1S @ solution of equation (1)

y=*x
y' =1

And Y =

Qubstituting values in equation (1) gives
(1-x*)(0) - 2x(1) + 2(x)
0—2x+2x=0

—  is a solution of equation (1)

o y
d linearly independent solution using

(i)  To find the secon
reduction of order method.

Let 7y, =ux
yh=ulx +u
yi = ullx 4+ ul +ull = ul'x + 2!
Substituting y, y4 and y}! in equation (1)gives us
(L= Xl x + 2u'] — 2 [l vl + 207
Wl 4200 — o3 — 9yl 2 — 2ulx? — 2%
ul (x = x3) + ul (2 — 2% — 2x%) =
uwx— x) +ul (2—4x2) =0
ull (= x3) = u! (4x2 - 2)

Let 'LLI =V and 'LL” _ VI

=0
] y
+2ux
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Substltutlng, we have
I(x x3)—v(4x _2)

EI_Z(X_X?’):U(ZI‘X '—'2)
dx

Rearranging, We have
v 4x*-2

—
— —

v x—x3

dv 4x%-2
. x(1-x2)
dv 4x%—2

Il

_1;- x(1+x)(1—x)

Integrating both sides gives

_f 4x°%—2 dx

x(14x)(1-x)

an=—2 Inx —In(1+ x) —In(1—x) +Inc

(Verify using partial fraction)
C

1+ x)(1 —x)

InV = In

=>Iny = ln[ 1 ]
x%(1+x)(1—x)

Cancelling [n gives us
V= _ -
x%(14+x)(1—x)
Buty < av
dx
> 1
e ~ T

al Equations: A programmed Approacy,

109
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11 Method Of Reduction of Ordey

f du = J - dx
x2(1—x)(1+x)

1 B A B C N D
AU 0 x x (d-x) L+
Multiplying through by the lem [x2 (1 — x#)], we have
’1=Ax(1—xX1+x)+B(1—xX1+x)+Cx%1+@+
Dx? (1 —x)

Putting x = 0;
1=A(0)+B(1)+C(0)+D(O)
~B=1

Put x=1
1=A(0) + B(0)+C(2) + D(0)
1=2C

~ O =

N |-

Put x= —1
1=A(0)+B(0)+C (0) + D(2)

1

—
—

y
=%
But 1 = Ax (1 —x2) + B(1—x) +Cx*(1 4 %)+ DX =%

2 -1
1=A(x—x3)+B(1—x2)+c(x2+x3)+0(x

Comparing coefficients of terms, we have

x3; 0= —A+C—D

] / ‘ (S;
Substituting values of C and D in the above gives't

T
0=—A1T37 2

_
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~0=A4
.'.A::O;B =1;C:32-: andD — %
We have
1 _ 1 1 1
2a-na+n 2 2010 20
1
From | du = J x2(1—x) (1+x)
1 1 1 l dx
U= ”}3 t a0 T
= — L. }z-ln(l—x) + -15 In(1+x)+C
X
= - Assuming C = 0)
u—zln(l_x) - (Ass g
But y, = ux
1 1+x 1
=y,(x) = xb— In\—1= ) x}
14X
y2(x) = x; In )
. e yation
(6)  Given that y; (x) = x~1is a solution of the €d
2x2y” 4 3xy1 —y = 0, x~ 0,
Find a second linearly independent solution. 1)
Solution (
Given: 2x2y11 4 3yl —y = 0 ot solutio”

. hearly 1
Required: To find the second 1ned )
-1

Proof: Assume y,(x) = ¥ v
I _ _ _

Vo= —x~2p + x71v' L
11 ~29' &

Y2 =2x73y — x"2p/ — X ¥ 1

1

I

I -1
Vi =234 — 929l + XV

el
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Method Of Reduction Of O,

Substituting y,, y4 and vy in equation (1)gives
2x2 [2x73v = 2%~ 20! 4 x" W + 3x[=xFv + x T = Ty =g
4x 1y — 4p! 4 2xv! = 3x v+ 3V —xTw =0
2xv!l —v =0

2.\'13” — 1J

(2)
Let u= v andu' = ol this implies
2..\:11! = U
. du
2y —=1U
dx
du dx : » ) |
&= — (separating variables);
u ) 4

Integrating both sides with x gIves us;
2lnu = [nx +1Ind

Inu? = In(Ax)
u? = Ax [cancelling (n]

u = Ax

U= <z  (Assume A=1)

muf VZ

A
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2
Sy ()= e [§ X

= %xl/z +Cx™*

3/2+C]

Practice problems 9
(1) Solve the differential equation: x%y'T = y'(3x = 2y')
2 (i) Show that y = x is @ solution of the equation
(x2+ 1)y —2xy' +2y =0 |

(i)  Obtain the second solution by reduction of ot
fundamental set.

der and

(i)  Show that these solutions form a
(3)  Solve the following equations:

@ '+ )2=0

b =1+ 0"

© y"= )

@ y"-k*y=0

© "= =0

General practice problems 10 el function ) lstz
In cach of problems I through 8, show that the g,CV the constar
Solution of the differential equation " any o0
“1and G X 4 CzeM
(y y= 6f et

y' =5yl —0- B(x _x 4 02®
Dy y’y +24y oo | 00 = Yoo * o
(3) Il ey =Yy N= € ]

V' o+ 8 [ — . @(k) ,f 111(4
(4) y' + 16y Oxsss os(’m .

y”+16y:0 @(wc): ¢y C
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Method Of Reductiorn Of Order

&) Y'-16y=0 0x)=ce®™ + c,e~
6 11 —
(6) y” T4y =2x  @(x) = c;cos(2x) + ¢y sin(2x) + lzx
D Y'=9y=3  6&)=ce¥ +ce -1
(8) yT+ yl — 12y = x%2 —1;

B(x) = {cle“*x + ¢, e3% — lx2 —-1—36 +_Six

| 12 72 864
Solve the following initial value problems

3

(9) }’” + 2}11 + 3y =0 y(O) et 2’ yI(O) = -3
(10) ¥ =6y’ +9y =0 y(0) =3, y'(3) =2
) y' =y +y=0 y(0) =2, y7(0) =0
(12) y"—y'—6y=0 y(1) =4,y ()=7
(13) Yy -4y'+4y=0; y(0) = 3, y'(0) =2

(14) Determine the three linearly independent solutions
of the dif ferential equation;
y!! 4+ 59T +7y' +3y = 0.
Hence, compute their wronskian
}’1 Y2 Y3

I I
Hint: W(yl,}’z,}’3) = }’1 V2 }’?I

yi yy V3
If W(yl, Vo, - ) > 0, the solution set are linearly i
If WY ..) < 0, the solution set are linear!

th
mine the gener al solution using the meth

Deter
(1) f the dlfferenual equation

parameters 0

II+y:S€CX)O<X< _2'
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(16) 2 cosh x cosy dx = siph X sin

y dy
(17) (Z cosy + 4x?) dx = siny dy

(18) x™* coshy dx + sinp ydy = (
(19) 2x tany dx + sec®y dy

= (
Find the generg]

solutions of e following differentig Cquations,
0)y" + ky = o-kx
Q1) x3y1 4 3xty = 1

X
@)Y + ysin y = eCosx
(23)

xy’ = Zy + x3ex
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CHAPTER TEN
INTRODUCTION TO LAPLACE TRANSFORMS

If f(x) represents some expressions in x defined for x > 0, the
Laplace transform of f (x), denoted by L {f ()3}, is defined to be-

CcOo

L{F ()} = f e=5% f(x)dx

x=0
Where s is a variable whose values are chosen so as to ensure that the
(i

semi — infinite integral converges.

Example (1) Find the Laplace transform of f (x) =3 forx>0.
Solution

From L {f(x)} = f:__o e f(x)dx

soL{3} = fxoioe'sx 3dx

3] =sfo- (=2 ()=

€
- . -5X
Notice that S > 0 1S Jemanded because if S < 0, thene

s x — coand if $=70,
Then L{3}isnot defined.

w0

» L{3} = 2 provided 5 > 0
S o if k15 sOMC constant; then
By the same reasoning, if K18 ‘)

I {k} — L3 prOVided s>0
S

i 1.0 J
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Example (2)
Find the Laplace transform of
f(x)= e, x = 0where kis a constant,
Solution
From L{f(x)} = [ e™5* f(x)dx
This implies
L{e™**} = foooe‘sx (e ) dyx
i J e—(s+k)x dx

0
B [e‘(3+k)x r) - [O ( -1 1

~(s+ k)] S+k>]_s+k
Lo} = ﬁk provided s > —k
0.1 THE INVERSE LAPI.ACE TRANSFORM o
The Lap] 5 wihich ¥

ace transform is ¢ -ession in the variable

denoted by F (s). It i; faiqcll1 t?a?jfzx)and' f(s)= LU (x)}ffoiln Oa

Hansformy pair. This means that if F(s) is the Laplace trans M(;);ite:

F(x), then f(x) is the inverse Laplace transform of F(5)-We

1= 11 75

l\znslel;S[;]O S-imple integral definition of the nvet
hd it by working backwards.

s trans

~ M then the Laplace eransfor™
L {r
OB Plsy= 4

S el
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FG) = LM} | F() = LFG0) |

OF: \"3 S >0 \
@ e \ﬁ; 5>k J
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L{e} = — provided S > (
@  flx)= e

Because L {e~ kx} = _S—ﬁ provided S > —k,

L{e*}= — > provided S > 2
d) fx)= —58_3x

L{=5e™*}= [ e=5% (—5¢-3%) gy
= =5 fxoio e‘Sx.e‘3xdx = —5L {e73%}
~ L{-5e73%} =
©)  f(x) = 2e7%-2

L {2e7%-2} = foo e ™% (2e™*%)dx

x=0

provided S > —3
S+3

- 28_2 co e_Sx e7xdx — 28—2 L{€7X}
x=0 )

L {287" 2} =

provided § > 7.
Examp]e 4)

- 1lowing

' A
@ Ry = = (b) F(s) = 75-3

S Mt 48
(a) f(s) = 1
25-3
1
FlaN 1 -
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Introduction T
o Laplace T
rﬂ”SfOrl
ns

So that f(x) = 11— gl 3 g
f( ) L {23—3} = L 1{35_),/'} = %937

by F(s)= % _ (—_3ng

So the L1 {%} = [ {-3/4 } _ -3
S 4

10.2 LAPLACE TRANSFORM OF A DERIVATIVE

Before
- you can use the Laplace transform to solve a differen
quation, you need to know the Laplace transform of a derivati rential
VE.

L{f' ()} = sF(s) = f(0)
So the Laplace transform of the derivative of f(x) is given in termsof

t(?e Laplace transform of f(x) itself and the value of f(x) whenx=

103 TWO PROPERTIES OF LAPLACE TRANSFORM

Both the Laplace transform and its inverse are linear transformS by

which is meant that:

(1)  The transform of a sum (0 difference) of X
sum of the individual transforms. That is:

ressions i

L {f(x)+ gt} = L{fe)y £ L {g(®)} L*{'("'”
And L7 {f(s) L G(s)} =

2)  The transform of an expression
lied by the transio

L—l {F (S)} g 'chlﬁwﬁ
that 18 mul 'pl'}‘et ’ exprt‘f"’" "
is the constant multip
That 1s:

L (K FO0) = Kb

Where K ig a constant.
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10.4 REVISION SUMMARY

(1)

If F(s) is the Laplace transform of f (x) then 1
transform of f'(x) is

L {f'(x)} = sF(s) = f(0)

(2)(a) The Laplace transform of a sum (or difference) of
expressions 1s the sum (or difference) of the individua]
transforms. That is:

LU(x) £ g} = L{f(0)} 2L {g(x)}

1¢ Laplace

AdLHF(s) £ G(8)} = LU {F(s))} + L7 {G(s))

(b) The transform of an expression multiplied by a constant is the

constant multiplied by the transform of the expression. That 1s:
LK ()} = KL {f ()} and L1 (K F(s)} = kLM {F(s)}

Where K is a constant.
(3) To solve g differential equation of the form:

aft (x) + bf (x) = g(x)given that f(0) =K

Where a,b and k are known constants and g (x) is a
CXpression in x:

known

' ntial
@ Take the Laplace transform of both sides of the differe
€quation o
| : form ©
®) " Find {he expression F(s) =L {f(x)} i the 10 |
(c) lgebraic fraction
d Separate F(s) into its partial fractions ) o find the
) Fing the inverse Laplace transforn L~
Solution f(x) of the differential equation-
0 . x4 2
(I)LVED EXAMPLES/APPLICATION S ok 4e

[ ) —
Solve the differential equation’ 3f ()
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122 Introduction To Laplace Transforms

Where f(0) =0,
Solution

3f’(x)—2f(x)::4e“x+2 (1)
Taking the Laplace transforms of both sides of equation (1), we have

3 (s F(s) = FO)] = 2F(8) = o + 75 2)

Substituting values into equation (2), we have
4 2

s F(s) =01 —2F(s) =5 + 5
2

——

3s F(s)—2F(s) = m+ S

45 +2(S+1)
BS-DFE) = —55+ D

6S +2
(3§ —=2)F(s) = ST D

6S + 2
F(s) = 55+ DES - 2)
Transforming the above into partial fractions gives

6S + 2 _ A B C
S(s+1)(3S-2) ~ $3 S+l 35-2

Multiplying through by S(S + 1)(3S - 2) (Lcm)gives
6S + 2 .=_A(S+1)(35—2)+BS(3S-2)+C5(5+1)

putting S = 1 gLves
6(-1) +2= A+ B(-1)(35 —2) + €SS+

_6+ 7= ’B('—S)
—4 = 5B

-3
o = 5
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putting 5 = gIves

() +2= A0+ DO =2) +B0) +C(0)

042 = AD(2)
7= —2A

-2 _
wA= — = 1
A= —1

Putting S = 2/3 glves

6(%/3) + 2= A(0) + B(0) + C (2/5) (-25 " 1)

s ()(5)

10
6= 26 -
9
C = 6% 9 _ 27
10 5
A= — =
1:B—TandC=2—7
BUtF(S)=¥6S+2 _ A B C

SS+1)@E5-2) — 5 T se1 T 352

Substityt; ion gi
ubst1tut1ng the values of 4, B and C into the above expression 81Ves

Fls) = =1 _
D (D)

. 352
. 1 . :
&ing the above expression, we obtain

Fls) = 27 (1
o 2 B 5 (E)-
) - 4 ()

3§5-2
-2 ; —~ T T

Ise Laplace transform gives
f (X) = 9 2 "

~e3 _ 4

S —e X _
5e 1
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(2) Solve the differential equation f*(x) + f(x) =
Where f(0) = 0.

Solution

fl +fl) = e™ (
Taking the Laplace transform of equation (1) gives

(sF(s) = f(O}+F(s) = 57 <

Substituting the value f (O) gives
[sF(s) — 0] + F(s) |

S+1

sF(s) + F(s) =

S+1
(s+1DF6) =3
1 1

F(s) = (S+1)(S+1) (S+1)2

Taking the inverse Laplace transform of the above gives:

f(x) = xe ! {Refer to table 1}

10.5 GENERATING NEW TRANSFORMS

Deriving the Laplace transform of f(x) often requires one
by parts, sometimes repeatedly. However, because Lgf ’
sL{F ()}~ £(0), you can sometimes avoid this mVOlV';q :a
you know the transform of the derivative f (X)f n; ¢ i
problem of finding the Laplace transto

to 1ntegrﬂt

ces

when
explesswﬂ

= X.
f(X) v _1and F(0)=0
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qo that substituting in the equation:
r(f1 ()} = sc{f ()} — f(0),
gives

{1} = sLix}—0

That 18:

L= s L{x)

S
1
s L{x} = o

Example (3) Find the Laplace transform of flx) = x*
Solution

flx) = x*
/() = 2x and f(0) =0
Substituting in

L{fl(x)} - Sﬁ{f(x)} s f(o) gives:
L{2x} = s L{x*}— 0
2L{x} = sL{x?)}

2
_SE =3 L{xZ}
L{xz} _ _2_
3
Ex Vg
Xample (4) Show that L{X e X} = Grv?
% ‘

1
i -— — /
Requlredi To show that L{xe 1} = Ga0)?
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f(x)=xe™, fl(x) = e *—xe*and f(0) =0
Substituting in:

LA{f'(x)} = s L{f(x)} = f(0)
gives:

L{e™* —xe™*}=sL{xe™*} -0
That is:

L{e™*} — L{xe ™} =sL{xe™}
« L{e*}=s L{xe ™} + L{xe™]}
L{e *} = (s + 1) L{xe™)
giving

L= (54 1) Li{xe™)

s+1

and so:
1

——

_—_.——1 —
L{xe—x} = (s+1)(s+1) (5+1)2

TIVES
LAPLACE TRANSFORM OF HIGHER DERIVA
10.6

:l, 1 ' St are ‘

f
. sforms ©
dere 4 G(s) be the respective’ Laplace tral
n
Let F (s)a

d g(x). That is: | o
f({;)(cg} —{] F(s) so that LI} = sF(s) — f(
L =

_ ¢(0)
_ 1= sG(s)— 9
— G(5) and L {g*(x)
and L{g (X)}

hat L (g0} =
(x) = fl(X) so i
Now let g
. e
where- fl(()) nd G(s) = sF(s) fO)
i~ ;ecause g =1 )

A
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g (x) = f"(x)

This means that

Llg' () = LU0} = 56(5) - (0)
= 5 [sF(s) = F(O)] = £(0)

So;

L{f" ()} = s? F(s) = s£(0) — £1(0)
By a similar argument, it can be shown that

LM@Y = s2F(s) = s2f(0) = s£1(0) ~ f7(0)
LM@Y = sF(s) = s3£(0) = s2f1(0) - sf(0) ~ f1(0)

Table of Laplace transforms (2)

f(X) F(S) — L{f(x)}

= L7HF(s)}
\

(1) A -
EY S
~k
2) e7tx = s> —k
T +1
(3> xe ~kx 1 > —k
T (S+k)2 I
4) x 7
— s>0
\ 52 -
(S) x2 N
\ S—3 S > 0
(6) Sin kx k Sz + kZ > 0
\ S24k2
C
R e
S2+Kk?
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10.7 LINEAR, CONSTANT- COEFFICIENT
INHOMOGENEOUS DIFFERENTIAL EQUATIONS

Th > transfor
¢ Laplace transform can be used to solve equations of the f,
orm;

A f" () + anoy FOD ) Fot apf ) + agf! (%) + T f(x) = g( )
X)=g(x

W here a a,. a a a € k own con an
no =1y s e e ween g, Ug, Qg aI€ KNOV stants g(x) i
3 4 1§

a known e 10N 1 v f(x
¢ n expression in x and the values of f(x) and its derivatiy
known at x = 1s ty lon 1 iy
.at 0. This type of equation is called a linear const(
e b e 1 ’ a
coefficient, inhomogeneous differential equation and the vg| .
C

2 . . ues
f(x) and its derivatives x = 0 are called boundary conditions "

The procedure for solving the equations of second and higher order is

the same as that for solving the equations of the first order. Namely:

(a) Take .the Laplace transform of both sides of the differential
equation

(b)  TFind the expression [(s) = L{f(x)} in the form of an
algebraic fraction

(c) Separate FF(s) into its partial fractions

(d) Find the inverse Laplace transform L{F(s)} to find the
solution f(x) to the differential equation.

Solved examples
(1) Use the Laplace transform t

differential equations
) = sin2x where f(0)

o solve each of the following

=1 andfl(o) =

a FI(x) - Af(x : it
Eb)) f”(X)+5f1(x)+6f(x)=ze X wheref()
0 and f'(0)=0. |
1(0) P
Jution S q.
: ”( ) } 4‘f (X) = sin wher* f(O) ¢ udnsform ;
i ¢ cquation into Lapk

(3)

o mcfarming both sides of th
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[ferenrml Equatio prog Pr 199

0anUJ”
2

_sf@ = f1OI -4 = 57 ()

nto equation (1), we obtain

[SZF(S) |
Substituting values 1 |
eps) -5~ (D= 4FO) = 5
2
2f(s)—S+2—4 F(s) = o
2
SZF(5>"‘4F(S) = _5—2—4._/; +S—2
245 (574+4)-2(5+4)
(s2-4) F(s) = )
§3-252+45-6
(2= F(s) = =,

§3-25%24+45-6
+(s) = (52-4)(S2+4)

§3-25%2+4S - 6
(§-2)(S+2)(S%+4)

Resolving I (s) into partial fractions, we have
$P-282+45-6 A B CS+D
(-2)(S+2)(s244) — s—2 ' S+2 = S2+4

3 e
Multiplying both sides with (S — 2) (S + 2)(S? + 4)Lem, We h‘f

2

§$9-282 445 — 6 = 4 (S+2)(52+4)+B(5—2)(5 i
CS+D)(S - 2)(5 +2)
Putting =)
(2)3~2(2)2+4(2)_6=A(2+2)(
8~

8+8-6=1(4)(8)

¢s 39

F(s) =
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—8—8-8-6=PB(—4)(8)

+30 = 4328
B =30_15
T 327 1g

From the expression:

S* =252 445~ 6 = A(S+2)(S2+4) + B(S - 2)(S? + 4)
(CS +D)(S - 2)(S +2)

$*~252+45—¢

=A(S°+252+454+8)+B (53 —252+45-8) + (S3
4+ DS? — 4CS — 4D

$3—25*+4S—6 ={(A+B +C)S? + (24 — 2B + D)S? + (44 + 4B — 40)S +
(84 — 8B — 4D))

Comparing the coefficients of terms we have

[S3]: 1=A4+B+C

L. e,

A+B+C=1 (3)

1 __ 15
But A_—:-igandB—-l-é

Qubstituting values in equation (3) gives
1415

16

,1._6_+C:1 ;
16
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ordinary Differential Equations: A Programmed A pproach

13
! 2(15)+D |
2 (55) -2 (5g) +2 = -2
L N p-
6 16 g
2
D=——~+3—0
16 16
D_—32—2+30
16
D=:1-=:l
16 4
a A 1 15

S+2 2
Ubstitutip, STHD
g the
gives y values of A, B

e -
S
Fls) o 1 (\1\ . S, we have
16 \3 ) + \( ) 1 1/ 2
) — .
P(S)::i 1 12 S+2 4*2(52+22)
16 (\ + 3 =1
Tak: S~ 2) 1z (\) — — a
th;( :llg the Mverge L O\t 2 : (52 T 22)
Ol
f Utlop of the eq;lz[l.ace transform of the above expression gives
(JC) 1 10n ag
. 1\6 e%x + -1~5~ e ~2x 1 .
Le 16 — g sin 2x
) < f 15e=2x  gip 2y
16 \1?‘ I
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Imrmluction To Laplace Transforms
) £ (x) 4 SF1(x) + 6f(x) = 26~ (1)
Where f(0) =0 gng f1l(0) =g
Taking the Laplace transform of €quation (1) gives

52 F(s) —sf(0) — 1 (0] +5 [s F(s) = 1(0)] + 6F(s) = 2

——

o S+1
Substltutmg values, we obtain

[SZF(S)~S(O)~0]+5[ 2

SF(S)‘O]+6F(S)= m
SEF)+5F(s) 4 6 F(sy = _2

S+1

($?2+5+6) F(s):i_

S+1

(S+2)(S+3)F(s) = %

2
F(s) = S+ DE+)E 13

Resolving F (s) into partial fractions, we have
2 A N B N C
Fs) = (S+1)(S+2)(S+3) CS+1 S5+ S+3
Solving the above gives 4 = L, B= -2and ¢ =1,
1 2 1

—_— + _—
S+1  S+2  §s+3
Taking the inverse Laplace transform of both sides gives

_ —-2x -3x
fO)=e—2e e

-~ F(s) =

(2) Solve the differential equation

21 (x) — f1(x) = f(x) = sinx — cosx
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rential Equations: A programmed Approach

ordind’y Difft 133
Wheref(X) ~gand f'(0) =0

soufio? |

() — (x) — f(x) = sinx —cos x

2f1@) —f "

Where £(0) = 0and f1(0) =0

Transforming equation (1) into Laplace transform gives ys

53R (s) = sf(0) = f1 (O] = [sF(s) = f(0)] = F(s)
1 1

TS5zl S2+1

qubstituting values, we have

2[52F (s) = 5(0) = 0] = [sF(s) = 0] = F(s) = 512151

2S2F(s) — sF(s) — F(8) = ——
)= SF(s) = F(5) = o

(2s°=s—=1) F(s) =

s+ 1
2s+1)(s—1) F(s) = -
) F(s) s?+1
| = B Cs+D
fls) = — LSV ]
5+ D(s—1)(s2+1) 2s+1 s—1 %

Multiplying through with (2s + 1)(s — 1)(s* + 1)lcm, we have

I=s=A(s—1)(s2+ 1)+ B(2s + 1)(s* +1)
+(Cs+D)2s+1(s— 1)
Puttlngs — 1

(1)‘1=A(0)+B(2+ D(1+1)+0
“BR3)(2)
0:: SB
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Im‘roducn
onTop
"B = 9 N aplace Tr(mstrm
c=

From:
1= = 45— 1)

S+ 1)+ B(2s + 1) (<2
(CS+D)(23+1)(S_1) )(s +1) +
l=s={A(3+s-s2_1y, pr

—S8"=1)+ B(2s3
(Cs +D)(25? - 5 — 1)) AR

I=s={A(s®*-s2+5-1)
+B(253+ 2
2Ds? — Ds — D} PTASH D+ 2053 - g2 gy

1—S={(A+ZB+2C)53+(—-A+B—C+2D)Sz+(A+ZB
(=4 + B - D)) —C—D)s+
Comparing coefficients of terms, we have

[S3] : 0=A+2B+2C
+0+2C

0=-
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. /
0,«(/1/11”'}’

4 _ 20
= 1
_4x1 2
“0= 738 T s
- —A+B—-D
(cr) o
1:—(—5-)+0—D
4
l—S——D
4
D——S-—l
4-5 _ 1
D=—"=-5
— p=y C—2 p=_1
--A— 5; — Yy _51 _"5
2s 1
5 §

:2( 1 N 1 (25—1)

: S+1/2 5 \s%+1

\2 1

. 1 2S 1 7

5<\1 +——[ =
$+%/,) 5ls24+1 241

~2

S— -1 1 1

Se /2x+_l2( S )—___’___

s2+1/ s2+1

135
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136 Introduction To Laplace Transforms
—2 -1 / 1 )
=7 € 2% 4 T [2 cos x — sinx]

- -1 2 1 .
=—28 /2x+—cosx——smx
5 5 5

EXERCISES
Solve each of the following differential equations:
(1) FI(x) = 5f1(x) + 6f(x) = 1 where £(0)=0and f'(0)=0
G) 2100 — £l - fG) = e
Where f(0) =2and f'(0) =1
i)  fQ0) + flx)—2f"(x) = xe~* where f(0) =0
Fio)=1
(iv) j:}?(];) g—)16f(x) — (0 where f(0) =1and 1) =4
v) 2f"(x) - FI(x) — f(x) = sinx — cos X
Where f(0) = 0 and £1(0) = 0. ‘
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