
Free-Free or Bremsstrahlung Radiation

� Electrons in a plasma are accelerated by encounters with
massive ions.� This is the dominant continuum emission mechanism in ther-
mal plasmas.� An important coolant for plasmas at high temperature

Examples :� Radio emission from HII regions� Radio emission from ionised winds and jets� X-ray emission from clusters of galaxies
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Calculation of Bremsstrahlung Spectrum

Important ingredients:� Consider one particle at a specific
�

and � .� When a charged particle accelerates it emits radiation (Lar-
mor’s formula). Acceleration is a function of

�
, � and 	 .� Acceleration as a function of time 
�� intensity spectrum via

the Fourier Transform (Parseval’s theorem).� Integrate over
�

(exact details tricky – gives rise to the Gaunt
Factor, 
����� which is a function of ��������	 ).� Include term for collision rate (depends on number densities��� and ��� of electrons and ions respectively).� Integrate over � . Assume plasma in thermal equilibrium
�� Maxwellian distribution of � .

� � � �! " #�$&%('�)+*-,/.10 � ,�2�340 	 0 ���5���7698-:<; 
 =��5>@?BA-C7� DBEF
��� � ?G�HD
with the result having the units I J ,�K�L MN,�2 .� � �! is the emissivity, the emitted power per unit volume per unit
frequency. This is related to the spontaneous emission coeffi-
cient (the emitted power per unit volume per unit frequency per
unit solid angle) by

� � �! " OQP5R ! .
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Simple Example: Hydrogen Plasma

A common case is that of an optically thin hydrogen plasma, soS�TVU S�W and X U Y .

Because the plasma is optically thin, the total emitted specific
intensity is proportional to the emissivity integrated along the
line of sight.

Z\[ ] S�^T�_ `ba�c ^bd-e
This is proportional to S ^ as we would expect for a collisonal
process.

The integral f S ^ T d-e is called the emission measure, and is
often written in units of gih `�jlk g .

Total Emissivity

Integrate over frequency to get the total emissivity:

m�n�n U YQoqp r Yts ` ^vu _ a�c ^ X ^ S T S W wxzy
This has units of { h `�| .

If we set wx y U Y}o�~ we will probably be within 20% of the
correct result.
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Free-Free Absorption

� Have calculated how much radiation emitted.� Now wish to find how much an observer receives. These two
are not equal because free-free absorbtion occurs.� Find how much absorbed as a function of frequency i.e. ���
(= fraction of intensity lost per unit distance)� Kirchoff’s Law : � � � � ��� �F��� ��� �������Q�
� �7� �� � ���

�}��� ����� �
� ����� � �+�-�/�   �¢¡�£H¡¥¤ �¦� § ¨ª©-«­¬®§ ¯�°5���G±-² � �B³´�lµ¶ ��� �G°5�°¸·(� ¹»º �
� �}�&¼ � �t� � ¹ �   � ¡ £ ¡ ¤ µ¶ � � �G°5�° � � ·�º � 1

in units of ½ � ¹ .� Can now find optical depth ¾ � � ¿ � �NÀ-Á� If optically thin, spectrum is as calculated before ( Â � appoxi-
mately flat until turnover).� If optically thick, spectrum is effectively blackbody.

1In the Rayleigh-Jeans region
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Example: HII regions around OB stars

uv

Plasma Cloud

Iν

Ã The uv-photons from OB stars photoionises the gas sur-
rounding them. The resulting plasma has a temperature of
around Ä+ÅNÆ K.Ã The optical depth in the R-J limit is given by

Ç È É�ÊÌËÍzÎ�ÎFÏGÐHÑÐ ÊiÒ Ó�Ô4Ê
Õ-Ö

Ã In this regime ËÍ Î Î ÏGÐ5Ñ È Ð¢×�Ø9ÙÛÚ Ò ØiÙÛÚÝÜ .ÃßÞ\à á Ï Ä â ã ×/ä»å Ñçæ à¸Ï Òlè ÑÃ At low Ð�é Ç à ê ê Ä ë Þ à È æ à Ï Ò è Ñ È Ð Ê – Blackbody
like spectrum.Ã At high ÐFé Ç à ì ì Ä ë Þ\à È Ç æ àFÏ Òlè Ñ È Ð ×/ØiÙÛÚ – “Flat”
spectrum,Ã Turnover when Ç à í Ä . e.g. Ð í Ä GHz for Orion.
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Example: X-ray emission from clusters of galax-
ies

î Gas in clusters of galaxies at temperatures of ï�ð ñ ò+ó}ôÌõöø÷ ù�ú&û üþý ÿ �
. Therefore Bremsstrahlung emission extends

into X-rays.î Very low gas density, � ð ñ ò+ó���� �	� , so emission optically
thin. Cluster core radius 
�� ñ �NóQó kpc.î Estimate ï ð from location of “knee” in spectrum.

î X-ray flux density 
�� � � ��� ð ï ����� �ð ��� .
î Bolometric (total) X-ray luminosity � � � � ��� ð ï ��� �ð ��� .î Cluster gas also gives rise to the Sunyaev–Zel’dovich effect
�� � � � � ð ï ð ��� .î Can combine SZ and X-ray data to get �­ð and the line of
sight depth. If assume that line of sight depth is equal to dis-
tance across cluster, can then calculate Hubble’s constant.
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Figure 1: The cluster of galaxies A1413. Greyscale is X-rays
from ROSAT PSPC. Contours are the S–Z effect from Ryle
Telescope
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Example: Ionised winds from stars! If wind speed constant " # $ %�&	'
!)(+* , -�./.* 0�1

$ # '324&5' 0�1
assuming 6 in wind is constant, in R-J region and 78 .9.;: 2=<?> @ .! In this case the optical depth (9* is a function of distance
from the star A . Need to integrate along line of sight B where% ' , A 'DC B ' ." ( * : A < $ 2 &	' A &5E! The flux from the wind F * $ G * 0�H ; 0�H , I9J A 0 A! G * , : @LKNMPO�Q : K (3* : A <R<�<TS * > : @UKVMWO�Q : K (+* : A <�<R< IUX 6 Y[Z ' .

" F * $ I9J A 0 A : @ K \ &	]�^3_a`3b < ILX 6 2 'c '$ 2 'edRE f @NK \ &hg�dRikjml 0on
using substitution n , A 2 _a'edREpb!Vqsr t u?vxwmy! A full analysis will allow calculation of the mass loss rate.
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Free-Free or Bremsstrahlung Radiation
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� Emission as result of collisions between charged particles,
usually electrons and ions.� Emitters in thermal equilibrium� Unpolarised� e.g. — HII regions

— X-ray emission from clusters of galaxies
— Ionised winds from stars
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Appendix: Derivation of Bremsstrahlung Spec-
trum

Radiation from single accelerating electron� Larmor’s formula gives the power from an electron as a func-
tion of acceleration���� � ��� � �3�D������ ��� ����x�[� ���3���W� ����� ���
Integrating over solid angle gives���� � � � � ������ ��� � ���� � � �W�� If we introduce the fourier transform of ���� �������¡  � � � ¢ � £¤ £

¥W¦�§ �©¨ª  ��� ��;� ���«� �
we can write the total energy emitted as ¬ � ­ £� ®W¯ �  
where the spectral density is

®°¯ � �3�±[� �3�x�W� �©�����  � � �
This follows from Parseval’s theorem (that

­ ������ ��� � � � � � ­ ����;�¡  � � � �   )
and from the symmetry property that ��;�³²´  � � �� µL�¡  � .� An electron in a harmonic field ¶ � ¥W¦�§ �©¨ª  ��� undergoes an
acceleration ���� ��� � ² �· ¶ � ¥P¦�§ �©¨ª  ���
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¸ ¹Uºm»½¼�¾U¿ÁÀ�¾ Â/¹Uºm»�ÃR¿�Ä º Å Æ�ÇÆ Ã È ºxÉÊ[Ë Ì3Í�ÎmÏ ºÐÉÒÑÓÉÍÔ Ä É
Now the incident flux in the wave is just

Ì ÍhÕ ÉÍ�ÖØ× Ô
, so writing

the radiated power as a cross section so that the power radiated
is Ù�Ú Û flux, we find

Ù Ú È ÜÊ[Ë Ý ÉÌ3ÍmÞ Ö É É
Collision of single electron at one speedß Consider an electron travelling at speed àá colliding with an
ion with impact parameter â . Assuming the deviation from a
straight line is small:ã àá È ä Ý Éå Ë�Ì3Í æç æ

âéè êë â É)ì àá É ê É9íïîïð�ñ È Ô ä Ý Éå Ë�Ì3ÍPÞ àá â
ß The frequency spectrum is given byòá ë¡ó í È Ü Ô9Ë æç æ

ºWô�õ ë©öªó ê í òá ë ê í è êß We define a characteristic interaction time ÷ È â × àá , whereâ is the impact parameter.ó ÷ ø Ü Å òá ë¡ó íúù ë Ô9Ë í ç Í ð�ñ ã àáó ÷ û Ü Å òá ë¡ó í�ù ü
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ý Thus for frequencies up to some value þ ÿ����� , we have a flat
frequency spectrum

��� � 	 
���
�������������� ��� 
 ÿ� 
 � 

and most of the energy is emitted at a frequency þ ÿ����� .
Collision of many electrons at one speedý Suppose we have number densities �! and �#" for the elec-
trons and ions. The collison rate per unit volume between im-
pact parameters � and �%$ &'� is then

�( )�#" ��� �*&'� ÿ�
and the total emitted power per unit volume per unit (angular)
frequency is found by integration to be

+-,�,� � �( )�#" 	 
 � 
.���� � ���� � �/� 
 ÿ� 02143
�65�798
: 5<;>=ý The upper limit is set by the condition that we expect no

emission beyond a frequency ÿ����� , so that � 5%7?8 @ ÿ���BA .ý There are two limits on the lower limit to � . The straight
line assumption breaks down when the particle kinetic energy
is smaller than the potential energy for a given � : this gives

��C5<;D= � 	 ��
�!� � � � ÿ� 
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The second is the quantum limit set by uncertainty:

E�F!GH<I>J K
L
M NO

P We define the Gaunt Factor to encode all the uncertainties
in the above analysis:

QSRTRVU�NOXWZY\[ K
]
^ _2`ba

E H�c9de H<I>J
f g RTRh K i(j)i#k

l m#n�o
prq ] ^#s�t su#v s M m NO QSRTRVU�NOXWZY\[

Thermal Free-Free emission

P If the particles obey a Maxwellian distribution, we have a
probability density w USNO�[yx z�{'|�U9}~M NO m�� U q4�'� [�[ , and we can
perform the necessary average to obtain the total specific emis-
sivity:

g R�R� K � � �(�Z� m l m
i�j�i#k

z�{'|!��} L*� � U �'� [��V�QSR�R�U � [
where

� K
]�q ^ n o
] M v s

q ^
]�� M

��� m p
� ^ t u

s

P The Gaunt Factor �Q�RTRVU � [ has now been averaged over the
Maxwellian distribution.
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